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An electron-optical chronograph has been used to study the initial stages of channel expansion 
in sparks in oxygen and nitrogen (at pressures up to 10 atm), in deuterium (13 atm) and in 
hydrogen (up to 20 atm) produced by discharging low-inductance capacities of 30 and 6300yyf. 
The maximum rate of rise of the current is of the order of 3 x 10! amp/sec, the calculated 
peak current approximately 103 amp, and the calculated current density 108— 10? amp/cm?. 
The initial expansion of the spark channel is due to a cylindrical shock wave which propagates 
at a velocity up to 6 x 10° cm/sec in nitrogen, up to 8 x 10° cm/sec in hydrogen and up to 

7 x 10° cm/sec in deuterium (in the last case the temperature at the shock wave front is 
approximately 8 ev). The calculated temperature in the spark channel in hydrogen is ap- 


proximately 22 ev. 


1. INTRODUCTION 


A\ccorpixc to contemporary ideas, the develop- 
ment of a spark discharge in a high-density gas 
takes place in two stages. The first state is ter- 
minated when the discharge gap is bridged by the 
electron-photon streamers which are formed in 
this gap. The second stage starts with the flow 
of a high current through the conducting bridge 
which has been formed; this current causes in- 
tense Joule heating of the gas in this bridge, trans- 
forming it into a brightly emitting, thread-like 
channel. It has been known for a long time that 
rapid channel expansion starts as soon as the 
channel is formed and that the channel boundaries 
remain clearly defined throughout the expansion 
process. The expansion of spark channels has 
been studied by a number of authors,‘ *? who have 
generally used high-speed cameras with rotating 
photographic films or mirrors. The cameras 
used in these investigations provided continuous 
recording with a time resolution up to 3 x home 
Sec. 

In the work cited above, particularly that of 
S. L. Mandel’shtam and his colleagues,!’**°~" it has 


been shown that the initial expansion of the spark 
channel, which is characterized by the highest 
velocity, is due to the propagation of a shock wave 
in the gas. This shock wave causes preliminary 
heating and ionization of the gas which is drawn 
into the channel. It has been found that the initial 
velocity of propagation of the channel is very sen- 
sitive to the inductance in the discharge circuit, 
increasing as the initial current derivative (dI/dt), 
increases. For this reason we have undertaken an 
investigation of the initial stages of channel expan- 
sion in a discharge circuit with a higher value of 
dI/dt than has been available to the workers in the 
work indicated above. 


2. DESCRIPTION OF THE APPARATUS 
Discharge Circuits 


a) Disc capacitor. Two discs, 7 cm in diameter, 
separated by a distance of 1 mm in the gas being 
studied, form a 30-yyf capacitor. The spark always 
occurs at the center of the discs, because of the 
presence of a point there (Fig. la). The period of 
the natural oscillations of this discharge circuit 
is determined by observation of periodic variations 
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FIG. 1. Discharge circuits. 


a) disc capacitor, b) coaxial 
-1 capacitor; 1) foil electrodes, 
2) upper plate with coaxial 
current-conducting rod, 3) 
point, 4) lower plate. 


in the emission intensity of the spark and is found 
to be 2 x 1079 sec. An additional check is provided 
by measurement of the wavelength of the radio 
wave produced by the discharge; this check shows 
qualitative agreement with the results of the op- 
tical measurements of the oscillation period. The 
total inductance of the circuit, as computed from 
the period of the natural oscillations, is 3 cm. 

b) Coaxial capacitor. In Fig. 1b we show a low- 
inductance coaxial capacitor of the type suggested 
by Fischer!! which has been developed for the pres- 
ent work. The spark occurs between point 3 and 
the lower plate 4. The capacitance is 6300 ywuf and 
the total inductance of the discharge circuit is 7 cm. 


Method of Observation 


In addition to using a camera with a rotating 
mirror, we have employed an electron-optical 
chronograph” which, in principle, permits a time 
resolution of approximately 107 '4 sec. In the pres- 


ent case the time resolution was approximately 
10° *° sec and was completely adequate for the pur- 
poses of this investigation. 
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The image of the spark 1 (cf. Fig. 2) is pro- 
jected by the objective lens 2 on the input photo- 
cathode 4 of a multistage electron optical image 
converter (EOC). A narrow slit 3, is located in 
front of the photocathode; this slit isolates a short 
section of the channel image. The electron image 
of this portion of the channel is swept in time by 
the deflection plates 5, 6, to which is applied an 
alternating voltage at frequencies of 5, 11, and 
21 Mc/sec (in certain experiments 1 Mc/sec). 
The sweep is along the longitudinal dimension of 
the channel. The time-swept image of the expand- 
ing spark channel passes through several stages 
of electron-optical amplification; ‘>! the intensi- 
fied image on the output luminescence screen’ can 
then be photographed with a conventional camera 
8. In order to obtain good photographs we have 
used a pulsed spark supply and the EOC. In Fig. 2 
we also show the voltage pulse which produces the 
image of the spark on the output screen at the ap- 
propriate time. 


3. RESULTS 


Examples of photographs obtained with the dis- 
charge circuit shown in Fig. la are given in Figs. 3 
and 4. In most of the photographs obtained there is 
a periodic variation in the emission intensity from 
the spark channel caused by the natural oscilla- 
tions of the discharge circuit (period approximately 
2x10 sec). In hydrogen (Fig. 3) these brightness 
variations are observed over the entire range.of 
initial pressures which has been studied, 2 —20 atm. 
In nitrogen, the periodic variations in brightness 
are clearly visible at pressures above 6 atm (Fig. 4); 
at 6 atm they become weak, and at 4 atm or below 
cannot be observed at all. 

Many cases in which the channel splits into two 
parts have been observed in nitrogen. In agreement 
with observations which have been published earlier 
by other authors, we have observed a noticeable re- 
pulsion between the two channels which result from 


FIG. 2. Diagram of the apparatus. 
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FIG. 3. Expansion of a spark channel in hydrogen at a 
pressure of 12 atm. Time is plotted along the abscissa axis 
while the spark diameter is plotted as the ordinate. 
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FIG. 4. Expansion of a spark channel in nitrogen at a 
pressure of 8 atm. 


splitting. Many cases have also been observed in 
which channel expansion is not completely symmet- 
Fic: 

The general pattern of channel expansion and the 
order of magnitude of the expansion velocity in oxy- 
gen are the same as in nitrogen. 
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The highest expansion rate is observed in the 
first quarter of the natural oscillation period of 
the discharge circuit (7). This rate is estimated 
by dividing the channel radius at approximately 
T/4 by the elapsed time from the beginning of the 
expansion process. It should be noted that with 
identical initial discharge conditions (gas pressure 
and gap length) the initial expansion rates vary by 
a factor of several times in individual cases. Spe- 
cial photographs of the entire channel, which were 
taken with slit 3 removed and with no sweep show 
that the channel is usually twisted and kinked and 
that the emission intensity is not uniform over the 
channel. The spread in the observed expansion 
rate is apparently due to the fact that images of 
widely different portions of the channel reach the 
slit 3. In considering this spread we may note 
that in our measurements physical significance is 
to be given to only the highest observed value of 
the initial expansion rate, which is determined 
with an accuracy of 10%. 

In nitrogen (sweep frequency 11 Mc/sec) the 
observed expansion velocity is as high as 6 x 10° 
em/sec. In hydrogen a faster sweep is used 
(21 Mc/sec); hence, in determining the rate of 
expansion we use a value of the channel radius 
corresponding to an earlier time, specifically, 
T/8. In this case, the highest measured expansion 
velocity in hydrogen is found to be 8 x 10° cm/sec. 
In deuterium (initial pressure 13 atm) the highest 
measured velocity is 7 X 10° cm/sec. 


Comparative data obtained in investigations of spark channel expansion by different authors. 


Electrical parameters of the discharge circuit Spark parameters 
Litera- |— : Initial rate of 
ture ‘ | Period of the natural Prcceure Maximum cur- expansion ° 
refer- Capacitance Current, amp (di/dt),, amp/sec oscillations of the Gas rent density, the channel, 
ence Ch LE: , discharge circuit, sec atm amp/cm 105cm/sec 
[7] — {04-—10° NO Aperiodic pulse, Air | Drei = 2 
t = 10-1000 Fe 
: ; ir ; 4 
(*] == 500 NO Aperiodic pulse, Nitrogen l 3: ie 0.93 
trise = 0-25 Oxygen : BB 
trai, = 10-28 Hydrogen r 7.408 on 
i 2 , an Air By 3 
5 __4{()10* 5+ 30)* 3 
(°] 0.0035—0. 25 104—10 108--10 0.5--30 sivaraten ; ele i 
Argon | G\ 
['] —— 200 1®—1010* Rectangular Hydrogen | 105'—10°* 10* 
pulse, 4—10 
A i p 5 5-1 010* 30 Air Ll 7-104 3 
a 57 2..65- 10 5-10 Anson 9.404 9 
Hydrogen 2-108 2 
a ; 9 
[Sy 132 1. 108 1.1022 L7* Air 1 9-108 20 
: 3.1012 0.002 Oxygen 60 
Present V0.0000:3 10? pay Witronen 10 108—10° 60 
work Hydrogen 20 80 
Deuterium 13 70 
Nitrogen 10 10? 20 
0.0063 108 2.1012 0.04 Hydrogen 18 Y 60 


*This quantity is not given in the cited work; it is computed on the basis of other data reported in the paper. a 
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The discharge circuit shown in Fig. 1b has been 
used to investigate the expansion of a spark chan- 
nel in nitrogen and hydrogen at pressures from 1 
to 18 atm. The maximum initial expansion veloc- 
ity in nitrogen was found to be 2.5 x 10° cm/sec 
and the maximum in hydrogen, 6 x 10° cm/sec. 


4, DISCUSSION OF THE RESULTS 


Comparative data for the parameters of dis- 
charge circuits used by various authors and values 
of the observed expansion rates are given in the 
table. The data given for the present discharge 
circuits are computed from the known capacity, 
the period of the natural oscillations, and the 
breakdown voltage; ohmic resistance is neglected. 

The table shows that in spite of its low capacity 
and simplicity of construction, the first discharge 
circuit used in our work provides the highest ini- 
tial current derivative and the highest initial chan- 
nel expansion rate. Comparison of the initial chan- 
nel expansion rates for our first and second dis- 
charge circuits, and of our data with the data of 
other authors, emphasizes the dependence of the 
initial expansion rate on (dI/dt)p. 

In the present experiments the shock waves 
have not been recorded by the Teller method. 

Only the brightly illuminated region of the dis- 
charge was photographed. For this reason it was 
not possible to observe experimentally the time 

at which the shock wave breaks away from the 
channel. However, there is little doubt that the 
initial stage of expansion, which is the only one 
for which we estimate velocity, precedes this 
breaking away. If we assume that in this stage 

the boundary of the luminous region is a shock 
front and compute the temperature from the meas- 
ured expansion rate, then, as is shown below, the 
temperature in the shock front is found to be suffi- 
cient for total ionization of the gas drawn into the 
discharge channel. Thus, in the present case we 
are not dealing with the mechanism considered by 
Mandel’shtam et al.*»® in which the shock wave 
breaks away from the channel because of the in- 
adequate conductivity in its front. 

On the other hand, simple estimates show that 
in our experiments the current and the magnetic 
field of the plasma itself are inadequate to con- 
strict the channel by the pinch mechanism. This 
effect as has been observed in high-current dis- 
charges by Komel’kov and Parfenov.!° 

For total ionization of the gas in the shock front 
the temperature in the front in hydrogen is given 
by the following expression:! 
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T_ = 3.95 (D/9-169)*| 1 — (9-108/D) 


a V/ 142 9-10%Dy | , 


where Tg is the temperature in the shock front in 
ev and D is the velocity of the shock wave in 
cm/sec. 

According to (1) a wave velocity D=8 x 10° cm/ 
sec corresponds to Tg = 3.5 ev. In deuterium the 
velocity of the shock wave, 7 x 10° cm/sec, corre- 
sponds to a temperature Tf = 8 ev. 

The gas ionization for the obtained values of 
temperature and high pressure at the front of the 
shock wave can be estimated by the Saha equation; 
it is found that essentially all of the gas is ionized.* 

It is also interesting to estimate the tempera- 
tures and densities of sparks in hydrogen on the 
basis of a hydrodynamic analysis of the spark 
channel; this theory has been given by Drabkina® 
and developed by Braginskii.!’ Applying Eq. (3.13) 
of reference 17, we obtain a channel temperature 
To = 22 ev and a channel density ng = 3 x 10”? 
cm~*. It should be noted that the formulas in ref- 
erence 17 are known to apply for sparks with low 
initial pressures; strictly speaking, this applicabil- 
ity has not been demonstrated in the present case. 
Nonetheless, it is interesting to compare the tem- 
perature which has been obtained with the data re- 
ported by Fischer,'! who has estimated the temper- 
ature of a spark channel in helium at a pressure of 
35 atm from the spectral distribution of the radia- 
tion and finds a value Ty ~ 25 ev. 

In conclusion the authors wish to thank E. K. 
Zavoiskii for valuable comments and continued 
interest in this work and S. I. Braginskii and S. L. 
Mandel’shtam for many valuable comments and 
discussions. 
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The nature of the paramagnetism of various mesic atoms was investigated by measuring the 
asymmetry of p-e decay electrons. The experimental results indicate that in dielectrics 
and in normal diamagnetic and weakly paramagnetic metals the paramagnetism of mesic 
atoms results from the 7 -meson magnetic moment, whereas in paramagnetic transition 
metals, lanthanides, and actinides it is due to the magnetic moments of both the electron 
shell and meson. It is shown that polarized mesons can be employed to investigate the mag- 
netic properties of the atoms and hydrides of transiton metals, actinides, and lanthanides 


with zero nuclear spin. 


1. INTRODUCTION 


‘Tue investigation of fine structure and hyperfine 
structure in atomic systems and of the associated 
quantum electrodynamical effects is of great inter- 
est. While ordinary atoms and positronium have 
been studied extensively, such atomic systems as 
muonium and p-mesic atoms are also attractive 
objects of study. An earlier paper! reported an 
investigation of the hyperfine structure of u-mesic 
atoms that results from coupling of the meson and 
nuclear spins. The present paper is concerned 
mainly with the hyperfine structure due to meson- 
electron coupling. Some of the many reasons for 
practical interest in this effect will now be enu- 
merated. 

A. Polarized 4 mesons in matter are essen- 
tially depolarized as a result of the interactions 
that produce fine and hyperfine structure in mesic 
atoms. One can inquire whether it is possible to 
eliminate or restore meson polarization in mesic 
atoms. It is obvious that depolarization due to 
hyperfine structure resulting from meson-nucleus 
spin coupling can be obviated by using substances 
with zero nuclear spin. It would appear that de- 
polarization due to fine structure or hyperfine 
structure resulting from spin coupling of the 
meson and electron shell could be eliminated by 
using a sufficiently strong magnetic field. How- 
ever, the magnetic neutralization of depolarization 
encounters insurmountable experimental difficul- 
ties. Kinematic depolarization associated with 
m-y decay in flight can also not be eliminated. The 
fact that the depolarization time (~107" sec) is 


many orders of magnitude shorter than the meson 
lifetime Tt suggests that static methods of nuclear 
polarization be used to repolarize mesons in mesic 
atoms with zero nuclear spin. 

For our purposes two methods are of interest, 
in both of which magnetic fields are applied at low 
temperatures. The first method uses the effect of 
an external magnetic field on the nuclear magnetic 
moment, while the second method uses the internal 
atomic magnetic field resulting from uncanceled 
electron moments. The coefficient of nuclear po- 
larization produced directly by the external field 
H is given by 


Foe [UAV /T) (uyH/kT), (1) 


where I is the nuclear spin, py is the nuclear 
magnetic moment, k is the Boltzmann constant, 
and T is the absolute temperature. 

When internal atomic magnetic fields are used, 
nuclear polarization is given by? 


foes fell + I/M [Jel(QSe + 1)] (AW/kT), J.>>1, (2a) 
foe fel + 1/27 + 1))(AW/RT), Jie aot 


Here fe is the electron polarization, Je is the 
electron angular momentum, and AW is the hyper- 
fine splitting energy. 

It follows from (1) and (2) that the greater LN 
and AW, and the smaller I, the easier it is to 
achieve a given degree of polarization. 

Since a muon has spin ¥,, while its magnetic 
moment is one order of magnitude greater than 
the nuclear magneton, a given degree of meson 
polarization in mesic atoms can be produced by 
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using temperatures that are higher or magnetic 
fields that are weaker by one order of magnitude 
than in the case of nuclei. 

It must be noted that the external field method 
can encounter insuperable difficulties because of 
the large meson spin relaxation time compared 
with t. These difficulties disappear when internal 
atomic fields are used. Indeed, the electron mo- 
ments in a sample can be polarized before irradi- 
ation with mesons. The meson spin-flip time in 
the field of a mesic-atom shell will then be given! 
by the “‘interaction time’ t’ ~ h/AW ~ 107" sec, 
which is many orders of magnitude smaller than 7. 

B. At the present time one of the most effective 
methods of investigating the electron configurations 
of paramagnetic atoms is the study of the emission 
asymmetry of polarized nuclei. This method is 
obviously feasible only for elements with nonzero 
nuclear spin. By investigating the asymmetry of 
the decay electrons of polarized muons in mesic 
atoms it is possible to study the electronic struc- 
ture of atoms in paramagnetic substances having 
zero nuclear spin. 

C. The measurement of the gyromagnetic ratio 
of mesic atoms having zero nuclear spin and ex- 
hibiting electron spin paramagnetism due to a 
single unpaired electron makes it possible to de- 
termine yp spins directly. 

D. The paramagnetism of mesic atoms must be 
investigated before the depolarization mechanism 
of w+ mesons can be determined. 


2. BASIC THEORETICAL POSTULATES 


The formation of mesic atoms is associated 
with the destruction of the electron-shell state of 
the original atom. The lifetime ty) of an excited 
shell state of free mesic atoms depends only on 
the electron configuration and degree of excitation. 
When mesic atoms are formed in a substance the 
lifetime ty depends greatly on the nature of the 
atomic bonds. In a metal the electron shell of a 
mesic atom returns to the ground state in a very 
short time (< 107! sec) compared with t’ and rT. 
On the other hand, in ionic crystals or dielectrics 
ty) is greater than t’ and T. Consequently, at the 
instant of decay the electron state of a mesic atom 
depends on the kind of compound that contains the 
given atom and on the state of aggregation. 

In the case of isolated mesic atoms with zero 
nuclear spin, when the electron shell has a nonzero 
moment the paramagnetic moment will consist of 
three parts: 

1) the magnetic moment of the muon, 


ws = 3 Mp/207, (3) 
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2) the electron orbital magnetic moment 


ie |b (eth), (4) 


3) the electron spin magnetic moment 


——_— 


2Mz VS(S +1). (5) 


When mesic atoms are formed in a medium their 
paramagnetism will be influenced by neighboring 
atoms, and some magnetic moments will be can- 
celed, depending upon the electron shells that are 
responsible for the magnetic moment. By analogy 
with the properties of the ionic magnetic moments 
of paramagnetic substances we can expect that when 
mesic atoms are formed from lanthanide or actinide 
atoms, where the magnetic moment is due to deep- 
lying electrons that are least subject to external 
influences, the paramagnetism of such mesic atoms 
in a substance will result from all magnetic mo- 
ments — py, us, and My. In the case of the transi- 
tion elements, where the electrons responsible for 
the atomic magnetic moment are not deep-lying 
and are thus more subject to external influence, 
mesic atoms in a substance can possess only the 
spin moments po and My,, the orbital moments be- 
ing canceled, as a rule. Finally, mesic atoms of 
diamagnetic substances, or normal weakly para- 
magnetic metals can possess only 4, moments 
on the average. 

In substances with uncanceled moments the 
electron shell can affect muon polarization only 
in the mesic-atom ground state. This is easily 
seen by comparing the lifetime t of a meson on 
lower levels with the time t’ required for meson 
spin flip in the field of the shell. The inequality 
t’ <t is fulfilled only for the 1S level, as indi- 
cated in Sec. 1. 

It must be noted that in substances with angular 
momentum Je ~ 0 of the electron shell, mesic 
atoms will be formed in two hyperfine states with 
total spins F = Je + JE In first approximation the 
hyperfine interaction energy AW in mesic atoms 
will be of the same order as in muonium, that is, 


Ho= 


AW = —82 +, pete/3az,.- 
Here p,, is the muon magnetic moment, Peff is 
the effective magnetic moment of the electron 
shell, and ag, is the Bohr radius of the hydrogen 
atom. The hyperfine splitting of a mesic-atom 
ground state is much larger than h/t. Therefore 
the states with F = Jo + and Je—'% are inco- 
herent in a mesic atom; each state is character- 
ized by its own value of the gyromagnetic ratio. 
Thus the expressions for g are“ 


g, = (ty Si Pett) (Je ote */2) ’ (6) 
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If mesic-atom paramagnetism is studied by 
measuring the asymmetry of decay electrons,” the 
experimentally observed precession curve will 
represent the superposition of the precession 
curves of mesons decaying from both hyperfine 
states. The larger the value of Je, the more dif- 
ficult it will obviously be to interpret this curve. 
In actuality we denote by Py the degree of polari- 
zation of the muon beam. According to the litera- 
ture,*®~® the degree of polarization P of a meson 
in the K shell, averaged over the two hyperfine 
states, will be 

P=+P,.+(1+2/(2J, + 1)?]. (8) 


6 


It follows from this formula that the polarization 
depends on the total moment Je of the electron 
shell. Thus, for Je = % polarization will be re- 
duced to one-half, while for mesic atoms with 

Je >> 1 it will be reduced to one-third. AI of the 
foregoing discussion obviously pertains to isolated 
mesic atoms. The presence of a surrounding me- 
dium can complicate the picture; for example, 
meson transitions between hyperfine levels can 
occur. 


3. EXPERIMENTAL PROCEDURE 


The following materials were investigated: 
1) dielectrics (paraffin, polythene, water, and 
sulfur); 2) diamagnetic and normal weakly para- 
magnetic metals (graphite, magnesium, zinc, 
cadmium, and lead); and 3) paramagnetic transi- 
tion metals (chromium, molybdenum, palladium, 
and tungsten). The results obtained for water, 
magnesium, sulfur, zinc, cadmium, and lead have 
been published in reference 9; the remaining sub- 
stances were investigated in the present work. 

Chromium, molybdenum, tungsten, and palla- 
dium were studied in metallic form. The carbon- 
aceous media were graphite, polythene, and paraf- 
fin, which were selected for the following reasons. 
The direction of the 4 -meson spin has so far 
been an open question,!" the answer to which has 
been sought, in one way, by investigating the asym- 
metry of B™ decay electrons in the reaction 
y- +CB— B+ p11 The experiments reported 
in reference 10 revealed an absence of asymmetry 
that evidently resulted from the depolarization of 
B* nuclei in the investigated samples of hexane 
and pentane. According to Jackson, Treiman, and 
Wyld!! there are two possible causes of B” depo- 
larization: 1) the hyperfine structure due to the 
spin coupling of the B™ nucleus and electron shell, 


and 2) the short relaxation time of B? nuclear 
spin in the given materials compared with the B” 
lifetime. We proposed to check the presence of a 
B® depolarization mechanism due to hyperfine 
structure by using different carbon compounds, 
with the expectation that mesic carbon atoms in 
these substances would have the electron configu- 
ration of the boron atom.'! 

The paramagnetism of mesic atoms of carbon, 
chromium, molybdenum, tungsten, and palladium 
in the given substances was investigated by the 
precession technique,® where the nature of the 
paramagnetism can be determined by measuring 
the asymmetry of p-e decay electrons in the fol- 
lowing manner. The electronic circuit is tuned 
to register the precession frequency of the free 
meson spin. It follows from Eqs. (6) and (7) that 
in a given magnetic field H the spin precession 
frequency of a mesic atom possessing both an 
electron moment and a meson moment will be 
several orders of magnitude greater than the spin 
precession frequency of mesic atoms in which 
paramagnetism is due to meson spin alone. In 
virtue of the large frequency difference the nature 
of the paramagnetism can be determined by meas- 
uring the numbers of p-e decay electrons, Nmax; 
and Nm jin at two field strengths +H, using the 
formula 


t, + At =T/2=ame/eH, (9) 
where t, is the delay time, At is the gate width, 
and T is the spin precession period of a ‘‘free’’ 
muon. For mesic atoms possessing an electron 
moment the ratio é = Nmax/Nmin will be unity, 
whereas for mesic atoms in which paramagnetism 
results from meson spin alone é will differ from 
unity. A control experiment that confirmed directly 
the existence of electronic paramagnetism by this 
technique was the measurement of é in the hy- 
drides of paramagnetic metals having the hydro- 
gen concentration at which the paramagnetism of 
the compound, such as PdHy ., decreases to zero. 
Indeed, the palladium atoms in a PdHp., solution 
have no magnetic moment, and the hydrogen will 
not participate in the formation of mesic atoms. 

The experiments were performed with the same 
apparatus, except for the electronic equipment, and 
under the same experimental conditions as in our 
earlier work.®» A block diagram of the apparatus 
is shown in the figure. Negative muons stopped in 
the target 6 were registered by the anticoincidence 
scheme 8 (1+ 2-3). Pulses from 8 were ampli- 
fied, shaped, and delayed for the time t;. The de- 
layed pulses operated the trigger 16, which opened 
simultaneously two identical gates 18 and 21 for 
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Block diagram of apparatus. 1, 2, 3,4 —scintillation coun- 


ters; 5—copper filter; 6—target; 7 — paraffin filter; 8, 9—anti- 
coincidence circuit; 10, 11—amplifiers; 12, 13 — pulse shapers; 


14—delay t,; 15—delay t,; 16 —trigger; 18, 21— gating cir- 
cuits; 19, 22—discriminators; 17, 20,23—scalars; 24— mag- 
netizing coil. 


the time At. The meson decay electrons and the 
background were registered by the anticoincidence 
circuit 9 (3 +4-2). Pulses from 9, after passing 
through the amplifier 11 and the pulse shaper 13, 
were split, and were then fed to the gating circuit 


18 after a delay t, >t; +At and to the gating circuit 


21 without delay. The use of two identical gating 
circuits and the delay t, made it possible for the 
scaler 23 to register simultaneously the number 
of pulses produced by decay electrons and by the 
background, while the scaler 20 registered only 
the background pulses. The count difference be- 
tween scalers 23 and 20 represents the number 
of decay electrons. Pulses from the trigger 16 
were fed through a separate output to the scaler 
17, which registered the number of gate openings, 
and served as a monitor. 

In each experiment the ratio t;/At was ~ 0.2. 
The axis of the electron detector and the target 
formed the angles 90° and 45°, respectively, with 
the meson beam axis. The target area was 15x15 
em2, and the target thickness was 4—6 g/cm*. In 
the experiments with graphite, polythene, and 
paraffin the paraffin filter 7 between counters 3 
and 4 was 4 g/cm? thick. In the experiments with 
chromium, molybdenum, tungsten, and palladium, 
the paraffin filter 7 was replaced by a 4 g/cm? 
aluminum filter, which reduced to under 107? the 
registration efficiency for y rays under 10 Mev 
emitted from the target as a result of u~ absorp- 
tion. 


Substance =N max/ mir 
Graphite iL AKO Vt (OO? 
Paraffin LOI) (0) (02? 
Polythene il al Dp ae (0) (0? 
Palladium 

hydride 1.09 +0.02 
Palladium (FOO== ORO2 
Chromium | AO0E 002 
Molybdenum 0.99 +=0.02 
Tungsten 0.99 £0.02 


The table gives the values obtained for ¢ 
=Nmax/Nmin> including corrections for t; and 
At, meson decay and the solid angle of the elec- 
tron detector. The statistical errors are indicated. 


4, DISCUSSION OF RESULTS 


The table shows that for graphite, polythene, 
paraffin, and palladium hydride (PdH).,) identical 
values of & were obtained within the limits of sta- 
tistical errors. Equal values of & were also ob- 
tained for chromium, molybdenum, tungsten, and 
palladium. However, the absolute values of é for 
graphite, polythene, paraffin and PdHp)., differ 
from those for chromium, molybdenum, tungsten, 
and palladium. It should be noted that for graphite 
ay —the asymmetry coefficient in the electron an- 
gular distribution 1+ acos 6, integrated over the 
energies — obtained from £ agrees within error 
limits with the value of ay obtained in earlier 
work!,%,!2 from a large number of measured points 
on the precession curve. 

The departure of & from unity for graphite, 
paraffin, polythene, and the agreement of the val- 
ues among themselves, indicate that the paramag- 
netism of mesic carbon atoms in these substances 
is due to the meson magnetic moment alone. Let 
us first consider the formation of mesic atoms in 
metals, which, together with graphite, can be re- 
garded in first approximation as ion aggregates 
immersed in an electron gas. Diamagnetic metals 
and normal weakly paramagnetic metals have ions 
with zero magnetic moment. It is therefore prob- 
able that when mesic atoms are formed in these 
metals, since ty << t’ the electron state of an ion 
is not actually destroyed and the ionization of 
atoms is accompanied only by the emission of 
collective conduction electrons. In view of the 
constant measured value of ag previously ob- 
tained? for metals in this group such as magne- 
sium, zinc, cadmium, and lead, and also the equal - 
ity of this value to ay for graphite, it can be as- 
serted that electronic paramagnetism does not 
arise when mesic atoms are formed in diamag- 
netic or normal weakly paramagnetic metals. 
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The formation of mesic atoms in dielectrics, 
where t, >t’, presents a different picture. Mesic 
carbon atoms in paraffin and polythene, mesic 
oxygen atoms in water, and mesic sulfur atoms 
can lack an electron magnetic moment for two 
possible reasons. First, the mesic atoms can be 
negative ions with the electron configuration of the 
original atoms. Secondly, the formation of mesic 
atoms can possibly be associated with disturbance 
of the original atomic electron shell. In this case, 
according to Dzhrbashyan,° the electron moment 
can be canceled completely by neighboring atoms. 

Further investigation is required before a 
choice can be made between these two hypotheses. 
The experimental results will determine whether 
ae depolarization mechanism exists due to hy- 
perfine structure arising from the spin coupling 
of the nucleus to the electron shell of boron atoms 
produced in the reaction yw™ + C= BY + y. It 
would appear that mesic carbon atoms in graphite 
should have the electron configuration of boron 
atoms,'! but experimental results indicate the ab- 
sence of any electron moment. It is obvious that 
electronic paramagnetism cannot arise in boron 
atoms produced by the given reaction in graphite. 
Therefore a B' depolarization mechanism due to 
hyperfine structure in graphite cannot exist, 
whereas for the aforementioned reasons this 
mechanism can exist when boron atoms are 
formed in dielectrics. 

The experimental results obtained for palladium 
in PdHp., furnish direct evidence that the paramag- 
netism of mesic palladium atoms is due to the mag- 
netic moments of the electron shell and meson. 
The electrons of the magnetically active inner 4d 
shell are responsible for the magnetic moment of 
ions of the transition metal palladium. The meas- 
urements of é for carbon, paraffin, and polythene 
show that in the compound PdHy., hydrogen does 
not affect meson depolarization. 

We wish to emphasize especially that, as the 
experiments with Pd and PdH).. have shown, po- 
larized ~~ mesons can possibly be used to inves- 
tigate the magnetic properties of atoms and hy- 
drides, with zero nuclear spin, of the transition 
metals, lanthanides, and actinides. Unfortunately, 
no control experiment can be performed to con- 
firm directly the existence of electronic paramag- 
netism in chromium, molybdenum, or tungsten, 
since hydrides are not formed when hydrogen is 
dissolved in these metals. 

€ can equal unity for these transition metals 
and they can agree among themselves if 1) mesons 
are completely depolarized, or 2) the paramagne- 
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tism of mesic atoms is due to the magnetic mo- 
ments of the electron shell and muon. 

We shall now consider the depolarization of 
mesons in different mesic atoms. An identical 
value of ~ 17% within experimental error has been 
obtained for the polarization of ~~ mesons in the 
mesic atoms of diamagnetic metals with zero nu- 
clear spin. Identical degrees of meson polariza- 
tion in graphite, polythene, and paraffin have been 
obtained from measurements of é, the absolute 
values being equal to that for the aforementioned 
metals. The absolute degree of polarization and 
the fact that the measured polarization for Z = 6 
is independent of Z are in good agreement with 
theoretical calculations®»’ considering only the 
spin-orbit interaction mechanism. 

It is difficult to understand how chromium and 
molybdenum can differ essentially from the sub- 
stances already mentioned with respect to yw de- 
polarization. Ford and Mullin have shown that 
there is practically no depolarization of mesons 
slowed down and captured into the higher levels 
of mesic atoms. The probability of mesic atom 
formation is known to be unity. The elements Cr 
and Mo consist 80 — 90% of atoms with zero nu- 
clear spin. The nuclei of these atoms possess no 
properties that could result in complete meson 
depolarization. It is therefore unlikely that depo- 
larization mechanisms other than spin-orbit in- 
teraction exist in mesic atoms with the corre- 
sponding values of Z. Chromium and molybdenum 
differ from the previously mentioned substances 
only in their possession of unfilled inner electron 
shells. Therefore the results of the experiments 
with palladium and PdH).. show that the hyperfine 
structure is very probably involved in the cases 
of chromium and molybdenum, whose ions possess 
nonzero magnetic moments due to the magnetic- 
ally active inner 3d and 4d shells, respectively. 

The experiments with tungsten merit special 
attention, since tungsten, unlike palladium, chro- 
mium, and molybdenum, has mesic atoms with 
deformed nuclei. It has been shown by Zaretskii 
and Novikov that the interaction of a meson with 
the quadrupole deformation of a nucleus can re- 
sult in considerable depolarization of u~ mesons. 
We shall now compare the measured values é 
with theoretical predictions é7. If the hypothesis 
of the relationship between the observed depolari- 
zation of ~~ mesons and the quadrupole deforma- 
tion of the nucleus is correct, then we should 
theoretically have the relationship ao(W) 
~ 0.4a9(C) between the values of ay for carbon 
and tungsten. The spin precession frequency of 
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mesic tungsten atoms in a magnetic field should 
agree with the spin precession frequency of a free 
meson. 

It can be shown with the aid of the normal er- 
ror distribution that the case Ea = Ep is rejected, 
since &, < > with 70% probability. This provides 
evidence that the experimentally observed ‘‘total’’ 
depolarization of mesons can hardly be accounted 
for only by meson interaction with the quadrupole 
deformation of the nucleus. In this connection it 
must be pointed out that experiments with palla- 
dium, chromium, and molybdenum indicate with 
high probability that in the case of tungsten we 
are also dealing with hyperfine structure due to 
spin coupling between the meson and electrons 
of the incomplete inner 5d shell. 

Although tungsten atoms have a very small 
effective magnetic moment compared with chro- 
mium atoms, for example, the experimental tech- 
nique is sufficiently sensitive to detect this mag- 
netic moment. Muons have a magnetic moment 
one order of magnitude larger than the nuclear 
magneton, while the spin-flip time (~ 107! sec) 
of a meson in the field of the mesic-atom shell is 
many orders of magnitude shorter than the meson 
lifetime. In order to arrive at more definite con- 
clusions it is obviously necessary to observe di- 
rectly the spin precession curves of mesic Cr, 
Mo and W atoms. 

The present and earlier investigations!’?’!* lead 
to the following conclusions regarding the process 
of u~ depolarization: 

1) The interaction between the magnetic mo- 
ments of the meson and electron shell affects 
meson polarization only in mesic atoms of the 
transition elements, lanthanides, and actinides. 

2) Spin-orbit interaction reduces the polariza- 
tion of 1 mesons to one-sixth. This result agrees 
well with the theoretical calculations of Dzhrba- 
shyan® and Shmushkevich.’ 

The authors consider it a pleasure to thank 
V. P. Dzhelepov for his continued interest. They 
are also indebted to S. S. Gershtein, D. F. Zaret- 
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Sandwich emulsions (a 2u gelatin layer between two 100y emulsion layers) were used to 
record 1044 disintegrations of C, N, and O nuclei induced by 660-Mev protons. Analysis of 
the disintegrations indicates that the process involves a two-stage mechanism. The excita- 
tion energy, mean charge Z, and mean mass A, are estimated for the residual nucleus, 
which is formed after the cascade stage of the disintegration. The angular distributions of 
the charged particles are obtained. The mean lifetime of a-particle substructures inside 


light nuclei is estimated. 
1. INTRODUCTION 


‘The disintegration of carbon, nitrogen, and oxygen 
nuclei by protons and neutrons with energies over 
100 Mev has been studied in a series of papers.!~'° 
The mechanism for this phenomenon has been ex- 
perimentally obtained for the energy region ~ 100 
Mev. It was found that when the incident particles 
have such energies, the C, N, and O nuclei disin- 
tegrate in two states, 1,2 as in Serber’s disintegra- 
tion mechanism.'! The first stage consists of the 
development of an intranuclear cascade of nucleon- 
nucleon collisions leading to the direct emission of 
nucleons with the residual nucleus being left in an 
excited state, and the second stage consists of the 
decay of the excited residual nucleus. In a number 
of articles® '° it has been shown that among the 
ejected particles are a significant number of com- 
plex particles: H’, H®, He®, and He‘. The idea is 
presented in these articles that nucleons inside 
nuclei apparently form for a certain time groups 
such as quasideuterons, quasitritons, and quasial- 
pha particles (intranuclear substructures ). 

Fewer articles’ ® have dealt with the disintegra- 
tion of C, N, and O nuclei by nucleons with ener- 
gies over 500 Mev. These articles supply only pre- 
liminary data and are mostly of a descriptive nature. 

The results available in the preceeding articles 
are insufficient for extrapolating the two-stage dis- 
integration mechanism to cases where the bom- 
barding nucleons have energies substantially greater 
than 100 Mev. Not all the data are reliable enough 
for such an extrapolation. On the other hand, it 
can be assumed that such factors as the participa- 
tion by the nuclear substructures in the nuclear 


cascade process, the increase in the number of 
ejected particles with an increase in the energy of 
the incident nucleons,” and the increase in the role 
played by meson absorption within the nucleus can 
cause complete fission of C, N, and O nuclei in 
the first stage at sufficiently high energies.. A sug- 
gestion of this sort was made by Hodgson in an en- 
deavor to explain some results observed in disin- 
tegrations of these nuclei by cosmic rays.° Such 
an assumption also follows from Messel’s theory 
for nuclear cascade showers induced in the atmos- 
phere by cosmic rays. 

The present work was concerned with obtaining 
more detailed experimental data on the disintegra- 
tion of C, N, and O nuclei by protons with ener- 
gies over 500 Mev with the object of specifying 
more precisely the fission mechanism. 


2. EXPERIMENTAL TECHNIQUE 


Sandwich emulsions® consisting of a thin layer of 


gelatin (2u,) between two layers of P-9 emulsions, * 
each 100y thick, were used to detect the fission of 
C, N, and O nuclei. This technique permitted a 
more complete collection of the disintegrations than 
would have been possible by using other criteria’ to 
differentiate the disintegrations of light nuclei from 
all the disintegrations occurring in the emulsion. 
The P-9 emulsion used was found to be sensitive 
to protons with Ep < 30 Mev by measurements of 
the visible postions of 7 -meson tracks. Conse- 
quently, only charged particles with so-called 


*The P-9 emulsions and sandwich emulsions were prepared 
in Prof. N. A. Perfilov’s laboratory in the Radium Institute, 
Academy of Sciences, U.S.S.R. 
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““black’’ tracks (including a-particles with ener- 
gies below ~ 500 Mev) were recorded. 

Sandwich emulsions were exposed to a beam of 
660-Mev protons extracted from the synchrocyclo- 
tron of the Joint Institute for Nuclear Research. 
The proton beam was incident parallel to the surface 
of the emulsion (with an accuracy of 1 to 2° ). 

All disintegrations centered in the gelatin layer 
of the sandwich (stars without visible centers ) 
were ascribed to disintegrations of C, N, and O 
nuclei. Among these (about 1,000 stars he 1X a 
single star with 8 or more ‘‘black’’ prongs was dis- 
covered. This means that any possible contamina- 
tion by disintegrations of Ag and Br nuclei which 
have diffused from the emulsion into the layer of 
gelatin amounts to less than 1%, since, according 
to Ostroumov’s data,'* stars with eight or more 
‘*black’’ prongs comprise about 13% of all the stars 
when Ag and Br nuclei are disintegrated by 660- 
Mev protons. 

The charged particles emitted by C, N, and O 
nuclei were assigned into singly-charged, doubly- 
charged, or multiply-charged (Z > 2) categories 
by a method previously described.'? The singly- 
charged particles were considered to be protons 
and the doubly-charged ones a particles. 

The kinetic energy E of a charged particle was 
determined from the particle’s total range in the 
gelatin and emulsion by using the relation 


E = E(R;) 7G 0.6[E(R, = ieee ra) ls (1) 


which takes into account the difference in stopping 
power of the emulsion and gelatin. In Eq. (1) R, 
and R, are the ranges in the emulsion and gelatin 
respectively, and E(R) is the particle energy cor- 
responding to a range R in the emulsion. 

The experimental data (with the exception of 
angular distributions) were corrected for the loss 
of particle tracks within the gelatin layer and for 
the emergence of tracks from the emulsion into the 
backing and air. Corrections were computed on the 
basis of an isotropic distribution of particles. In 
our case allowance for anisotropy would have re- 
duced the magnitudes of the corrections by no more 
than 3%. 

When stars centered within the gelatin layer are 
selected, false multiple-prong stars may be re- 
corded if the centers of two disintegrations are near 
each other (up to 5p apart). We estimate that the 
probability of recording such false multiple-prong 
stars did not exceed 1%. 


3. EXPERIMENTAL RESULTS 
Altogether 1,044 C, N, and O disintegrations 


were recorded. The corrected distribution of the 
y} 
number of stars with various numbers of ‘‘black’ 
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prongs, Nh, is given below. In correcting for the 
losses it was assumed that the number of tracks 
lost in the gelatin was proportional to the total 
number of particles for each type of star. 


Nn 1 2 3 4 5 ey 
2859245) 3835 257 el Ote alo mes 


Number of stars 


Here the mean number of ‘‘black’’ prongs per 
star is 3.25, of which 1.94 were attributed to a 
particles and 1.29 to protons. Thus the a/p ratio 
is 1.5. According to references 3, 6, and 7 the av- 
erage number of charged particles emitted by C, 
N, and O nuclei varies slightly with the energy of 
the bombarding nucleons and can be assumed to be 
4.0 for energies of 500 - 600 Mev. Consequently, 
because of the sensitivity of the photographic plates 
used in our experiments, an average of ~ 0.75 fast 
protons (Ep > 30 Mev) per disintegration were not 
recorded. 

The fraction of stars having recoil nuclei with 
A > 4 amounted to 25% after correction for losses 
in the gelatin. In the remaining 75% of the cases 
the C, N, and O nuclei were completely disinte- 
grated into their component particles with masses 
A <4. 
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FIG. 1. Energy distribution (in l.s.) of secondary protons 
emitted into the forward (a) and backward (b) hemispheres 
measured relative to the direction of the bombarding protons 
(the ordinate represents the number of protons for 1 Mev en- 
ergy interval). The solid lines represent the experimental 
distributions, N,(E) and N,(E), and the broken lines the cal- 
culated distribution N;(E). 


Figures 1 and 2 show the experimental energy 
distributions in the laboratory coordinate system 
for the secondary protons and a particles for both 
forward and backward hemispheres N,(E) and 
N.(E), measured relative to the direction of the 
bombarding proton beam. 

The distributions of the emission angles pro- 
jected on the plane of the emulsion are shown in 
Figs. 3 and 4. A separate distribution is given tor 
protons with energies 0 < Ep = 3 Mev, and simi- 
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FIG. 2. Energy distributions (in l.s.) of ® particles emit- 
ted into the forward (a) and backward (b) hemisphere (the 
ordinate represents the number of particles for 1 Mev energy 
interval). The solid lines represent the experimental distri- 
butions, N,(E) and N,(E), and the broken lines the calculated 
distribution, Nj(E). The correction for contamination by Li 
nuclei is indicated by the shaded area. 


larly for a particles with energies Eg = 8 Mev. 
The a@ particles for which Eg < 2 Mev have not 
been incorporated in Fig. 4a, because of the short- 
ness of their tracks in the emulsion aad the conse- 
quent uncertainty in the emission angles. 


4. ANALYSIS OF THE EXPERIMENTAL DATA 


1. Mechanism for the disintegration of C, N, 
and O nuclei by 660-Mev protons. If all of the par- 
ticles are emitted by decaying nuclei moving with 
some mean velocity v in the direction of the pro- 


FIG. 3. Angular distributions 
of protons, N(¢): a) energies in 
the range 0 < E, < 3 Mev, b) en- 
ergies E, > 3 Mev. The solid 
lines represent the experimental 
distributions, while the broken 
lines show calculated distribu- 
tions, N'(p), for the same energy 
intervals and normalized to the 
same total number of protons. 
The ordinate gives the number of 
protons per 30° angular intervals. 
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FIG. 4. The angular distributions for ® particles, N(®): 
a) energies 2S Eg £8 Mev, b) Ea > 8 Mev. The solid lines 
represent the experimental distributions, while the broken lines 
show the calculated distributions, N’(®), for the same energy 
intervals and normalized for Eg > 8 Mev to the same total num- 
ber of ® particles; for 2 < Ea <8 Mev, the N’(®) distributions 
have been plotted without normalization. The correction for 
contamination by Li nuclei is indicated by the shaded area. 
The ordinate gives the number of particles per 30° angular 
intervals. 


ton beam, then in the laboratory coordinate system 
the energy distribution of the particles in the back- 
ward hemisphere N;(E) is related uniquely through 
the quantity v with the distribution in the forward 
hemisphere, Nj(E) and with the angular distribu- 
tion of the particles N’(gy). In other words, if v 
and Nj(E) are known, then N{(E) and N’(@) can 
be uniquely computed. 

We have looked for such correlations in our data. 
From the ratio of the number of a particles with 
energies Eq < 4 Mev emitted forward to those 
emitted backward the value of v was found to be 
~3.5 x 10® cm/sec. In this calculation it was as- 
sumed that for those disintegrations of the residual 
nuclei in which a particles occur with energies 
below the Coulomb barrier for C, N, and O nuclei 
(~4 Mev) the contamination by knock-on a par- 
ticles must be a very slight (because of the opacity 
of the Coulomb barrier). From the experimental 
values for N,(E) and v the corresponding Nj (E) 
and N’(qg) distributions were computed (within 
the limits of the model for the disintegrating nu- 
cleus) for both a particles and protons. In the 
computation it was assumed that the angular dis- 
tribution of the emitted particles would be isotropic 
in the center-of-mass system of the decaying re- 
sidual nucleus. The calculated distributions N4(E) 
and N’(@) are shown by the broken lines in Figs. 
la, 2a, 3, and 4. In Figs. 1a, 2a, and 4a the calcu- 
lated distributions are given as computed (i.e., 
without normalization) whereas in Fig. 3 and 4b, 
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FIG. 5. The energy 
distribution N,(E) (in 
l.s.) for @ particles 
emitted within the 
angles 45° < @ < 90°, 
The solid line repre- 
sents the experimen- 
tal distributions and 
the broken line the 
calculated distribu- 
tion N{(E) for the same 
angular region. The or- 
dinate gives the num- 
bers of & particles for 
1 Mev energy interval. 
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for convenience in comparing form, the calculated 
distributions have been normalized to the same 
total number of particles observed experimentally. 

When the N(qg) and N’(@) distributions for the 
@ particles are compared for the different energy 
intervals, it is found that they practically coincide 
for all Eg = 8 Mev (Fig. 4a), i.e., when Eg = 8 
Mev there exists a correlation between the N(¢) 
and N,(E) distributions. This fact is in conflict 
with the lack of correlation between N,(E) and 

4(E) for Eq < 8 Mev (Fig. 2a). However, allow- 
ance must be made in Fig. 2a for the distortion of 
the experimental distribution due to contamination 
by tracks of Li nuclei (nuclear fragment), which, 
since their range in the emulsion is less than 30y, 
could not be satisfactorily distinguished from a - 
particle tracks. To minimize this effect we made 
use of the fact that the probability of emission of 
Li fragments decreases sharply for increasing 
emission angles.‘ Thus the N;(E) and Nj(E) 
(unnormalized) distributions were formed for a 
particles emitted within the angle of 45° = 6 = 90° 
in the l.s. (Fig. 5). From Fig. 5, it is evident that 
a correlation also exists between the N,(E) and 
N,(E) distributions for- a particles with Eq < 8 
or 9 Mev. 

From Figs. 1 and 3 it is evident that such a clear 
partial correlation between distributions does not 
occur in the case of protons. Nevertheless, the 
comparison of the N(g) and N’(q@) distributions 
in Fig. 3 reveals that at low proton energies these 
distributions have some characteristics in common 
(Fig. 3a). 

Besides the attempt to find a correlation in the 
distributions in the l.s., a study was made of the 
energy and angular distributions of particles ina 
coordinate system moving in the direction of the 
proton beam at a velocity of 3.5 x 108 cm/sec. It 
was found that when the energies and angles of 
emission had been converted into this coordinate 
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FIG. 6. The angular distribution (histogram) for a particles 
(with 4 < Eq <8 Mev in the l.s.) in a coordinate system moving 
in the direction of the proton beam with a velocity of 3.5-10° 
cm/sec. The solid’ line shows the isotropic angular distribution, 
which has been normalized to the same number of particles. 
The ordinate gives the number of particles per 30° angular 
interval. 


system, the angular distribution for a particles 
with Eq = 4 to 8 Mev (inthe l.s.) agreed quite 
satisfactorily with the isotropic distribution (Fig. 
6). In the moving coordinate system the energy 
distributions for the particles in the forward 
N,y(E£)) and backward N,(E)) hemispheres (in 
relation to the direction of the proton beam) proved 
to be quite close to one another. Indeed, the ratios 
of the ordinates of these curves for the same ener- 
gies Ey) are quite close to unity for proton ener- 
gies 0 < Epp < 11 Mev and for a-particle energies 
2< Epq < 13 Mev. 

Thus, the experimental characteristics in a co- 
ordinate system moving at a velocity of 3.5 
x 108 cm/sec are in some respects like the char- 
acteristics in the center-of-mass system of the 
disintegrating nucleus. 

On the basis of the above results it can be in- 
ferred that apparently the disintegrations of C, N, 
and O nuclei produced by 660-Mev protons pass, 
in most cases, through two stages with the resid- 
ual nucleus making the main contribution to particle 
emission. 

A different mechanism may come into play when 
C, N, and O nuclei are completely disintegrated 
into singly-charged high-energy particles (E 
> 30 Mev) and neutrons. Our detectors did not re- 
cord these disintegrations. According to Philbert’s 
data® they probably comprise no more than a few 
percent of the total events. 

2. Characteristics of knock-on particles. Asa 
rule the ordinates of the experimental distributions 
N,(E) and N(q@) exceed those of the unnormalizedé 
calculated distributions N,(E) and N’(g). Itis 
natural to attribute this to the presence of knock-on 
particles. After correction for contamination by 
Li nuclei (the shaded areas in Figs. 2a and 4a, 
which correspond to about 0.09 Li nuclei per disin- 
tegration), the difference between the experimental 
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and calculated distributions can be considered as 
characterizing the knock-on particles. Because of 
the small number of disintegrations, we have shown 
only the approximate angular distributions for 
knock-on particles (Fig 7). Figure 7 was obtained 
as the difference between N(g) and N’(q), with 
N’(g) normalized to the same number of particles 
as N(q) for the angular interval 150° < g < 180° 
(it was assumed that practically no particles are 
knocked out at angles close to @ = 180° relative to 
the direction of the proton beam). From Fig. 7 we 
find that approximately 0.2 a particles are knocked 
out per disintegration, while about 0.28 protons are 
knocked out per disintegration with Ep < 30 Mev. 

In all about 0.28 + 0.75 = 1.03 protons are knocked 
out per disintegration (here 0.75 is the number of 
protons per disintegration with Ep > 30 Mev, all of 
which can be considered as knock-on with negligi- 
ble errer). 

For knock-on a particles the overall ratio of 
the numbers of particles emitted forward and back- 
ward was found to be 3.8; for knock-on protons with 
Ep < 30 Mev it is 2.8. Thus, even for light nuclei, 
20 - 25% of the knock-on particles are emitted at 
angles @ > 90° relative to the direction of the pro- 
ton beam. 

From Figs. 1a and 3a it can be seen that knock- 
on protons may also have energies up to 1.5 Mev, 
which is somewhat less than the Coulomb barrier 
for C, N, and O nuclei (~2 Mev). As can be 
seen from Figs. 4 and 5, the knock-on a particles 
are emitted effectively only with energies Eq 
> 8 Mev, although the Coulomb barrier of the C 
nucleus for a particles is Uggy) * 4 Mev., and 
does not limit their emission for energies Eg 
> 4 Mev. Nevertheless, knock-on a particles with 
Eq < 8 Mev are practically unnoticed in the back- 
ground of a particles originating in the decay of 
the residual nuclei. 

3. Decay characteristics of the residual nucleus. 
The data on the knock-on particles permits one to 
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estimate the mean charge Z, mean mass A, and 
mean excitation energy for the residual nucleus 
formed as a result of the cascade process. 

Weighing equally all the gelatin nuclei, we ob- 
tain a mean charge Z = 6.63 and mass A = 13.26.‘ 
Assuming that the mean number of direct knock-on 
neutrons per disintegration np is equal to np, the 
number of direct knock-on protons, we obtain np 
= Np = 1.03 and ng = 0.2. The mean values of Z 
and A for the residual nucleus are computed from 
the obvious relations 


LZ 27 hy hy ee 
A = Ao (np + An.) = 10.4. 

The residual nucleus in turn emits an average 
of Ng = 1.94 — 0.09 — ng = 1.65 @ particles per 
disintegration (1.94 being the total number of @ 
particles emitted per disintegration of the C, N, 
and O nuclei, and 0.09 being the correction for Li 
emission) and an average number of protons equal 
to Np = 1.29 — Ny = 1.01. The decay of the resid- 
ual light nucleus is thus characterized by a high a- 
particle yield (a@/p=1.65). The excitation energy 
of the residual nucleus can be determined if the 
number of emitted particles and their mean kinetic 
energies in the nuclear center of mass system are 
known. These kinetic energies were computed and 
found to be Epp = 4.98 Mev for protons and Eyq 
= 7.28 Mev for q@ particles. In the case of the 
neutrons emitted by the nucleus, their energy Epn 
was assumed equal to Egp less the Coulomb barrier 
height of the B” nucleus, which for protons is about 
2 Mev, i.e., Eyn ~ 2.98 Mev. The binding energy of 
a nucleon in the residual nucleus can be assumed to 
be about 6 Mev and that of an qa particle about 
3.3 Mev. 

If it is assumed that the excited residual nucleus 
emits only protons, neutrons, and a particles and 
that the number of neutrons emitted is equal to the 
number of protons, then the mean excitation energy 
of the residual nucleus is about 35 Mev. 

4. Average a-particle lifetime Tq inside the 
nucleus. After considering the reasons why knock- 
on a particles are effectively emitted only with 
energies Eq > 8 Mev > Ucoyl, we have assumed 
that this phenomenon is a consequence of a -particle 
instability inside the nucleus.!5 

A mathematical expression has already been 
proposed" to describe the energy spectrum of the 
ejected @ particles, with allowance for their dis- 
integration during the time they move through the 
nucleus. It is assumed that the probability of dis- 


integration can be described by an exponential law 
of the form 


N (E) = f (E) P(E) exp { — [m,/2 (E + U) V2 I/%,3, 


Ny + 


(2) 
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where f(E) is the recoil-energy distribution func- 
tion of the a@ particle within the nucleus (E >0), 
P(E) is the Coulomb barrier penetration factor, 

1 and Tq are the shortest distance and average 
a-particle lifetime inside the nucleus, mg is the 
mass, and U is the depth of the potential well for 
a particles. 

With Kq. (2) and the data given in this article, 
one can estimate Tq. For Eq. (2) to describe the 
fact that there are practically no a particles with 
energies Eq < 8 Mev but that there is a rapid in- 
crease in their number when Eg > 8 Mev, one can 
set the exponent in (2) equal to 3 for E = E* = 8 Mev, 
nNC., 


lm, (2 (2 a2 UA 3. (3) 


Then, for Eq < 8 Mev, the exponential term will 
be smaller than unity, while for Eq > 8 Mev, it will 
rapidly increase and approach one. 

To estimate Tq from Eq. (3), 2 should represent 
the shortest possible distance over which the a- 
particle structures maintain contact with the nu- 
clear nucleons. We shall assume that a particles 
are most effectively knocked out from the surface 
layer of the nucleus. Thus, J should equal 2Rq, 
where Rq is the radius of a @ particle. Accord- 
ing to data in reference (16), the mean value for 
Ra-isi.6x 10> em. The value of U fora Cc!" 
nucleus can be assumed to be ~ 11 Mev.®’!? 
Inserting these values in Eq. (3) we obtain the value 
raya 10 Bec. 

Because of the lack of sufficient statistical ac- 
curacy in our data we cannot state emphatically that 
there are practically no knock-on a@ particles when 
Eq < 8 Mev. Therefore, the value Tg ~ 4 
x 1073 sec should be considered as the minimum 
mean lifetime of @ particles inside the nucleus. 

On the other hand, the effect of a drop in the num- 
ber of knock-on a particles with a decrease in 
their energy could not occur for Tg = 5 x 10°” sec 
if Eq. (2) is valid. Consequently, all we can say is 
that the value for Tg must lie between 4 x 107% 
and 5 x 10°” sec. 
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The fission of antimony nuclei induced by 660-Mev protons was studied. The fission yields 
as functions of A and Z are single-humped curves. The highest production probabilities are 
obtained for isotopes lying near the nuclear stability line. The fission is mainly symmetric, 


and is accompanied by the emission of a large number of charged particles. At E 


= 660 Mev 


the total fission cross section is 0.25 mb. Neutron-deficient isotopes are produced relatively 
more frequently by fissioning antimony than by heavy nuclei. The relative number of asym- 
metric fissions diminishes with decreasing incident proton energy. 

The principal characteristics of fast-proton fission are shown to vary regularly with de- 


creasing Z of the target nucleus. 


1. INTRODUCTION 


ks fission of medium-weight nuclei (Z < 70) 
was discovered in 1950 by Dzhelepov, Golovin, and 
Kazarinov,! using the ionization method of detec- 
tion, in connection with the irradiation of 4;Rh by 
120-Mev neutrons. Radiochemical techniques were 
used soon afterward to detect individual fragments 
from the fission of »9Cu, 3;Br, 59Sn, eebase Age 
and ;,La‘* by high-energy protons. However, the 
principal characteristics of fission in medium- 
weight nuclei have hitherto not been determined. 
Shamov’s recent work,? in which nuclear emulsions 
were used to investigate Ag fission induced by 

330 — 660-Mev protons cannot entirely fill the gap 
in our knowledge, since the acquired statistics did 
not provide an adequate basis for unequivocal con- 
clusions. 

The present situation results from difficulties 
in identifying the fission fragments of light nuclei, 
which are formed with considerably smaller proba- 
bility than the products of competing nuclear reac- 
tions. 

The present work investigates the products of 
the fission of antimony (Z = 51) induced by high- 
energy protons, with the aim of determining the 
principal characteristics of the fission process 
(the mass spectrum, isotopic distribution of frag- 
ments, nuclear charge distribution, and cross 
section). 


2, EXPERIMENTAL TECHNIQUE 


Special care was taken to prepare a pure target. 
It is known from the literature that cross sections 


for the production of individual fragments from fis- 
sioning medium-weight nuclei are in the range 
10-28 — 10-89 em*. Therefore when the target con- 
tains as little as 107°% of the elements represented 
by the fission fragments or neighboring elements, 
the measured activities of individual radioactive 
fragments are considerably exaggerated. The tar- 
gets were prepared from an ingot of metallic anti- 
mony after several purifications by the zone melt- 
ing technique used in semiconductor technology. 
Spectral analysis performed by two different 
methods failed to detect impurity lines. The anti- 
mony was also analyzed by neutron activation. 
These experiments were performed by one of the 
present authors in collaboration with Yu. V. Ya- 
kovlev and L. A. Smakhtin. The following prelimi- 
nary results show that the antimony did not con- 
tain amounts of impurities sufficient to affect ap- 
preciably the yields of its fission fragments: 


Impurity 
element: Mn Cu Zn As Pp Gr Ga 
Content, %: 3-10-§ 3,5-10-6 8-10-7 4-10-5 8-10-® 5.410-4 3-10-77 


Samples of metallic antimony (0.5—1¢g) were 
bombarded for one-half to three hours in the in- 
ternal beam of the synchrocyclotron at the Labo- 
ratory of Nuclear Problems of the Joint Institute 
for Nuclear Research. The aluminum foil wrap- 
ping of the samples served to monitor the proton 
flux by the reaction Al?"(p, 3pn) Na*4, the cross 
section for which was taken to be 10 mb. Ele- 
ments with atomic numbers from 11 to 37 were 
separated chemically. Special attention was de- 
voted to developing in advance the most reliable 
techniques for separating fission fragments in 
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Table I. Yields of identified fragments from antimony 
bombarded with 660-Mey protons 


Mass num- 
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Element ber, A Decay mode |? experimental 7 / experimental ton 10739 cm? 
uNa 24 = 4 : 
“Ng Pe) essa ee ae 

¢ ay Fe ee Ss ‘ 
: = Bo 44,4 days 14.3 days 3,0* 
B ~ 3 hrs 2.9 brs 0.7 (2) 
eCl 38 B- ~34 min 37.3 min Dall 
39 a = A 2 3) 

; 9 B 58 min 55.5 min 4 :2,(3) 
ro KK 43 Bo ~41d 22.4 8.0 (: 
ooCa AT Be Ghdeye ZOR aay, ete 
ti Te ecatl| oe ee AI an 
ae ’ 3.2 hrs a s -8 (3) 
a a 6*-Ec 16.7 days 16.0 days 6.8 (7) 
ae o C aie bie ozo hrs 4.0 (5) 
se = 2 2,5 hrs 2.6 hrs 8.3 (3) 
2 ~46 days 45,1 days 8.0 (6) 

5g IT #x 
2 : 9.8 hrs 9 hrs 3:1 6) 
27Co 64 B ~120 min 99—110.min | 5.1 (5) 
65 a= 9 g ‘ 
osNi Ts) ij 2.7 hrs 2.6 hrs a 
66 B ~60 hrs 55 hrs Dea (2) 
02 in EC,Bt 9.3 hrs 9,3. hrs 3.9 (2 
s) r Py ’ . 2) 
30Zn oe IT ~14.5hrs 13.8 hrs 15 (2) 
2 B 48 hrs 49 hrs Testo) 
66 Bt, EC 9.3. hrs 9.4 hrs 29 (5) 
91Ga 67 ae 78 hrs 78 brs 24 (4) 
72 14.8 hrs 14,3 hrs 3.0 (3) 
72 EC 9.8 da 9 38 
Se U a. ys ~dJvJ days (2) 
= 73 B+, EC Tedenes 7.1 hrs 63 (2) 
75 B* EC 1.6 hrs 1,6 hrs 92 (2) 
ssBr 76 B+ 16 hrs 17,2 brs 32 (2) 
80 IT 4,3 hrs 4.4 hrs 24 (2) 
37Rb 86 os 18—23 days 18.7 days 440 (4) 


*Average cross section for P*? production, taking into account certain data 
communicated privately by L. P. Moskaleva and V. V. Malyshev. 
**The number of different determinations of the yield is given in parentheses. 
***EC —electron capture; IT —isomer transition. 


radiochemically pure form against the background 
of highly active antimony spallation products, 
which in many instances resemble the elements 
to be separated. 

The activity of the samples was measured by 
a type MST-17 end-window counter. Individual 
radioisotopes were identified from their half- 
lives, and in some instances from the energy of 
emitted particles as determined by absorption in 
the aluminum foil. 

A magnetic analyzer was used to determine the 
sign of the 38-minute activity observed in a chlo- 
rine fraction, which could be either B emission 
from Cl*® or g* emission from Cl¥*™, Since 
positrons were not detected, it was established 
that the given proton bombardment of Sb pro- 
duces Cl®* rather than C1¥*™., 

Extremely weak radioactivities were measured 
by a setup consisting of type T-25 BFL back-to- 
back end-window counters in anticoincidence with 
a ring of MS-9 counters.® This resulted in 5 to 6 
times greater efficiency than with end-window 
counters alone. 

The cross sections for radioisotope production 
were corrected for self-absorption and self-scat- 


tering in the sample, for absorption in air, in the 
mica windows of counters, and in the wrappings of 
the samples, for reflection from the backing, andalso 
for a difference in solid angle whenever this last 
circumstance affected counts from the sample and 
monitor. In the case of isotopes decaying by elec- 
tron capture, corrections were also introduced for 
counting efficiency, absorption in the counter in- 
sensitive volume and the fluorescent yield. The 
accuracy of the cross sections ranged from 50 to 
100%. 


3. RESULTS AND DISCUSSION 


Table I gives the half-lives Ty/2, the decay 
modes and average production cross sections 0 
of identified products from the bombardment of 
antimony with 660-Mev protons. Two_groups of 
nuclides were identified (Fig. 1). The region from 
Rb to Zn (Z = 30) comprises isotopes formed in 
antimony spallation. Here the yield diminishes 
sharply with increase of the difference AZ = Z) 
—Z, where Z, denotes the atomic number of the 
original nucleus. 

Fission products were found in the region 
16 < ZS 28, where the yield was observed to be 
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FIG. 1. Yields of identified radioactive products from an- 
timony bombarded with 660-Mev protons. 


practically independent of Z. An estimate of the 
excitation energy Eexce required to produce pave 
by antimony spallation gave ~700 Mev for a re- 
action involving both proton and neutron emission, 
and ~ 300 Mev for a reaction with a-particle and 
neutron emission (without considering cascade 
particles or the variation of the Coulomb barrier 
as a function of Egy,). Practically identical 
93V°* yields were obtained with the bombarding 
energies Ep = 660 and 220 Mev. The assignment 
of the given group to fission is also confirmed by 
nuclear-emulsion data,° which show a shift AZ be- 
tween the fission-product regions of Ag and Sb 
representing the difference between the atomic 
numbers of these two target nuclei. 

The yield of Na’4, which is considerably larger 
than that of Sb fission products, can be a result of 
fragmentation, as indicated by the angular distribu- 
tions of this isotope when produced by the bombard- 
ment of several elements with 660-Mev protons.’ 
Mg’ is also evidently formed by this kind of proc- 
ess. The assignment of the identified products of 
antimony bombardment to groups with different 


FIG. 2. Yields of 
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products from antim- 
ony bombarded with 
660-Mev protons. 
Mean values are en- 
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FIG. 3. Fission yields from antimony bombarded with 660- 
Mev protons as a function of mass number. Dashed curve — 
total yields; o—experimental; e—interpolated; A— total yield 
for each A. 


origins is somewhat arbitrary in view of their 
overlapping. 

The yields of the unidentified stable, long- and 
short-lived radioactive fission fragments of anti- 
mony were estimated by interpolation on a plot 
(Fig. 2) in the coordinates A and Z, where solid 
lines connect nuclei formed with approximately 
equal yields. Most of the fission fragments lie 
very close to the (dashed) nuclear stability line. 
The cross sections for the formation of a number 
of unidentified isotopes were obtained by interpo- 
lation to within a factor of the order 2. The char- 
acter of the distribution of antimony fission yields 
with respect to A and Z was determined from the 
combined experimental and interpolated data. 

The yields are shown in Fig. 3 as a function of 
mass number. The single-humped curve is simi- 
lar to those obtained in earlier work®»? for fission 
fragments of the heavy nuclei U, Th, and Bi. 
However, differences were observed in the char- 
acter of the yield distribution. Antimony fission 
is characterized by the formation of fragments 
with a broad range of masses for each value of Z, 
from neutron-rich isotopes to those with relatively 
large neutron deficiencies, whereas the fission of 
heavy nuclei results principally in neutron-rich 
isotopes. The half-width of the humped curves in 
the latter case is considerably narrower (4—5 
mass units) than in the case of antimony (7—8 
units ). 
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Table I. Characteristics of fission induced by 


high-energy protons 
—__---_-_-_ vwv0v0»Wj.._ 


| Ratio of neu- Nene 
Target | tron deficient, : a 
nucleus | ©? eee ®,fis, mb| Ofis/%geom stable, ae pie 38 g 33 8 | Refer- 
noutronsrich ee Spey 3 = sl6 a 5] ence 
3 | Tragments A eaieee FA I 5) rA 9 
1 2 3 4 5 6 ieee ets 9 
oJ | 480 1650 0,73 11:21:58 Ou: 
= 769 ay Get ey a q 9 
s3Bi 480 100 4.814078 12:28:60 0.45 a - oy 
wHo | 450 2 1.1-40-8 Be 0.71 4 4g | a 
51b 660 0.25 1.7.10-4 20:35:45 0.73 | 6—8| 16 eh 
| | ent 
- 7 work 
The yield peaks from the fission of antimony lee 
. ,» cm 
correspond to the isotopes 4,S**, ,,Cl®®, ,,Ar*®, 9 : 
43 45 47 4 ae ite 
isk 59 29Ca 6 21Sc"', 22Ti™, o3V°4, »Cr°?, os>Mnié a = 
ogFe’, 9700, and ysNi®, most of which are stable BS 
Figure 4 shows that the neutron-to-proton ratio Ne 
Nn /Np for most of these nuclei lies in the narrow i 
\ 
range from 1.22 to 1.27. The only larger ratios i 
are 1.29 for Co® and 1.32 for Ni®. 
In the fission of heavy elements the maximum 0% 
yield is found for isotopes with large neutron de- BS 


ficiencies. 

The characteristics of the fission process in 
antimony result in a marked difference between 
the isotopic distribution of its fission fragments 
compared with those of heavy nuclei. Neutron- 
deficient, stable, and neutron-rich fission frag- 
ments of antimony are present in the ratio 20:35: 
45. The corresponding ratios for Bi, Th, and u,! 
given in Table I, are 12:28:60, 5:31:64, and 
11:21:58, respectively. Antimony fission thus 
exhibits a considerably larger fraction of neutron- 
deficient isotopes. 

An extensive literature exists on the mass dis- 
tribution of fission fragments, but very little is 
known regarding their distribution with respect 
to nuclear charge. This results from the lack of 
data on the yields of ‘‘screened’’ isobars* among 
the fission products. Since the majority of the 
nuclides identified by us are ‘‘screened’’ isobars 
under the given experimental conditions, it is 
surely of interest to study their yields in order to 
determine the character of the nuclear charge dis- 
tribution. 

Figure 5 shows the charge distribution curves 
for isobars in the range A = 37—62. Yields esti- 
mated from the curves in Fig. 3 were taken into 
account. The charge distribution curves, like the 
mass distribution curves, are single-humped, with 


*'Screened”’ isobars are nuclides which under the given 
experimental conditions cannot be formed as a result of the 
decay of other nuclides with the same A. 
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FIG. 5. Yields of isobars from antimony fission induced by 
660-Mev protons as a function of atomic number. The dashed 
curve represents the total yields. 


half-widths of three to four charge units. Similar 
curves plotted for the fission of heavy elements 
have considerably narrower half-widths (2 or 3 
charge units). 


FIG. 6. The most prob- 
able charge Zp as a func- 
tion of the mass numbers 
of antimony fission prod- 
ucts. The dashed curve is 
the nuclear stability line. 
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FIG. 7. Fragment charge 
distribution curves for the 
fission of (1) U and (2) Bi 
by 480-Mev protons, and 
(3) Sb by 660-Mev protons. 
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The most probable charge Zp was determined 
for all isobars in the given range of A, using the 
same method as in reference 9. The results, given 
in Fig. 6, show that the curve connecting the most 
probable charge values is very close to the nuclear 
stability line. Appreciable departures are ob- 
served when the smoothness of the nuclear stabil- 
ity line is disturbed by the exceptionally large 
relative numbers of nuclides with the magic num- 
bers 20 (Ca*®) and 28 (Ni*®). 

The charge distributions are similar for all 
isobars. The average curve of charge distribution, 
plotted in the coordinates Z—Zp and the fractional 
yield o/Zo0 (where Xo is the total yield of isobars 
with a given value of A, and o is the yield of each 
nuclide with the same A), is shown in Fig. 7. A 
slight preponderance of positive values of Z— Zp 
is observed. The fractional yield is ~ 0.4 for the 
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most probable charge, and ~ 0.05 for the least 
probable charge. The ratio of the maximum to 

the minimum fractional yield is one-seventh as 
large for antimony fission as for heavy-element 
fission. A similar reduction of the nuclear charge 
range is observed in heavy-element fission when 
the bombarding energy is increased.!° The half- 
width of the charge distribution curve is 2.5 charge 
units for antimony fission and 3 units for U and 

Bi (Fig. 7). 

The single-humped curve of the total yields of 
antimony fragments (the dashed curve in Fig. 5) 
indicates a large percentage of symmetric fissions, 
in agreement with Shamov’s data.° Symmetric 
fissions and near-symmetric fissions (when 
|Zsym-Z|=3) comprise ~73%. The three ele- 
ments Ti, V, and Cr in the middle of the distri- 
bution contribute ~ 34%. A similar result is ob- 
tained for Ho from an interpolation, like that 
above, using the data in reference 11. The data 
in column 6 of Table II show a decreasing propor- 
tion of symmetric fissions as Z of the target nu- 
cleus increases. Therefore fission asymmetry 
does not play as large a part in the case of medium- 
weight nuclei as could be expected from theoretical 
considerations.” 

Figure 8 shows the distributions of total yields, 
with respect to Z, for fragments from Sb fission 
induced by 660-Mev protons and from the fission 
of Ho, Bi, and U induced by 450 —480-Mev pro- 


FIG. 8. Total fragment yields from the fission 
of U, Bi, Ho, and Sb induced by high-energy pro- 
tons. 
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tons. The curves are gradually broadened as the 
target-nucleus charge increases. This is best 

seen from a comparison of the half-widths, which 
are 9, 10, 13, and 19 charge units for Sb, Ho, Bi, 
and U, respectively. The contribution of asymmet- 
ric fissions thus increases with Z of the fissioning 
nucleus. A similar effect from increased bombard- 
ing energy had been observed previously.- gpe- 
cial experiments showed that for antimony, as for 
other nuclei, the cross sections for the production 


of the asymmetric fission products Cl®8, c1°9, mn*6, 


and Co®! are reduced to one-tenth or less as the 
incident proton energy decreases from 660 to 220 
Mev, whereas the yield of V4", which is formed in 
symmetric fission, remains constant in the same 
proton energy range. 

Figure 8 also shows that as Z of the target nu- 


cleus decreases the reduced half-widths of the frag- 


ment charge distributions are accompanied by a 
gradual shift of the peaks toward smaller values of 
Z compared with Z’ = (Zinit + 1)/2. (In Fig. 8 
values of Z’ are indicated by arrows.) This indi- 
cates that a considerable number of charged par- 
ticles are emitted in the fission of medium-weight 
nuclei. The peak of the yield curve for antimony 
fission (Fig. 5) occurs at Ti (Z = 22) and V(Z 

= 23). In symmetric fission the formation of these 
two nuclei is accompanied by the emission of 6 to 


8 protons, including the protons contained in emitted 
The most probable num- 


@ particles and deuterons. 
ber of emitted protons, including the incident pro- 
ton, in antimony fission is therefore 7. This is in 
agreement with Shamov’s result? ng, = 6.5 for 
Ag fission induced by 660-Mev protons. 

Four protons are emitted in the fission of Ho 
(Table II, coluynn 7). The peaks of the curves for 


U and Bi in F 2. 8 are located at Z = (Zjnit + 1)/2. 


However, earlier data show that ng» = 0.8 and 
1.2, respectively, in the fission of U anc Bi by 
660-Mev protons. 

The number f emitted charged particles is 
therefore enhanced with decreasing target-nucleus 
charge. It would appear that this circumstance 
should increase he probability for the formation 
of neutron-rich 1uclei. However, as we have seen, 
neutron-deficient and stable isotopes play a rela- 
tively large part in antimony fission; this indicates 
the emission of a large number of neutrons in ad- 
dition to protons. A calculation shows that the 
most probable antimony fission mode is accompa- 
nied by the emission of 15 to 17 neutrons. 

The data in column 8 of Table II show that the 
number of emitted neutrons is practically independ- 
ent of the target-nucleus atomic number. 
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It should be noted that the increased number of 
fission particles, especially protons, clearly indi- 
cates very high excitation energies for fissioning 
medium-weight nuclei. 

A comparison of the curves in Fig. 8 shows that 
the fission yields from antimony are considerably 
smaller than from heavy nuclei. The total cross 
section for antimony fission by 660-Mev protons 
is 0.25 mb, which is 1.7 x 1074 of the geometric 
cross section calculated from R= LA with 
rg = 1.37 x 107 cm." The probability of fission 
increases greatly with Z of the target nucleus. 
Thus the cross section for uranium fission is 6600 
times larger than that for antimony fission. Col- 
umns 3 and 4 of Table II show that fission is a 
dominant nuclear process in heavy elements. Our 
value for the antimony fission cross section is 
comparable with that obtained for the fission of 
silver (0.32 mb)! induced by protons with the 
same energy. 

The foregoing data indicate that the variation 
of Z of the target nucleus is accompanied by regu- 
lar variations of all fundamental fission param- 
eters —cross sections, fragment distributions with 
respect to A and Z, isotopic distribution of the 
fragments etc., undoubtedly as a result of variation 
in the character of the fission process. It is cur- 
rently believed that emissive fission predominates 
in the heaviest nuclei,!® that fission from an ex- 
cited level increases as Z is reduced, and that 
for antimony and neighboring elements the latter 
type of fission is obviously dominant. 

The authors are deeply indebted to V. N. Mekhe- 
dov and T. V. Malysheva for valuable advice, and to 
L. D. Revina, L. D. Firsova, and I. S. Kalicheva for 
experimental assistance. 
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an experimental een for studying the interaction between nuclear-active particles 
with energies > 10° ev and air and carbon nuclei is described. Preliminary results on the 
energy spectrum of nuclear-active particles with energies > 10!* ev are discussed. 


Nees present experiment was intended to study the 
nuclear-active and electron-photon components of 
high-energy cosmic radiation, in order to obtain 
additional data on the character of nuclear inter- 
actions at energies > 10? ey. 

The measurements were carried out in the au- 
tumn of 1959 on the Pamirs, at 3860m altitude. 

The main part of the experimental array con- 
sisted of a detector of nuclear-active particles 
and high-energy electron-photon showers. The 
detector comprised four rows of ionization cham- 
bers, separated by lead and carbon (Fig. la). The 
first row contained 12, and the remaining rows 20 
ionization chambers each. The chambers were 25 
cm in diameter and 5m long. The axes of the 
chambers of the rows 1 and 2 and also of the rows 
3 and 4 were mutually perpendicular. Ten 12- 
counter hodoscope trays were placed above the 
detector. The area of each counter was 330 cm’. 
The hodoscope served to determine the number of 
particles in the showers (Fig. 1b). To prevent the 
particles scattered in lead from reaching the hodo- 
scope counters, the detector was covered by a 
layer of lead 3 g/cm? thick. 

In addition to the elements of the array shown 
in Fig. 1b, two cylindrical chambers were placed 
7m from the center of the array, which made it 
possible to increase the range of detectable shower 
sizes. An additional hodoscope point, and a detec- 
tor of the electron-photon energy density consist- 
ing of three ionization chambers covered by 2 cm 
of lead, were placed 28m from the center of the 
array for the study of the fluctuations in the par- 
ticle flux and in the energy density flux of exten- 
sive air showers (EAS). 

The electronic block diagram of the array is 
shown in Fig. 2. The pulses from each ionization 


FIG. 1. a—vertical 
cross section through 
the detector of nuclear- 
active particles and 
high-energy electron- 
photon showers; b— 
position of the hodo- 
scope points above the 
detector. 


chamber were fed to a separate amplifier. Inde- 
pendently, the pulses from the chambers in each 
row which were fed to the trigger circuit [i.e., 
chambers 3 —7 of the first row, 6 —15 of the sec- 
ond row, and 2 — 19 of the third and fourth rows 
(the chambers are counted from left to right in 
each row )], were added together. Whenever a co- 
incidence of pulses from the triggering chamber 
groups in rows 1 and 2 or 3 and 4, greater than a 
certain threshold value, occured, the trigger and 
control circuit produced the master pulse that 
gated the circuits recording the pulses from the 
ionization chambers and initiated a scanning of 
the memory cells by means of a mechanical com- 
mutator. Pulses from the mechanical commutator 
were fed to an oscillograph with triggered sweep 
(one oscillograph was used for each chamber row ) 
and were photographed. Simultaneously, the read- 
ings of the total-ionization analyzer and of the 
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FIG. 2. Block diagram of the electronic circuitry: IC— 
ionization chamber, A—amplifier, SM—switch and memory 
cell, AC —addition circuit, TC —trigger and control circuit, 
AAP — analyzer of added pulses, H—hodoscope, O—oscillo- 
graph, C—camera, MC—mechanical commutator. 


hodoscope, both triggered by the master pulse, 
were photographed. The array was tested auto- 
matically several times a day. 

As can be seen from the above description, the 
hodoscope made it possible to determine the num- 
ber of particles in the shower accompanying nu- 
clear-active particles or in high-energy electron- 
photon showers. If the axis of an EAS fell upon 
the detector (regardless of the actual location in 
it), the number of particles in the shower was de- 
termined from the formula N= 1000p, (where p 
is the effective particle-flux density per m”, de- 
termined assuming statistical independence of the 
shower particles. 

The energy carried by electron-photon and 
nuclear-active components was determined from 
the ionization produced in the ionization chambers. 
The ionization chambers used in the detector were 
made of polyethylene 0.02 g/cm? thick, which prac- 
tically excluded the transition effect in the cham- 
ber walls. The internal surfaces of the chambers 
were coated with a colloidal solution of graphite, 
forming a conducting layer. The chambers were 
filled with argon to a pressure equal to the atmos- 
pheric pressure at 3860m altitude. Because of in- 
sufficient purity and poor seals, the argon in the 
chambers became gradually contaminated, which 
caused the electron current of the ionization pulses 
to change with time. The absolute calibration of 
the chamber sensitivity was made by comparing 
the spectrum of pulses obtained during short pe- 
riods of time, separately for each chamber, with 
the spectrum obtained immediately after filling the 
same chamber. The sensitivity of the ionization 
chambers immediately after filling was assumed 
to equal the calculated sensitivity. 

The energy carried by the electron-photon com- 
ponent was calculated from the number of particles 
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measured in the two top-layers of the chambers, 
using cascade curves for lead and assuming that 
the cascade develops from a single photon. 

In passing through a layer of lead equal to 14 
radiation lengths, the energy of electrons and 
photons decreased to the order of the critical 
energy for lead. They were then rapidly absorbed 
in the carbon layer, since the critical energy for 
lead is much less than that for carbon.! 

The thickness of the carbon (210 g/cm?) was 
chosen so that, as a result of consecutive interac- 
tions of nuclear-active particles in the carbon, 
all the particle energy was transferred to the 
electron-photon component originating in the de- 
cay of the 7? mesons. One can assume that the 
cascade multiplication and the absorption occur 
in lead only, if we take into account the relatively 
small number of radiation units in carbon and the 
great difference between the critical energies of 
electrons for carbon and lead, and if we assume 
that nuclear-active particles transfer their en- 
ergy to a small number of 7 mesons. 

The energy of nuclear-active particles was 
estimated under the assumption that nucleons and 
m mesons transfer one third of their energy to 
newly-produced ma mesons in each act of interac- 
tion. The nuclear-interaction mean free path in 
carbon was taken as 70 g/cm?. 

The estimate results in the following relation 
between the number N of particles observed in 
one of the chambers of the lower row and the en- 
ergy E of the nuclear-active particle which had 
interacted in the detector: 


E =2.3-108N'™ ev. 


The relation is correct for 10!! ev < E <5 x 1014 
ev. This relation was used in finding the energy 
spectra of the electron-photon showers in the at- 
mosphere and of the nuclear-active particles 
which interacted in the array, as shown in Figs. 
3 and 4. 

A large fraction of bursts, produced both by 
electron-photon showers from the atmosphere 
and by nuclear-active particles which interacted 
in the matter of the detector, is accompanied by 
showers of charged particles in the atmosphere. 
The number of particles in the showers accom- 
panying the ionization bursts was found from the 
readings of the hodoscope counters, assuming that 
the lateral distribution function in air is independ- 
ent of the shower size. The number of ionization 
bursts unaccompanied by showers, or, more ex- 
actly, accompanied by showers with a total num- 
ber of particles at the observation level < 6 x 10°, 
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FIG. 3. Integral size distribution of ionization bursts pro- 
duced by nuclear-active particles (lower scale shows the par- 
ticle energy): O—all cases; e—bursts unaccompanied by 
showers with a number of particles >10°; x —ionization bursts 
unaccompanied by showers with a number of particles >6*x 10°. 
The y axis represents the flux of nuclear-active particles per 
m* per hour (logarithmic scale). 


is shown in Figs. 3 and 4 by crosses. An approxi- 
mately similar value of the absolute number of 
ionization bursts with a small density of the ac- 
companying shower among nuclear-active particles 
and among electron-photon showers from the air, 
and also the relatively ‘‘soft’’ spectrum of the 
bursts, indicate that high-energy » mesons may 
be one of the possible causes of these events. 
However, the comparison of our results with avail- 
able data on the number of high-energy pu mesons? 
shows that not more than 15% of the events with a 
small accompanying density of charged particles 
in air can be attributed to uy mesons and, conse- 
quently, these cases should be associated with 
primary nucleons traversing the atmosphere with 
a small energy loss, or without any interaction 
whatsoever. The soft spectrum of the ionization 
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FIG. 4. Integral size distribution of ionization bursts pro- 
duced by high-energy electron-photon showers: O—all events, 
X — bursts unaccompanied by showers with a number of par- 
ticles <6 x 10°. 


bursts with a small accompanying density, as com- 
pared with the spectrum of all nuclear-active par- 
ticles in the same energy range, indicates that the 
cross section for nuclear interactions does not de- 
crease with increasing energy of interacting nu- 
cleons. 

The high-energy electron-photon showers ac- 
companied in air by a shower with a number of 
particles < 6 x 10? may represent EAS produced 
in the depth of the atmosphere above the experi- 
mental array. We can calculate the contribution 
of such young showers to the flux of EAS observed 
at sea level if we compare the numher of such 
events with the total number of electron-photon 
showers of the same energy. As can -be seen 
from Fig. 4, for electron-photon showers of ~ 1012 
ev, this contribution amounts to less than 10%, 
which is in agreement with calculations.° 

In measurements reported earlier,’ a change 
in the energy spectrum of nuclear-active particles 
at mountain altitudes in the energy range 10° —3 
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x 10/3 ev was observed. According to the experi- 
mental data of other investigators, the integral 
energy spectrum in the 10/2 108 ev energy range 
can be expressed in the form f(E) ~ E-®, where 
n=1.57+0.1. For higher energies, the exponent 
n is greater than 2.5. As has been mentioned 
earlier,* these variations in the energy spectrum 
at mountain altitudes may be explained naturally 
by assuming that a change in the character of the 
elementary act of nuclear interaction occurs at 
WO SOO: te, 

However, such an explanation is not the only 
possible one. In particular, the experimental re- 
sults given in reference 4 can also be explained 
by assuming a decrease in the energy fraction 
transferred to 7 mesons at > 10 ev nucleon 
energy.’ Such an interpretation of the results of 
reference 4 is possible only because the total 
thickness of matter in which the nuclear-active 
particles interacted was about one mean free path. 
Because of this, a major fraction of the energy of 
the interacting particle might be missed during 
the measurement. The fact that in the present 
experiment we have used a large layer of matter 
in the nuclear-active particle detector, has im- 
proved the measurement accuracy of the energy 
of nuclear-active particles incident upon the de- 
tector. The estimate of the energy of nuclear- 
active particles in our measurements does not de- 
pend greatly on the model of the elementary act, 
provided we assume that no nuclear-passive par- 
ticles are produced. 

The energy spectrum of nuclear-active par- 
ticles observed in the experiment is shown in 
Fig. 3. The integral energy distribution of nuclear- 
active particles in the energy range 10!*— 10'8 ey 
can be expressed as {(>E) ~ E™™, where n= 1.5 
4+ 0.1. In the energy range 10 —10'* ev) the ex- 
ponent n becomes equal to 2.1 + 0.4. This con- 
firms the previous experimental data* and their 
interpretation. It does not seem reasonable to 
explain the observed kink in the energy spectrum 
of nuclear-active particles at mountain altitudes 
by a possible change in the energy spectrum of 
primary cosmic radiation, since the size spectrum 
of EAS in the corresponding interval does not show 
any peculiarities. 

In the present experiment, the spectrum of ioni- 
zation bursts corresponding to nuclear-active par- 
ticles of 10!’ —10!* ev was found to be harder than 
that obtained in reference 4. Although large sta- 
tistical errors do not permit us to consider this 
difference (3.5 +1 and 2.1 + 0.4) as being seri- 
ous, it is nevertheless necessary to point out a 
possible instrumental reason for the difference in 


EV. DENTSOV terkal: 


the spectra of ionization bursts in the present ex- 
periment and in the earlier one.‘ The ionization 
chambers used in our experiments had effective 
dimensions of 0.25m x 5m each. For the result- 
ing area, it is very probable that several nuclear- 
active particles fall upon one chamber, which is 
certainly true for the passage of the EAS cores 
through the chamber. The events accompanied by 
a shower are easily detected by the hodoscope 
counters. The results of selecting those cases 
that are not accompanied in air by a shower with 
a number of particles = 10° are shown in Fig. 3. 
As can be seen, such a selection did not change 
the form of the energy spectrum in the energy 
range 10! — 1013 ev. For ionization bursts corre- 
sponding to nuclear-active particles with energies 
> 10!3 ev, the spectrum exponent becomes equal 
OB 35 One) 

It should be noted that, if the interpretation of 
the peculiarity in the energy spectrum observed 
at mountain altitudes at energies > 1013 ev is cor- 
rect, then the form of the energy spectrum at 
mountain altitudes in the energy range 10238 
x 104 ev does not have a clear physical meaning. 
For an energy of nuclear-active particles < Lo. 
ev at mountain altitudes, the energy spectrum is 
determined by the energy spectrum of primary 
particles, by the mean free path for the interaction 
of nucleons, and by the inelasticity factor. If it is 
meaningful to introduce the inelasticity factor for 
nucleon energies > 3 x 10“ ey, then the same phys- 
ical factors also determine the shape of the energy 
spectrum at energies > 3 x 10'4 ev. For an inelas- 
ticity factor equal to one, the spectrum of nuclear- 
active particles at mountain altitudes represents 
the spectrum of primary cosmic-ray particles 
which reach the observation level without inter- 
action. 

In the intermediate range, the energy spectrum 
is not given by a power law and, in addition to the 
above factors, is determined by the fluctuations in 
the number of collisions and in the magnitude of 
the inelasticity factor, and also by the energy- 
measurement accuracy for each separate case of 
detection of a nuclear-active particle. If we at- 
tempt to estimate the value of the exponent n av- 
eraged over the whole range 10!3—3 x 10!4 ev, and 
if we base ourselves on the interval width and as- 
sume that, for energies > 3 x 104 ev, only those 
primary particles which passed the atmosphere 
without collisions are detected at the observation 
level, then n © 2.5—38. This value is in good 
agreement with the experiment. 

Thus, the data on the energy spectrum of 
nuclear-active particles at mountain altitudes is 
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yet another indication of the change in the charac- 
ter of the elementary interaction act of nucleons 
with energy > 10'4 ey.® Unfortunately, all experi- 
mental data indicating the peculiarity of the ele- 
mentary act of interaction of nucleons with energy 
> 10 ev are indirect. This makes it difficult to 
find details of the collisions at energies > 10" ey. 
One of the simplest assumptions which makes it 
possible to explain the results of the experiments 
on EAS was discussed by Nikol’skii and Poman- 
skii.® According to this assumption, a large frac- 
tion of the energy of the primary nucleon is trans- 
ferred to the electron-photon component in colli- 
sions of nucleons with energies > 10'4 ev. 

The existence of such a process should lead to 
a relative increase of the number of electron- 
photon showers with a total energy 2104 ev in 
the upper layers of the atmosphere, which is ap- 
parently observed experimentally.’ However, in 
the lower part of the atmosphere, this effect should 
disappear because of the faster absorption of elec- 
tron-photon showers in the atmosphere as com- 
pared with the absorption of electron-photon show- 
ers which are in equilibrium with nuclear cascade 
showers produced by primary nucleons with en- 
ergies < 10!* ev. Nevertheless, as can be seen 
from the comparison of the upper curves in Figs. 
3 and 4, the spectrum of electron-photon showers 
with energy = 10’? ev tends to become steeper, 
and this is exactly the opposite of the change in 
the spectrum of nuclear-active particles. 
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The possibility of using paramagnetic and other magnetic resonance effects for studying 
radiation spectra has been investigated. The attenuation in helical and coaxial lines, sen- 
sitivity, saturation, and the limiting spectrum recording speed have been calculated. De- 
scriptions are given of magnetic spectrum analyzers (MSA) of the following types: 

1) frequency-compensated MSA, 2) ‘‘resonance’’ MSA, 3) induced-radiation MSA, and 

4) induction MSA. The experimental results obtained with a frequency-compensated ana- 
lyzer are reported; an oscillogram obtained at 3 cm with an MSA filled with the paramagnet 
MnSO, and an oscillogram showing the spectrum of an oscillatory spark circuit are also 


presented. 


In plasma investigations and certain other cases 
it is frequently necessary to measure a radiation 
spectrum over a wide frequency range in a very 
short period of time. The region of greatest in- 
terest is the wavelength range from 0.01 to 100 
cm. In this paper we describe several methods 
of using paramagnetic and other magnetic reso- 
nance effects for studying radiation spectra. 


PRINCIPLE OF THE METHOD 


The principle of the method is the following: 
the radiation source is coupled to a broadband 
system, for example a cable or a helical line, 
which contains a paramagnetic material and is 
located in a quasi-static magnetic field. The line 
is terminated in its characteristic impedance and 
a detection device. When the frequency of the 
signal transmitted through the line equals the 
Larmor frequency of the material, the attenua- 
tion of the line increases markedly so that the 
signal is reduced, causing a corresponding re- 
duction in the detector reading. 

If the bandwidth of the input system and the line 
are both large, the range of frequencies which can 
be measured is determined only by the quasi-static 
magnetic field. For example, if the magnetic field 
can be varied from 10 to 10° oe, the frequency 
range for a paramagnetic material with a Lande 
factor of 2 corresponds to a wavelength range of 
LOO ton0. Tent: 

A schematic diagram of an analyzer is shown 
in Fig. 1. Here, 1 is the broadband input device, 
which provides the coupling between the line 2 and 
the radiation system, 3 is the loading resistance 
for the line, which is made equal to the character- 


FIG. 1. Diagram of 
analyzer (the symbols 
are explained in the text). 


istic impedance, 4 is the broadband detector, 5 is 
the recording device (for example, an oscilloscope), 
and H is the quasi-static magnetic field. If an or- 
dinary coaxial line is used, the quasi-static mag- 
netic field must be parallel to the line. If the field 
is perpendicular to the axis of the line the para- 
magnetic-resonance attenuation factor is reduced 
by a factor of 2. The line 2 is filled with a para- 
magnetic material. The sweep in the recording 
device must be synchronized with the quasi-static 
magnetic field H. 

We now consider the line parameters. The 
power absorbed by a cubic centimeter of paramag- 
netic material at paramagnetic resonance is given 
by the familiar relation: 


m?v?g?B?H NOF (¥) S(S +1) —M(M—1) 


i ERT A ISI (1) 


where v is the frequency, g is the spectro- 
scopic splitting factor, B is the Bohr magneton, 
H_ is the strength of the high-frequency magnetic 
field, N is the number of paramagnetic systems 

in a gram-molecule of the paramagnetic material, 
6 is the density of the paramagnetic material, k 

is the Boltzmann constant, T is the temperature, 
A is the atomic weight, f{(v) is a function which 
describes the shape of the paramagnetic resonance 


line, S is the spin and M is the magnetic quantum 
number. 
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We now consider the attenuation due to para- 
magnetic resonance in a long line. The velocity 
of propagation in the line is 


v =c/2urm V en, (2) 


where c is the velocity of light, n, is the number 
of turns per centimeter of line, € is the dielectric 
constant, yw is the magnetic permeability, and r 
is the helix radius. For a coaxial line, 


v =c/V eu. (3) 


First we consider a line with no ohmic losses. 
Dividing Eq. (1) by the energy transmitted per sec- 
ond through unit cross section, we find the attenua- 
tion per unit length of helical line: 


2nty2g?B? NOF (v) rn Vew S(S+41)— M(M —1) 


rae kT Ac 2S 414 4) 


whence, for ¢ = 2 and s-= ve we have 
a = 3n4v?B°N6rymV ef (v)/kTAc. (5) 


Thus, at paramagnetic resonance the attenuation 
of the line is proportional to the square of the fre- 
quency and inversely proportional to the velocity 
of propagation. 

Similarly, the attenuation factor for a coaxial 
line is 


__ v2g?B2NOf (v) Vep S(S +1) — M(M—1) (6) 


Xe RT Ac 2S +1 


From Eqs. (4) and (6) we find the ratio of atten- 
uation for a helical line and a coaxial line 


ere == Didar 


We now find the line attenuation due to effects 
other than paramagnetic resonance. The attenua- 
tion per unit length of line caused by conductor 
losses is denoted by a while the nonresonance 
losses in the paramagnetic material are denoted 
by a,; thus, the total attenuation per unit length 
of line is @ + Qp + Q4. 

We may estimate the minimum time in which a 
frequency spectrum can be analyzed in a line filled 
with diphenyl picril hydrazyl. Taking a relaxation 


time! T, = 3 x 10 sec with a half-width AH = 2 oe, 


we find that the maximum rate of change of H is 

7 x 10' oe/sec. Choosing a frequency range corre- 
sponding to the wavelength interval A= tor 

= 0.5 cm, we find the minimum time for a meas- 
urement to be 3 x 10 sec. 

If the spectrum being investigated contains one 
or more monochromatic lines and the magnetic 
field is swept at a rate of 7 x 10’ oe/sec the re- 
cording device 5 (Fig. 1) must have a bandwidth 
of 3.5 x 10’ cps. If the spectrum is smoother, 
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however, or if the paramagnetic resonance line 
is broader, the bandwidth requirements for the 
recording device can be relaxed. The conditions 
under which the spectrum-recording rate can be 
much greater than that indicated above are con- 
sidered in a subsequent section. 


LIMITING SENSITIVITY 


We consider a line along which a traveling wave 
is propagated (Fig. 1). Let the power at the input 
of the line be Py. The line attenuation when there 
is no paramagnetic resonance is denoted by a, 
= Q + a; while the attenuation due to paramagnetic 
resonance at frequency v is denoted by a; thus, 
the power at the end of a line of length L is 


P = Pye(art ae 


while the change in power caused by the paramag- 
netic resonance is 


AP = Pye (1 —e-#L). (7) 


In order for measurements to be performed AP 
must be greater than the power due to thermal 
noise; i.e., in the limit 


Peat (1 —e-2L) 4 (2P ee kT Av), (8) 


where Av is the frequency interval. 

This relation determines the limiting sensitivity 
of the method: the sensitivity increases linearly 
with a when aL <1 and is independent of a when 
OUILy SS Ile 

The sensitivity can be reduced considerably if 
the width of the paramagnetic resonance curve is 
very small compared with the line width of the ra- 
diation source. For this reason, sources with nar- 
row low-intensity spectra must be investigated by 
means of paramagnetic materials with broad reso- 
nance lines. On the other hand, the absorption 
curve of the MSA at paramagnetic resonance can 
be broadened by inhomogeneity in the magnetic 
field over the volume of paramagnetic material. 

If the magnetic field inhomogeneity is AH’, the 
frequency width of the paramagnetic resonance 
line in a field H is Av = (gB/h)(AH’ + AH) where 
AH is the half-width of the paramagnetic resonance 
curve for a uniform field H. When this method ef 
increasing the sensitivity of the MSA is used, ac- 
count must be taken of the fact that the quantity 
f(v) becomes f(v) =h/gB(AH’ + AH) as follows 
from Eq. (1); in this case it may be necessary to 
increase the length of the line L in order to com- 
pensate for the reduction of a due to AH’ if the 
condition aL > 1 is to be satisfied. 
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EFFECT OF SATURATING THE PARAMAGNETIC 
RESONANCE AND LIMITING SPECTRUM RE- 
CORDING RATE 


When the signal amplitude is very large the 
paramagnetic resonance may be saturated, caus- 
ing distortions in the measurements. This effect 
can become appreciable if the paramagnetic mate- 
rial is at a low temperature or if the strength of 
the radiation source is high. 

If the line contains m grams of paramagnetic 
material, the maximum energy which can be ab- 
sorbed within the relaxation time Ty is 


U = (N/A) (gB°H?/kT) m, (9) 


and if the pulse length tT < To, the power of a pulse 
W which can cause saturationis W = U/T. If the 
recording device following the detector in the spec- 
trum analyzer has a bandwidth Av, the quantity 
1/t Av determines the ‘‘stretching’’ of the pulse 

if T< 1/Av. This situation imposes a condition 
on the minimum power of the radiation pulse, 
which must yield a pulse at the recording device 
which is greater than noise. This power can be 
appreciable if 1/7 Av > 1, and thus can cause 
saturation of the paramagnetic resonance. If satu- 
ration is to be avoided the condition W < U/t must 
be satisfied. 

If the spectrum measurement process is to be 
quasi-stationary, the rate-of-change of the mag- 
netic field must be such that at any instant of time 
the spin system is in equilibrium with the lattice 
in the paramagnetic material. This requirement 
can be written in the form AH/y > Ty where AH 
is the half-width of the paramagnetic resonance 
curve and y = dH/dt is the rate of change of the 
magnetic field. On the other hand, it is not always 
necessary that this requirement be satisfied. The 
measurement process can be a nonequilibrium 
process so long as the integrated radiation energy 
does not cause saturation of the paramagnetic 
resonance. Saturation effects remain unimportant 
so long as 


\\ 2) dvdt <U,, 


Vav2 


(10) 


where w(v) is the radiation energy at frequency v 
applied in the measurement line,* vy, and vy are 
the frequency limits of the spectrum being meas- 
ured, and 


Uy = (N/A) (gB?Ho/kT) m, (11) 

*We neglect line attenuation not due to paramagnetic reso- 
nance, while the attenuation due to paramagnetic resonance is 
assumed to be large. 
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where Hy is the initial magnetic field applied to 
the paramagnetic material. 

The inequality in (10) has a simple meaning: 
if the total energy absorbed by the paramagnetic 
material in the measurement line in the frequency 
region between vy; and v, ina time t < Ty does 
not saturate the spin system, then the spectrum 
measurement can be carried out in a time shorter 
than that required to establish equilibrium between 
the spin system and the lattice in the paramagnetic 
material. In the limit, this time is comparable 
with the oscillation period of the spectrum. 

It follows from the inequality in (10) that when 
Hy = 0 the measurement of the spectrum requires 
that the variation of the magnetic field be quasi- 
static; on the other hand, as Hy increases, satu- 
ration and stationarity of the field Hy) become less 
important. It is also apparent from (10) that at 
lower temperatures the spin system has a higher 
energy capacity and that the limitations imposed 
on the rate of change of the magnetic field y are 
relaxed. 


MILLIMETER AND SUBMILLIMETER WAVES 


According to Eq. (1), at wavelengths of 1 mm 
and below paramagnetic absorption is so large 
that a thin film of paramagnetic material becomes 
opaque. However, it is difficult to produce the 
magnetic fields which correspond to this wave- 
length range. From the expression v = gBH/h we 
see that a magnetic resonance is possible at high 
v in weak fields if g is much greater than 2. In 
certain materials the g factor can be as large as 
10—15. 

We may also note that in certain semiconduc- 
tors the effective mass differs considerably from 
unity and the cyclotron resonance is displaced 
toward weaker fields. For this reason, at very 
short wavelengths it is interesting to consider the 
possible utilization of cyclotron resonances. In 
this case the paramagnetic materials in the meas- 
urement scheme described above must be replaced 
by some other appropriate material. 


USE OF FERROMAGNETIC RESONANCES 


A ferromagnetic resonance can be used in an 
MSA in the same way as a paramagnetic or cyclo- 
tron resonance. For example, the absorption co- 
efficient in ferrites is very large so that the meas- 
urement line can be very short. A shortcoming of 
ferrites is the nonresonant variation in loss as the 
fixed magnetic field is varied; this effect tends to 
complicate calibration of the absorption curve. 
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Ferrites which are free of this disadvantage and 
which have narrow resonance lines may success- 
fully replace paramagnetic materials in the region 
of relatively long wavelengths (AX >3.cm). At 
shorter wavelengths, where the absorption coeffi- 
cient in paramagnetic materials is large, ferrites 
show no particular advantage, especially if account 
is taken of the relatively long relaxation time char- 
acteristic of ferrites. 


MSA SCHEMES 


Four possible kinds of magnetic spectrum ana- 
lyzers have been considered. 

1. The frequency-compensated MSA. 

2. The discrete-resonance MSA. 

3. The induced-radiation MSA. 

4. The induction MSA. 

The various features of these versions of the 
MSA will now be described. In order to provide 
low-frequency compensation it is necessary to have 
two identical lines filled with paramagnetic mate- 


rial; these lines have a common input and a common 
load. The detector currents are first balanced. One 
of the lines is placed in a quasi-static magnetic field 


H. At paramagnetic resonance the signal applied to 
the detector in this line is reduced and a voltage 
pulse appears across the common load. This type 
of MSA is characterized by high sensitivity, large 
frequency-measurement range, and the greatest 
simplicity. 

In the discrete-resonance spectrum analyzer 
a resonant coaxial line (or any other kind of line) 
is connected to a wideband input device. A detector 
and indicating device are connected at the other 
end of the line. The line is filled with paramag- 
netic material and placed in a field H. 

The use of the resonance properties of the line 
allows us to reduce the required amount of para- 
magnetic material; by virtue of the Q of the line, 
its effective length is increased by a factor QA/2r. 
The spectrum which is obtained in this case is a 
line spectrum with a gain factor 


n = 4Q/an = cQ/swvLk Vep, 


where n is an odd integer and L is the length of 
the line. When n=Q the gain approaches unity, 
n = 4v/re, and the advantages of this system are 
lost accordingly. 

An induced-radiation MSA can be used effec- 
tively for amplifying weak signals. An analyzer 
of this kind consists of a broadband input device, 
connected to the line filled with the paramagnetic 
material in the magnetic field H, the detector, 
and the recording device. In addition, we apply a 
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radio-frequency signal to the input, thus increasing 
the population of the upper energy level of the 
paramagnetic material by a large factor as com- 
pared with the lower level. 

Before the signal being studied is applied, the 
magnetic field is held at the resonance value cor- 
responding to the rf frequency; when the signal is 
applied the field H is varied rapidly (compared 
with the relaxation time Ty) in order to traverse 
the entire frequency range of the spectrum being 
measured. Under these conditions the input signal 
is amplified in the line. A large population can 
also be obtained in the upper energy level without 
an rf generator if the sign of the magnetic field in 
the paramagnetic material is reversed rapidly 
when the input signal is applied. 

An induction MSA can be used conveniently in 
the region of very short wavelengths since it elim- 
inates the need for crystal detectors and the asso- 
ciated inconveniences of these devices. The fea- 
tures of this method are considered briefly below. 

The magnetic field H in the frequency region 
of interest is varied rapidly from Hy) to H, (com- 
pared with the relaxation time Ty) where Hy = 0 
and H, = 0; to analyze the radiation spectrum we 
measure the magnetization vector in the paramag- 
netic material. The initial field Hy) magnetizes 
the paramagnetic material and the magnetization 
vector can be varied only under the effect of a 
radio-frequency field at a frequency correspond- 
ing to the instantaneous value of the resonance 
magnetic field H = hv/gf. Thus, the spin system 
is used here as both a memory and integrating 
device. The energy capacity of the spin system is 
Uy = (N/A)(g6?H?2/kT)m and can be rather large. 


EXPERIMENTS 


We have measured line attenuation due to the 
paramagnetic resonance and to nonresonance 
losses in a paramagnetic material, the sensitivity 
of the MSA, the dielectric permittivity of the para- 
magnetic material, and have verified the principles 
of operation of a frequency-compensated MSA. We 


Paramagnetic resonance 
attenuation for a line 
with L = 8.5 cm, % 

measured 
calculated 

Measured dielectric 
permittivity & 

Nonresonance ab sorp- 
tion for L = 8.5 cm in 

paramagnet, 7% 


296 


FIG. 2. 1 and 2 are 
identical lines, filled 
with paramagnetic ma- 
terial, 3 is a wideband 
input device and 4 is 
the detector. 


have also obtained a paramagnetic resonance curve 
for MnSO, by rapid variation of the magnetic field 

as well as the spectrum of a spark discharge in an 

oscillatory circuit; the possibility of using a ferrite 
in an MSA has also been verified. 

In the table we show the principal results of 
measurements with diphenyl picril hydrazyl [den- 
Sity o =1154¢/em*, f(y) = 3.6 <10 (5 T= 300°K] 
carried out with a line with L= 8.5 cm and a char- 
acteristic impedance of 30 ohms. It is apparent 
from the table that the measured attenuation for 
the paramagnetic resonances at ’ = 0.8 cm and 
XA =3 cm is in agreement with the calculated value; 
however, there are discrepancies at A = 10 cm.* 

The measured sensitivity of MSA is 107° watts 
at an amplifier bandwidth of 2 Mc/sec; however, 
in these experiments the sensitivity was limited 
by the high noise of the input stage of the ampli- 
fier rather than by detector noise. It would appear 
that the sensitivity can be improved considerably 
by modification of the input stage. A frequency- 
compensation scheme has been tried (cf. Fig. 2). 
This system uses standard demountable DKV-8 
detectors; the internal resistance of these detec- 
tors can be controlled easily and it is possible to 
obtain signal cancellation up to 30 db. The de- 
mountable detectors have no parasitic resonances. 


5300 oe 


RENAN ile. See 64 a 


H, kilo-oersted 
FIG. 3 

In Fig. 3 we show an oscillogram obtained with 
an MSA filled with the paramagnetic material 
MnSQ, using a 3-cm signal and a rate of rise 
dH/dt = 2.5 x 10° oe/sec for the magnetic field. 
The measured half-width of the MnSO, resonance 
curve in the quasi-static magnetic field is 300 oe. 
The asymmetry and additional broadening of the 
curve in Fig. 3 are due to the inadequate bandwidth 
of the amplifier (5 Mc/sec). The tracing time for 
the magnetic resonance curve is 1.2 x 107" sec. 
The magnetic field is varied sinusoidally with a 


*The origin of these discrepancies would appear to be the 
inaccurate determination of f(v). 


Eo K: ZAVOISKIT and Vas. SKORY UEEN 


rel, units 


A=4lécm 


1 2 3 4Hkoe 
oo 6 3 A,cm 
FIG. 4 

period of 20 usec and an amplitude of 8.1 x 103 oe. 

In Fig. 4 we show the radiation spectrum of a 
small oscillatory spark circuit with a capacity of 
3 x 107!2 farad and an inductance of 1.5 x 10°71? 
henry at a wavelength of 4.16 cm. For purposes 
of comparison we show the paramagnetic resonance 
curve for MnSO, at 3.24 cm (halfwidth, 300 oe). 
The halfwidth of the spectrum for the spark circuit 
indicates that Q ~ 2.5, corresponding to an oscil- 
lation period of 3.6 x 10 !° sec. This period is in 
good agreement with the emission time from the 
discharge, which has been determined earlier.” 
We have also carried out preliminary experiments 
with ferrites which show that these materials can 
be used in an MSA. 


CONCLUSIONS 


Both theory and experiment verify the possibil- 
ity of the effective utilization of magnetic resonance 
effects for the static and dynamic analysis of radi- 
ation spectra over a broad wavelength region. 

As compared with existing microwave devices 
the MSA has the advantage of extremely wide range, 
rapid and continuous frequency variation, and sim- 
plicity of construction. 

A sensitivity of 107° watts has been obtained in 
the first experiments with a simple MSA. This 
sensitivity is far from the optimum which can be 
obtained and considerable improvement is to be 
expected. 

In principle, the MSA can also be used in the 
millimeter and submillimeter region. 

We wish to express our gratitude to Academician 
A. E. Arbuzov and Professor F. G. Valitova for prep- 
aration of the diphenyl picril hydrazyl and to Profes- 


sor S. A. Al’tshuler for interesting discussions of 
this work. 


‘ Goldsborough, Mandel, and Pake, Phys. Rev. 
Letters 4, 13 (1960). 

*E. K. Zavoiskii and S. D. Fanchenko, Doklady 
Akad. Nauk SSSR 100, 661 (1955). 
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The temperature dependences of the electrical resistance and of the galvanomagnetic effect 
were measured in chromium telluride near the magnetic transition temperature at a pressure 
of 4,600 kg/cm*. The shift in the Curie point under hydrostatic compression of the specimen 
was determined [ Eq. (1)]. The variation in the exchange integral with interatomic distance 
in the Cr-Te system was also studied by measuring the electrical, magnetic, and galvano- 
magnetic properties of solid solutions of Cr-Te-Se. On the basis of the data obtained it is 
deduced from the thermodynamics of ferromagnetism that the nature of the change in spon- 
taneous magnetization of CrTe is significantly different, depending on whether the reduction 
in the unit cell volume is produced by the hydrostatic pressure or by the introduction of 


selenium impurity. 
INTRODUCTION 


‘is transition metals chromium and manganese 
form compounds with the elements of the subgroups 
V and VI-B which have the same crystal structure 
but different magnetic properties: ferromagnetic 
(CrTe, MnSb), antiferromagnetic (CrSb, CrSe, 
MnTe) or ferrimagnetic (CrS; 47). There have 
recently been several experimental *? and theo- 
retical’ studies of an interesting property of these 
compounds, which is the change in the spin order- 
ing on substituting one of the components of these 
binary alloys by another of the same system, 
giving rise to solid solutions of the type 

CrTe, Sex, CrTe;xSby, MnCrj_,Sbx, and 

Mn; xCrxTe. The change in the relative concen- 
trations of the components of a ternary alloy leads 
to a change in spin ordering from ferromagnetic 

to antiferromagnetic (or the reverse), accom- 
panied by a reduction in the magnetic transition 


ternperature and a change in the lattice parameters. 


The transition from the ferromagnetic to antiferro- 
magnetic state in these systems is related to the 
reduction in unit cell volume of the crystal. 

In the present work an attempt is made to sep- 
arate the influence of two factors on the spin 
ordering: volume changes and the change in the 
nature of the atomic neighbors. In order to study 
the change in Curie temperature @f and in the 
spontaneous magnetization og of chromium 
telluride under the influence of pressure, the 
temperature dependence of electrical resistance 


and the isotherms of the galvanomagnetic effect 
AR/R were measured in the region of the magnetic 
transition temperature at a pressure of 4,600 
kg/cm? (we shall use r =AR/R for brevity). At 
the same time measurements on the ternary alloy 
CrTe;xSe, were carried out. The changes in @,, 
Og, r, the resistivity p, and the elementary cell 
volume were determined as functions of selenium 
concentration (0 =x = 0.1), and the temperature 
dependences of gg, r and p of these alloys were 
investigated in the neighborhood of the Curie point. 


APPARATUS AND METHOD OF MEASUREMENT 


The high-pressure vessel used in the present 
work was made of 60G8N8Kh3V high-strength 
austenitic steel. A preliminary test of the vessel, 
by producing a hydrostatic pressure of up to 5,200 
kg/cm? and then measuring the strength of the 
magnetic field inside its channel, showed that the 
deformation produced by this pressure in the cold 
state does not lead to the appearance of the ferro- 
magnetic martensitic phase. 

The specimen was contained ina 3.9 mm 
diameter channel in the lower part Of the chamber, 
which in turn was 36 mm in diameter. This part 
of the chamber was placed between the poles of an 
electromagnet with a gap of 41 mm. Five conical 
type electrical leads were mounted on the upper 
part of the chamber on a special seal with copper 
packing rings. We used one lead for measuring 
the electrical resistance of a manganin manometer, 
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in the form of a bifilar loop, laid in a groove of a 
special holder to which the specimen was fastened. 
The body of the chamber was used as the second 
lead for the manganin manometer. 

To avoid additional electrical connections for 
measuring the temperature inside the chamber, 
the remaining four leads were used both for meas- 
uring the electrical resistance of the specimen and 
for temperature measurement. For this purpose, 
two copper-constantan thermocouples were 
attached to the ends of the specimen, the copper 
arms acting as current leads and the constantan 
as potential probes for the specimen. The cold 
junctions of the thermocouples were at atmospheric 
pressure and 0°C. By this simple arrangement 
the number of leads could be restricted to four, 
instead of the eight necessary for this sort of 
measurement. 

The thermal emf of the thermocouples and the 
potential drop along the specimen were measured 
with a type PPTN-1 low resistance potentiometer 
and a M-21/IV mirror galvanometer with 
sensitivity 10°'v/mm. While the thermocouple emf 
was being measured the primary current through 
the specimen was turned off so that there should 
be no Peltier effect at the junction of the specimen 
with the copper leads. 

We did not take account of the effect of pressure 
on the thermocouple emf’s since a control meas- 
urement of the emf of a ‘‘pressure thermocouple,”’ 
made with arms of compressed and uncompressed 
metals, showed that the error introduced into the 
temperature determination can be neglected, for it 
does not exceed 0.024°. To remove errors due to 
extraneous effects, the measurements were made 
with the compensated current flowing in both di- 
rections, and the change of resistance in the mag- 
netic field was determined for both directions of 
the field and of the current in the specimen. The 
maximum field strength was 8000 oe. 

The hydrostatic pressure in the chamber was 
produced by a high pressure compressor using 
the system of L. F. Vereshchagin. Transformer 
oil was used as pressure transmitter. For ther- 
mostating, the chamber was surrounded by a 
brass case, through which was passed water from 
a Geppler ultra-thermostatic bath. In order to 
check on the absence of irreversible changes 
produced in the specimen by the pressure, control 
measurements of the temperature dependence of 
AR|/R at atmospheric pressure and a field of 
8000 oe were made at the end of a cycle of high 
pressure measurements. 


N. P. GRAZHDANKINA et al. 


EXPERIMENTAL RESULTS AND DISCUSSION 


Figure 1 shows the results of the measurements 
of the effect of hydrostatic pressure on the elec- 
trical resistivity of chromium telluride at room 
temperature; points corresponding to increasing 
and decreasing pressure are shown by different 
symbols. It can be seen from the graph that the 
measurements with pressure increasing and de- 
creasing give practically identical results: the 
resistivity increases with pressure, with the 
pressure coefficient R7dR/dp equal to’ (ia sie o9) 
x 10“ kg-‘em? within the range of méasurement, 
which is two to three orders of magnitude greater 
than known values of R7_dR/dp for ferromagnetic 
metals and alloys.’ 


f,/R 
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FIG. 1. The influence of pressure 
on the electrical resistivity of CrTe at (& 
room temperature; X— pressure increas- 
ing, O — pressure decreasing. 
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From the sign and magnitude of the pressure 
coefficient of resistivity it could be expected that 
hydrostatic compression should shift the Curie 
point of chromium telluride to lower temperatures, 
and that the magnitude of this effect should be 
fairly great. On this basis we tried to determine 
d@f/dp from direct measurements of the tempera- 
ture dependence of the electrical resistivity at 
high pressure, and not to calculate the effect from 
the measured temperature and pressure coefficients 
of resistivity in the region of the Curie point, as is 
usually done for small changes of @f with pres- 
sure.° 
Figure 2 shows the results of measuring the 
temperature dependence of resistivity at atmos- 
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pheric pressure and at 4600 kg/cm’. It can be 
seen from the curves that the temperature of the 
Curie point, determined from the break in the 
R(T) curve, is +58°C at atmospheric pressure 
and +31°C at 4600 kg/cm’. Repeated measure- 
ments showed good reproducibility of these data, 
giving the change in Curie point of chromium 
telluride under hydrostatic pressure as: 


d®,/dp = (— 5.9 + 0.3) -10-° deg-kg7!cem?. (1) 


The value of d@¢/dp was checked by meas- 
uring the galvanomagnetic effect r = AR/R at high 
pressures. The change in resistivity of CrTe in 
a magnetic field at p = 4600 kg/cm’ was deter- 
mined both above and below the Curie point. The 
isotherms of the galvanomagnetic effect r(H) 
obtained from these measurements are shown in 
Fig. 3. Figure 4 shows the curves of rj, (t), 
representing the temperature dependence of the 
transverse galvanomagnetic effect at atmospheric 
pressure and at 4,600 kg/cm? in a magnetic field 
of 8000 oe. The change in Curie temperature 
under the influence of the hydrostatic pressure 
was determined in this case from the shift in the 
maximum of the galvanomagnetic effect (— r)max 
with the result, d@¢/dp = — 6.2 x 10° deg-kg“'!em’. 


10 H, kOe 


FIG. 3. Isotherms 
of the electrical re- 
sistivity change of 
CrTe with magnetic 
field at a pressure of 


4,600 kg/cm?. 


FIG. 4. Temperature dependence of the gal vanomagnetic 
effect: curve 1—at atmospheric pressure, curve 2—ata 
pressure of 4,600 kg/cm’. 


We should point out that the value of d@¢/dp ob- 
tained is close to the magnitude of the effect in the 
invar alloys’ (30% Ni, 70% Fe) and is the largest 
among all substances so far investigated. 

Using the value of the compressibility* of 
chromium telluride k = (22 +3) x 10°’ cm*/kg 
we found d@¢/dV = 3.2 x 10° deg-cm™®. 

It seemed of interest to compare the data ob- 
tained with the results of other measurements, in 
which the reduction in elementary cell volume is 
produced not by hydrostatic pressure but by intro- 
ducing impurities with formation of substitutional 
solid solutions. The change in the Curie tempera- 
ture of CrTe connected with the reduction in the 
interatomic distance on substituting tellurium 
atoms by selenium (CrTe;_xSex) has been studied 
earlier by Tsubokawa! and by Lotgering and 
Gorter.’ The results, while agreeing qualitatively 
with one another and with our data, disagree 
violently with one another quantitatively. For 
example, the values of @¢ for chromium telluride 
given by different authors differ by 30° from one 
another and those of d@¢/dV differ by 37 — 40%. 

We used three different methods for determining 
@¢ in order to obtain more reliable data on the 
magnetic transition temperature of CrTe; xSex 
alloys and on its variations with the elementary 
cell volume of the crystal: (1) from the break in 
the resistivity-temperature curve, (2) from the 
maximum in the galvanomagnetic effect rmax, and 
(3) from the disappearance of spontaneous magnet- 
ization, determined by the method of ‘‘thermo- 
dynamic coefficients’’ (T = @f for a = Oye 

The elementary cell volume of the alloys was 
determined by x-ray diffraction. The diffraction 
patterns were taken on a KROS-1 camera using 
a BSVL electron tube with chromium anticathode, 
with aluminum as the reference. The lattice 
parameters were calculated from the interference 
lines (203)q,, (211)a, of the specimen and the 
lines (113)g, and (222)g, of the standard. These 
parameters and the elementary cell volumes of 
the CrTe;xSex alloys are shown in Table I, 
together with the Curie temperatures determined 
by the three methods indicated above. 

From the data of Table I, d@s/dV was calcu- 
lated as 3.5 x 107° deg-cm™, which agrees (within 
the limits of error of measuring the compressi- 
bility ) with the value obtained in the pressure 
experiments. From this we can conclude that 
the interaction exchange integral in the Cr-Te 


*The compressibility of CrTe was measured by Vai deh 
Bazhin by a tensometric method.® We take this opportunity to 


thank him. 
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Table I. The lattice parameters a and c, 
the unit cell volume V and the Curie temperature 
@¢ for CrTe; xSex alloys 


nn nnn TS UE TEIEE IEEE SESE! 
| ae 
Composition GRMN. You VO. c/a V, kXs 
1 | 2 | 3 
Erte 3.985] 6.268] 1.573] 86,20) 58.0 | 57,5 | 60.0 
CrTeo,93 Seo,07 3974) 6.241 | fea7Ol=85).004) 290 120.0 30 A) 
CrTeo,90 Seo,10 3.963) 6.233) 1.573) 84.771 20.5 19.0 22.0 


system changes proportionally with the reduction 
in elementary cell volume, independently of 
whether this reduction is produced by hydrostatic 
pressure or by the introduction of selenium im- 
purity with the formation of solid substitutional 
solutions CrTej_xSex. 

In order to decide whether hydrostatic pressure 
produces, besides a reduction in the interaction 
exchange integral, a change in the magnetic mo- 
ment of the chromium atom in CrTe, we shall 
consider in more detail the isotherms of the gal- 
vanomagnetic effect which we measured at a 
pressure of 4,600 kg/cm’. According to our 
measurements, the sign of the effect is negative, 
regardless of the relative direction of the current 
in the specimen and of the external field (r < 0 
both for H || I and for H11), which can be ex- 
plained by the influence of the paraprocess, since 
the r(H) curves obtained experimentally by us 
agree with the theoretical relations proposed by 
Akulov: ”° 


r=-aH* for T = 4, 


r=bH? for T>@. (2) 


The law relating the galvanomagnetic effect to the 
magnetic field strength at the Curie point, analogous 
to the first equation of (2), can be obtained on the 
basis of the thermodynamic theory of ferromag- 
netism, as was shown by Belov and Zaitseva, '! 
using the relation found by Gerlach® 


9 
ire 00S, 


(3) 


where rg is the value of the galvanomagnetic 
effect determined by the spontaneous magnetiza- 
tion. The coefficient a is then* 


*Equation (4) for the coefficient a differs from the analo- 
gous expression for a in Eq. (7) of Belov and Zaitseva’s 
paper’’ in that in its derivation a term depending on the exter- 
nal magnetic field as oH was included in the expansion of the 
thermodynamic potential as a power series in the relative mag- 
netization. In references 9 and 11 this term was included in the 
form nH, which does not agree with the dimensions of thermo- 
dynamic potential, but corresponds to the energy of the mag- 
netic field leading to saturation magnetization. 


(4) 


Here B is a thermodynamic coefficient depending 
on pressure and temperature and oy is the ab- 
solute saturation magnetization. 

Figure 5 shows the variation of r with H? for 
chromium telluride at atmospheric pressure and at 
a pressure of 4,600 kg/cm’, and also for the alloy 
CrTey 93Se€9 7, the elementary cell volume of which 


B/ 
a = cB—“ho,’. 


FIG. 5. The, depend- 
ence of r on H®: curve 1 
—CrTe at atmospheric 
pressure, curve 2—CrTe 
at p = 4,600 kg/cm’, 
curve 3 —CrTe, 935€o.07 . 
at atmospheric pressure. 


is equal to the elementary cell volume of CrTe at 
a pressure of 4,600 kg/cm’. Because of the strong 
dependence of the galvanomagnetic effect on tem- 
perature, the values of r are given for the same 
values of reduced temperature T/@¢ = 0.99. It 
can be seen that there is in all cases a linear de- 
pendence of r on H’/. 

The values of the coefficient a which charac- 
terize the slope of the straight lines and determine 
the intensity of the paraprocess, and also the mag- 
nitudes of the spontaneous galvanomagnetic effect 
Ys, corresponding to the positive intercepts on the 
ordinate axis, are shown in Table Il. This also 
gives our measured values of spontaneous magnet- 
ization gg and of resistivity p. We took for a 
the experimental values? of the saturation magnet- 
ization at T = 20°K. We determined the tempera- 
ture dependence of gg of the alloy CrTep 93Seq 97 
in the region of the Curie point by two methods: 
from the r(o”) curves, extrapolation of the linear 
parts of which to the value r = 0 gives the square 
of the spontaneous magnetization, and also by the 
method of ‘‘thermodynamic coefficients,’’? which 
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Table II 
SSS Pe ee a ene ee EE eee 
| | = 
| Gausacces/e ta ae | toe, 
Gomoecitien a 10%, - Bus Sera Ei aeug ence /g | Pi ohm-cm _ e 
| | T/Of 0,99 | T=20°K | T =291°K 
CrTe(p=~1 kg/cm?) 3,8 ; 14.2 73 (| lk 
CrTe(p =4600 kg/cm’) 4.3 3 = | 7 
CrTe, S800 Oe ee 101 | 7.0 | B23 


made possible the simultaneous determination of 
the temperature dependence of the thermodynamic 
coefficient B. 

Comparison of the results of measuring 
CrTeo_935e9 97 With the earlier study of the tem- 
perature variation of spontaneous magnetization 
in CrTe" indicates that the magnetic transition 
in CrTep gSe),7 is more spread out. The coeffi- 
cient ¢ in the well known relation (ag/o))? 
=§(1—T/@fg) is 1.44 for CrTep.93Sep.97, which 
is considerably smaller than the value of & ob- 
tained for CrTe. 

The dependence of the galvanomagnetic effect 
r on the reduced temperature T/@¢ for CrTe at 
atmospheric pressure and at 4,600 kg /om? and 
also for the alloy CrTep 93Se9.97 is shown in 
Fig. 6. In all three cases the values of r are 
taken from the isotherms of the galvanomagnetic 
effect at a field strength H = 8000 oe. It follows 
that for T < @f, pressure leads to an increase in 
the absolute magnitude of the effect in CrTe, 
while for T >@¢ (in the paramagnetic region) the 
r(T/@g) curves at atmospheric pressure and at 
p = 4,600 kg/cem® practically coincide. This indi- 
cates that the observed change in the galvanomag- 
netic effect under pressure is connected with a 
change in magnetization produced by hydrostatic 
compression. The curve obtained for 
CrTey 93S€y.97 lies appreciably below the first 
two over the whole temperature range examined. 


085 0909 095 [00 05 {10 1/6, 


FIG. 6. Temperature dependence of the transverse galvano- 


magnetic effect at H = 8000 oe: curve 1—CrTe at atmospheric 
pressure, curve 2—CrTe at p = 4,600 kg/cm’, curve 3— 
CrTe,.435€a07 at atmospheric pressure. 


It can be seen from the data given in Table I 
and Figs. 5 and 6 that the nature of the change in 
the galvanomagnetic effect is, toa considerable 
extent, dependent on whether the hydrostatic com- 
pression of the specimen is brought about by the 


action of pressure or by the formation of 
CrTe;xSex solid solutions. The difference is 
seen primarily in the considerable increase in the 
intensity of the paraprocess produced by pressure, 
while the magnitude of the spontaneous galvano- 
magnetic effect rg remains unchanged. Reduction 
of the elementary cell volume by introduction of 
selenium impurity leads to a reduction both in the 
intensity of the paraprocess, in rg andin oy. The 
value of the electrical resistivity then increases 
fourfold. 

If we assume that the coefficient c, which de- 
termines the relation between r and the square 
of the spontaneous magnetization [ Eq. (3) ], does 
not change with pressure*, then we can conclude 
that the whole change in spontaneous magnetization 
in CrTe produced by hydrostatic pressure is 
brought about only by a change in the exchange 
integral, with a constant value of the absolute 
saturation magnetic moment. According to (4) we 
can say that the observed increase in the intensity 
of the paraprocess under pressure is related toa 
decrease in the thermodynamic coefficient 8 with 
od) constant. Kondorskii and Sedov'® considered 
the reasons for a reduction in the absolute satura- 
tion magnetization in ferro- and ferrimagnetic 
substances under the influence of pressure. If we 
assume, according to earlier deductions, ' that 
CrTe is a ferromagnetic with small s-d exchange 
interaction, then we may consider that the pres- 
sures employed do not bring about electron tran- 
sitions from the s to the d band. 

The decrease in the intensity of the paraprocess 
in CrTepo.gSeo.97 in contrast with CrTe (at p 


= 4,600 kg/cm?) is related both to a decrease in 
the absolute saturation magnetization o) and to an 
increase in the thermodynamic coefficient B. We 
can explain the appreciable increase inp in the 
following way. Realizing that CrSe is antiferro- 
magnetic, we can assume that substitution of 
tellurium atoms by selenium in the CrTe com- 


*To some extent we can consider the basis for such an 
assumption to be the fact that there is only a small difference 
in the coefficient c (up to 2%) as determined by us for CrTe 
and for CrTe, ,,5€, oy from the r(o*) curves for the same val- 
ues of T/®@;. 
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pound will lead to the existence of chromium ions 
with antiparallel spins; the indirect nature of the 
exchange interaction with the active part of the Se 
atoms must be dominant in this. The random dis- 
tribution of ions with antiparallel spins leads to an 
increase in electrical resistivity of the alloy 
CrTepo.935€9,97 due to scattering of conduction 
electrons by the fluctuations of magnetic moment. 

The authors thank I. G. Fakidov and S. D. 
Margolin for making available the facilities for 
the magnetic measurements. 
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s resonance dispersion of magnetic permeability due to domain-wall displacement processes 
is obtained in a monocrystal of cobalt ferrite. Resonance is observed at frequency 360 Mc/sec. 
A comparison is made with the theoretically calculated resonance frequency. 


INTRODUCTION 


iles dependence of the magnetic permeability of 
ferrites on the frequency at radio and microwave 
frequencies has two characteristic ranges, one 
due to motion of domain walls, and the range of 
natural ferromagnetic resonance. The nature of 
the dependence in the first of these ranges has not 
actually been established experimentally; however, 
a number of experiments!** indicate that resonance 
dispersion occurs here. 

It is known that in weak magnetic fields the 
magnetization is determined by ferromagnetic- 
domain wall-displacement processes. Doring? 
showed theoretically that a moving wall possesses 
an effective mass. The wall is bound to an equi- 
librium position by a quasi-elastic force. From 
the presence of a mass and an elastic bond it fol- 
lows that the wall has a characteristic frequency 
of oscillation. Consequently, there should be ob- 
served a resonance dispersion of magnetic perme- 
ability, caused by wall-displacement processes. 

In the presence of inertia mxX, elastic restor- 
ing force — aX, and frictional force ae the 
equation of motion of a 180-degree wall under the 
influence of a pressure 2HIg exerted by a mag- 
netic field H, parallel to the wall, takes the form 


MX AON aX = 2H Ip. (1) 


On solving this equation for the case of an alternat- 
ing field H = Heit, we get for the magnetic per- 
meability the well known resonance formula 


= -, (2) 


— @?/ wo +10 | @; 
where w)= Va/m, w;,= /B, and Xx is the initial 
magnetic susceptibility: 


yo = 413/al (3) 


Ew ee 


(since x = 2IgsX/HI, where / is the mean width of 
a domain). 


In the present work, the resonance character of 
the dispersion associated with wall motion is es- 
tablished for cobalt ferrite. 


METHOD AND EXPERIMENTAL RESULTS 


The magnetic dispersion associated with wall- 
displacement processes was observed by Rado, 
Wright, and Emerson! in polycrystalline iron- 
magnesium ferrite (Ferramic A). They attributed 
the increase of the real part of the magnetic per- 
meability, wu’, of the specimen with increase of 
the frequency of the alternating magnetic field to 
the resonance character of this dispersion. How- 
ever, they pointed out that y’ does not become 
less than unity, as should be the case with reso- 
nance, perhaps because of the superposition of a 
rotational resonance at a near frequency. Miles, 
Westphal, and von Hippel? observed the same sort 
of dispersion in polycrystalline nickel ferrite and 
nickel-zine ferrite and in a monocrystal of nickel 
ferrite. They likewise obtained no values of p’ 
less than unity. 

We constructed a coaxial line of square section. 
Such a line possesses all the advantages of the 
usual coaxial line: absence of dispersion, presence 
of a single TEM mode. It is important that the 
form of the magnetic lines of force is approxi- 
mately square. Therefore if one cuts from a 
monocrystal a specimen in the form of a square 
frame, with sides along axes of easiest magnetiza- 
tion, then the alternating magnetic field will be 
parallel to the directions of the magnetization 
within the domains. By the same token, super- 
position of a natural ferromagnetic resonance is 
excluded, however near in frequency it may be to 
the resonance being observed. It is to be expected 
that for cobalt ferrite, because of its high magnetic 
anisotropy, the resonance associated with rotation 
of the magnetization vector in the magnetic-aniso- 
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tropy field will lie in the millimeter-wave range 
and therefore will be in general unobservable in 
our experiment. 

In the construction of the measuring line, we 
started from the specimen dimensions and as large 
as possible a frequency range. The outer dimen- 
sions of the coaxial were 10 x 10 mm, the inner 
6 x6mm. The distance the probe could be moved 
along the line was 450 mm. The detector head was 
made in the form of a half coaxial resonator. Prep- 
aration of an assortment of attachments to the line, 
of various lengths (waveguide sections, in which 
the specimen is placed), made possible the meas- 
urement of the input resistances in the frequency 
range 200 to 300 Mc/sec. In the calculation of the 
input resistance, the specimen may be considered 
isotropic, since the magnetic lines of force of the 
high-frequency field are parallel to a single crys- 
tallographic direction. 

To test the accuracy of performance of the ap- 
paratus, the magnetic permeability of a frame of 
Plexiglas was measured at several frequencies; 
as was to be expected, it was found equal to unity. 

Monocrystals of cobalt ferrite were obtained by 
the method of Verneuil, in an oxyhydrogen flame. 
The composition of the ferrite, according to chem- 
ical analysis, was Coo .94Fe**o.4.Fe***4.9¢04. Be- 
cause of the presence of divalent iron, the crystals 
have a quite high electrical conductivity, which 
leads to difficulties in the observation of their 
magnetic susceptibility at high frequencies. We 
did not succeed in growing, by this method, crys- 
tals free from divalent iron. 

To decrease the conductivity, the monocrystals 
were annealed in oxygen at 900°C. Divalent iron 
oxidized to trivalent, and the electrical conduc- 
tivity decreased. By such an anneal, sufficiently 
prolonged, we succeeded in raising the specific 
resistance to 104 ohm cm. 

Four square frames, of identical dimensions, 
were made. The outside dimensions of the frames 
were 10 x 10 mm, the inside 6 x 6 mm. (The 
inner opening was made by means of ultrasound. ) 
The plane of the frames coincided to within tenths 
of a degree with the crystallographic plane (100), 
and the sides of the frames to within 2° with a 
direction of the type [100], i.e., with axes of easi- 
est magnetization. The crystallographic direc- 
tions were determined by x-ray diffraction 
[‘‘epigrams’’ — Laue patterns by reflection — 
were taken]. The thickness of the frames was 
3mm. 

Two frames made from the same crystal were 
annealed for six hours, two others for seven days. 
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The resistivity of the first two frames rose to the 
value 10? ohm-cm (the chemical composition 
changed to Coo .94Fe**o,ogFe*~ *2,0004), of the other 
two to the maximal value 10* ohm-cm. 

For determination of the direction of magneti- 
zation and of the domain width, powder patterns 
on the frames were observed. For this purpose 
the surface of the frames was polished (mechan- 
ical polishing), and a drop of a ferromagnetic 
suspension was placed upon it. The powder pat- 
terns were observed under the microscope. The 
domain picture was photographed, and from the 
photographs the domain width was determined. 

A photograph of the powder patterns for a 
frame annealed for six hours shows parallelism 
of the domains to the sides of the frame. The 
domain width (distance between walls) is from 
3.7 x 107° to 6.4 x 1072 cm. The domain width in 
frames annealed for seven days is an order of 
magnitude smaller, i.e., 3 to 4 x 10-4 cm. Thus 
in all the frames, parallelism of the alternating 
magnetic field to the direction of the domain mag- 
netization was attained (with the indicated pre- 
cision). An exception is the corners of the frames, 
where both the field and the domain configuration 
are more complicated. However, these corner 
regions occupy a small part of the whole body of 
the specimen, since the sides of the frames are 
narrow (2mm). For this reason all the domains 
in the frames may be considered 180° ones, and 
the alternating magnetic field may be considered 
parallel to the domain walls. 

The measurement was carried out over a range 
of frequencies that includes the whole region of 
noticeable absorption. The first two frames (with 
domain dimension 3.7 to 6.4 x 107°? cm) showed a 
maximum of the magnetic losses at about 360 Mc/ 
sec. Measurements on these were carried out 
over the range 250 to 450 Mc/sec. In the whole 
range of frequencies accessible to us (200 to 3000 
Mc/sec), no absorption was observed for the other 
two frames, with the small domain dimension (2 to 
3105+ cm): 

The figure shows the behavior of the real (’) 
and imaginary (u”) parts of the magnetic perme- 
ability for the first two frames. The curves have 
a clear resonance character: yu’ goes through a 
maximum and a minimum, in which the value of 
u’ is less than u’(); uw” goes through a maxi- 
mum. 

We shall compare the curves obtained and for- 
mula (2). We first determine Wy and w,. This 
can be done by various methods: from the position 
of the maximum of yw”, from the intersection of 
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Dependence of the complex magnetic permeability pap 
—ip" of a monocrystal of cobalt ferrite on the frequency of 
the alternating magnetic field: 1, p' for frame No. 1; 2, p’ 
for frame No. 2; 3, pu for frame No. 1; 4, p" for frame No. 2. 


u’ with the straight line yu’ (~), from the position 
of the maximum and the minimum of yp’. The 
various methods of determination from the two 
curves give for the two frames, with deviation 
not exceeding 1%, the following values: w ) = 27 

x 360 Mc/sec, w, = 2m x 2150 Mc/sec. 

On using these values and plotting the theoret- 
ical resonance curve according to formula (2), we 
discover that the experimental curve is narrower 
than the theoretical. This fact remains obscure. 
On the contrary, we should expect a broader ex- 
perimental resonance because of different values 
of the parameter a for different walls, in conse- 
quence of the structure-sensitivity of this param- 
eter. 

As additional verification of the fact that the 
resonance obtained was not ‘‘instrumental,’’ the 
measurements were repeated on the same speci- 
mens in the presence of a constant external mag- 
netic field of intensity 10000 oe. The magnitude 
of the field was sufficient to make the specimen 
a single domain. In this case no resonance was 
observed. Coaxial attachments of different length 
were also used. Identical results were obtained. 


CALCULATION OF THE EFFECTIVE MASS OF 
A WALL 


In order to compare the experimental values 
of wy and w, with the theoretical, it would be 
necessary to calculate a, 8, and m. Inasmuch 
as we do not have sufficient quantitative informa- 
tion about inclusions and strains in our specimens, 
a calculation of the structure-sensitive parameter 
a according to a theoretical formula is not pos- 
sible. However, it is possible by use of formula 
(3) to determine a from the value of the initial 
magnetic permeability, which we evaluated inde- 
pendently on one of the two frames (up = 2). AS 
regards the damping parameter f, which is a 
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measure of the energy losses associated with wall 
motion, its physical nature is not yet clear, since 
the mechanism of losses in ferrites is not clear. 
Therefore we will not try to calculate w, but will 
calculate wy). For this purpose we will calculate 
the effective mass m of the wall. 
Déring® considered a domain wall in uniform 

motion in a cubic crystal and expressed its energy 
W in the form of a power series in the velocity v: 


W ea Wo moe. ™ 


The first term of the series is the energy of the 
wall at rest. The term linear in v drops out, since 
the energy is independent of the sign of the velocity. 
The quadratic term, if the remaining terms of the 
series are negligible, represents the kinetic en- 
ergy of the moving wall. It is natural to regard 
the coefficient of v?/2 as the effective mass of 
the wall. 

The expansion (4) is carried out, essentially, 
in terms of a quantity X\w*, where A = K/27I% 
(K is the magnetic anisotropy constant), and w 
is a dimensionless velocity, w = vhn/2K6 (n= 
number of spins in unit volume; 6 = (Aa2n/4K)¥2, 
a parameter describing the wall thickness; a = 
constant of the cubic lattice; A = mean value of 
the exchange integral). Thus for validity of the 
expansion (4) two conditions are necessary: A << 1, 
which is satisfied for a whole series of materials, 
and w <= 1. Doring assumed that the velocity was 
limited by damping processes. 

Rado‘ extended Déring’s derivation to the case 
of a field alternating in time, i.e., to the case of 
a wall in oscillatory motion. He obtained the same 
expression for the mass that Doring had obtained 
(under the condition } «< 1). However, the series 
expansion is now carried out in terms of the two 
dimensionless parameters 


p=rHjo<l, q=o/7 (2K /Is)<}, 


where y is the magnetomechanical ratio and Ho 
is the amplitude of the external field H = Hye. 
Smallness of the parameter p means that the 
frequency of oscillation of the external field is 
much larger than the frequency of the Larmor 
precession in the external field. Smallness of the 
parameter q means that the frequency of oscilla- 
tion of the external field is much smaller than the 
Larmor resonance frequency for rotation in the 
internal anisotropy field. Both these conditions 
insure smallness of the velocity of the wall mo- 
tion without allowance for damping processes, and 
consequently the legitimacy of neglecting terms 
above the quadratic in the expansion of the energy 
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W as a power series in the velocity v (equiva- 
lently, the mass is independent of the velocity ). 
Rado remarked that the condition A « 1 is not 
essential (it merely simplifies the calculation, 
making it possible to obtain an analytic expression 
for the mass) and can be dropped. 

Since in our case the wall oscillates with the 
frequency w of the external field, we will follow 
Rado‘ in the calculation of the mass. We are in- 
terested in the special case of a 180-degree wall. 
However, it is simpler (formally) to consider a 
90-degree wall, as Rado did. The mass of a 180- 
degree wall is equal to twice the mass of a 90- 
degree wall. 

The energy W of a wall layer in a cubic crystal, 
associated with 1 cm? of its surface, is given by 
the formula 


eae es (Ar ke, ( 


a2) a2 + (1 


a”)? cos? @ sin? @] 

+ [201.2 (a — deo)? + I, Heft (1 — a?) 

x 2-2 (sin @ — cose) i? 
where the first term is the exchange-interaction 
energy, the second is the magnetic anisotropy en- 
ergy, and the third is the energy of interaction with 
the magnetic field. The dimensionless parameter 
& is (x—X)/6, where X is the coordinate of the 
center of the wall layer; g and 6 (a@ =cos 6) 
are the polar angles of the direction of the mean 
magnetization in the wall layer, with respect to 
the normal to the wall as polar axis. The mag- 
netic field is oriented as in Rado’s paper* [ Fig. 1, 
formula (16)]. 

Following Rado,‘ we seek a solution for a and 
g in the form 


@ (Et) = % (6) 4-0 (8) pe, 
P(E, t) = po (5) +1 (§) page, 
v (t) = 4n/5y6Vope. 
Without repeating the calculations, 
solutions for ap and @p, 


(5) 


(6) 


4 we give the 


ad (5) = 0, po (€) = arctg e= (7)* 


and the equation for’ a, 
(‘z ) — a1 (1 
= re SIN Po COS Py. 

We now substitute (6) in (5) and expand W in 
powers of p and q (for our ferrite, at resonance 
frequency w = 27 x 360 Mc/sec, if we take Ho 
= 0.1 oe, we get p = 0.78 x 1073 ae q = 0.64 
ele )e On neglecting terms ~ p! in comparison 
~~ *arctg = tan”. 


- — 3 sin? @ +3 sin’ ®o) 
(8) 
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with terms ~p2 and on neglecting q? in compari- 
son with 1, we get 

W = Wy + mv?/2, 


ja) 


mia, (1 4 ; — 3sin? Po cos” o)t (9) 
or, if we use (7) and change the variable of integra- 
tion, 


m= S726 Vo 


1 Dy ve 
= B78 Vo d (29) \ (goes) Sin 2G 


0 


g f(A +1/h aye \ 
4 reer Z sin 20) : 


j (10) 


In order to calculate m by this formula, it is 
necessary to know the solution of (8) for a,. Rado 
solved this equation after setting X = 0. In our 
case, however, A is not small (A=4, K=4~x 10% 
erg/cm®, Ig = 400 oe). Therefore it is not pos- 
sible to solve (8) analytically. We use a varia- 
tional method. The solution of (8) corresponds to 
the problem of searching for the minimum of the 
following functional: 


Ki \4 (29) {(Goe-) sin 264 
0 


. a(t 3 


. Vy day, 
i020). 0 20) — : of 


“hme? (11) 
(here a change of the variable of integration, as 

in (10), has already been introduced). Now we 
seek a,(&) in the form of a series in powers of 
sin 2M) (since a, is an even function of é), 


oy (E) = Cy sin 2p) + Cy sin? 2Wpo + Cz sin? 2Wy + (12) 


We determine the variable parameters C,, Cy, C3 
from the condition that S be aminimum. Then on 
substituting (12) in (10), we get for A =4 the fol- 
lowing value of the mass of a 90-degree wall (to 
within 1 in the third figure): 


TMgo° == 0.24 / 8726. (13) 


The value of the mass of a 180-degree wall, as has 
been mentioned already, is twice as large. 

It is now still necessary to calculate the wall- 
layer thickness parameter 6 = (Aa’n/4K)¥2, and 
for this purpose it is necessary to know n and A. 
The number of spins in unit volume, n, can be de- 
termined according to the formula n = I, /up, 
where wp is the Bohr magneton. We then get for 
n the value n = 4.4 x 1022 em™3 (Ig = 400 0e). In 
this way, however, one generally gets a low value 
of n, since in a ferrite not all the spins are 
parallel. 


RESONANCE OF DOMAIN WALLS IN COBALT FERRITE 


The mean value of the exchange integral A is 
determined by the formula 
2S ; 
A= Ta > Jip (x; == eG) en 
h+é 
where Jjk is the exchange integral of interacting 
atoms i and k, and where 2S is the number of 
spins per atom. On taking account only of inter- 
actions with nearest neighbors and on assuming 
them equal, we get 


A = SJ (Ax)2za” 


where z is the number of nearest neighbors. 

We estimate the exchange integral J from the 
condition that the kinetic energy at the Curie point 
is equal to the energy of exchange interaction 
(for one atom): 2SkTe = 2JS*z. Hence 


J = kT,/Sz, Aud (NX)a/ ar 


We take Ax ina ferrite equal to a/4. Conse- 
quently 6=3.6 x 10’ cm (K=4x 10° erg/cm’, 
Ae =ene4 x 10S) CMs Te = 770°). 

By formula (13) 


Mase = 0,48/8ny28 = 1.7-10%° g/cm?, 
By formula (3) 


disor = 412/yol = 1,6-10° g/em? sec? 
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(Xo = 1/47, 1 = 5 x 1072 cm; we take the mean value 
of the domain width, measured on photographs of 
powder patterns ). 

We now finally determine the value of the reso- 
nance frequency w: 


wo = Va/m = 20-500 Mc/sec. 


In view of the fact that some of the initial quan- 
tities in the determination of w,) are known only to 
one figure, the agreement with the experimental 
value wy = 27 x 36 Mc/sec must be considered 
completely satisfactory. 

The authors express their sincere thanks to 
K. V. Vladimirskii for advice and for discussion 
of the results of the research. 
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The behavior of a plasma with a density of 104°—10'4 cm? ina trap with a magnetic field 
that increases toward the periphery has been investigated. Ultrahigh-speed photographs 
show that plasma instabilities in such traps reduce the containment time. 


‘Tue present work is an extension of investigations 
which have been published earlier concerning the 
behavior of plasma in magnetic traps with fields 
which increase toward the periphery.’? It has been 
shown in these investigations that the system can be 
filled with plasma by means of a coaxial electrody- 
namic injector which accelerates bunches of hydro- 
gen plasma. The lifetime of the plasma formed in 
this way is of the order of tens of microseconds. 
The experiments described below have been carried 
out primarily for the purpose of investigating the 
effect of the mode of operation of the injector on 
the concentration of charged particles in the trap; 
in addition, it was desired to obtain information 
concerning the shape of the plasma formation in the 
trap as a function of time. 

The first set of the experiments was carried out 
with a trap for accelerated bunches (TAB-1); the 
vacuum chamber of this system is stainless steel 
and is 100 cm high and 21 cm in diameter. The ap- 
propriate magnetic field configuration is obtained 
by connecting two solenoids, mounted on the vacuum 
chamber, in opposition. The maximum magnetic 
field in the gap between the coils is 1500 oe. The 
chamber pressure is 1— 2 x 10 ® mm Hg. The re- 
sults reported below have been obtained with a 
2.5-u.F capacitor bank in the coaxial injector cir- 
cuit?4; the condenser-bank voltage was varied from 
3 to 11 kv. 

A Langmuir probe is used to measure the plasma 
parameters. The molybdenum cylindrical probe is 
placed at a point of zero magnetic field; the surface 
area of the probe is 0.6 mm”. Various potentials 
(with respect to the chamber walls) are applied to 
the probe and the probe current as a function as 
time is observed by means of a pulsed oscilloscope. 

In Fig. 1 we show a typical oscillogram of the 
saturation ion current to the probe with the sole- 
noids in operation; the magnetic field in the gap be- 
tween the coils is 1000 oe. It is apparent from this 


oscillogram that the plasma remains in the trap for 
a considerable period of time after the discharge 
current in the injector circuit no longer flows. The 
plasma containment time, i.e., the time during 
which the current to the probe falls off by a factor 
of e, is approximately 40 psec in this case. 

Conventional methods have been used to deter- 
mine the electron temperature and the concentra- 
tion of charged particles from the probe charac- 
teristics. In the experiments described here it 
was difficult to plot the probe characteristics be- 
cause of the poor reproducibility of the oscillo- 
grams; hence, each point on the probe character- 
istic represents an average of 5 measurements. 

In carrying out these experiments measures 
were taken to avoid arc discharges at the probes. 
Arcs are sometimes produced when a negative po- 
tential is applied to the probe, and these arcs cause 
considerably distortion of the oscillograms; in or- 
der to avoid arcs the probe is first processed for 
a long time in a discharge. 

The probe measurements show that the charged- 
particle density in the trap increases rather rapidly 
as the injector voltage is increased. This behavior 
is illustrated in Fig. 2, which shows the ion satura- 
tion current at the probe J as a function of injector 
voltage. It is well known that J is proportional to 
the ion concentration if the temperature of the 
charged particles remains constant. Measurements 
carried out at two values of the injector voltage 
(V;= 8 kv and V, = 11 kv) indicate that the electron 
temperature does, in fact, remain essentially con- 
stant; in both cases the electron temperature (in 
energy units) is approximately 10 ev. Thus, the 
curve in the figure essentially represents the ion 
concentration in the trap as a function of injector 
voltage. The maximum plasma density (at 
V = 11 kv) is approximately 2 x 108 em=3. It will 
be obvious that the absolute value of the charged- 
particle density quoted here must be used with 
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J,rel. units 


FIG. 2. The saturation ion 
current J as a function of the 


initial injector voltage U. 


care. When either one or both of the solenoids are 
inoperative, i.e., in the absence of a trapping mag- 
netic field, the vacuum chamber is not filled by 
plasma. Figure 3 shows the probe current obtained 
with the solenoids disconnected. In this oscillogram 
the gain of the system has been increased by a fac- 
tor of thirty as compared with that used in the os- 
cillogram shown in Fig. 1. A comparison of both 
oscillograms indicates once again that the plasma 
containment time in traps of this kind is of the or- 
der of tens of microseconds. 

The shape of the plasma formation in the trap at 
different stages of the process has been investigated 
by taking pictures with an ultrahigh-speed movie 
camera. We may note that the photographic method 
was first used for studying the behavior of a plasma 
injected into a magnetic trap from a low power 
titanium-hydride source by Finkelstein et al. in 
these experiments no time sweep was employed so 
that the behavior of the plasma as a function of 
time could not be investigated. 

The TAB-1 system is not convenient for plasma 
photography because of the small size of the view- 
ing windows in the chamber walls. For this reason, 
a small magnetic trap with a glass vacuum chamber 
(Fig. 4) was built for the ultrahigh speed photogra- 
phy. The magnetic field is produced by passing a 


FIG. 1. The upper trace is an oscillogram of 
the ion probe current with the magnetic field on. 
The lower trace is the discharge current in the 
injector circuit. The sweep length is approxi- 


mately 75 psec. 


FIG. 3. The upper trace is the ion probe current with no 
magnetic trapping field. The lower trace is the current in the 
injector circuit. The sweep length is approximately 75 psec. 


coils for pro- 


ducing electric - 
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FIG. 4. Diagram of the magnetic trap designed for ultrahigh- 
speed movie photography of injection, capture, and plasma con- 


tainment. 
current pulse through the coils shown in the dia- 


gram. The duration of the magnetic field pulse is 
2000 psec while the magnetic field in the region of 
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FIG. 5, Results obtained by ultrahigh-speed movie photography of the plasma with a magnetic trapping field. 
“‘Normal’’ plasma behavior. The time interval between frames is 4 psec. 


the magnetic gap is 6000 oe. The construction of 
the injector is the same as before; however, to in- 
crease the intensity of the emission in the trap the 
distance between the center of the trap and the in- 
jector is reduced considerably. For the same rea- 
son the capacity of the condenser bank is increased 
to 3.6 uf while the initial voltage is increased to 

14 kv. Because low-inductance feeders are used 
there is no increase in the oscillation period of the 
discharge current in the injector. The injector 
condenser bank is discharged when the magnetic 
field approaches the peak value. 

An SFR camera is used for ultrahigh-speed 
photography of the discharge; the synchronizing 
pulse from this camera makes it possible to switch 
on the magnetic field supply at the required time 
and also serves to trigger the discharge in the in- 
jector. In Fig. 5 we show photographs of injection 
and plasma capture in the trap obtained at 5 x 10° 
frames per second. In order to conserve space, 
we have shown frames separated by a time interval 
of 4 usec (the intermediate photographs are not 
shown). The first frame shows clearly the plasma 
flow toward the magnetic ‘“‘barrier’’; in this frame 
one can also see weak emission from the surface 
from the lower flange of the chamber caused by the 
heavy fast particles which are produced in the op- 
eration of the electrodynamic injector. The energy 
of these particles is apparently so high that their 
trajectories are not affected in passing through the 
magnetic field of the trap. 


As is to be expected, the radial dimensions of 
the plasma flow are reduced as it penetrates into 
the region of strong magnetic field. After passing 
through the magnetic barrier, the plasma is con- 
centrated in the central portion of the trap; part 
escapes along the symmetry axis of the system. 
The plasma which is captured in the trap becomes 
a disc-shaped body of rotation. As is apparent 
from the photographs, this plasma formation exists 
stably for the entire lifetime of the plasma in the 
trap. The sharp boundary of the emission from 
the surface of the glass wall of the chamber serves 
as an indication of the width of the magnetic ‘‘gap’’ 
through which charged particles escape from the 
system. 

The subsequent frames indicate that the plasma 
is contained in the trap for a time of the order of 
tens of microseconds after the injector ceases to 
operate. This result is in agreement with data ob- 
tained with probe and photoelectric measurements. 

In an earlier work? the dependence of gap width 
on magnetic field was investigated by a calorimet- 
ric method. The results of the experiments were 
found to be in agreement with a classical mechan- 
ism for plasma diffusion across the magnetic field. 
A shortcoming of these data is the lack of informa- 
tion concerning the time behavior of the plasma 
diffusion processes. The images of the plasma 
formation obtained in these frames allow us to 
measure the width of the gap at different times. 

It is reasonable to associate the experimentally 
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observed gap expansion with the diffusion of plasma 
across the magnetic field. Using the formula for 
the width of the magnetic gap*, we can make a 
rough estimate of the mean concentration of charged 
particles n from a knowledge (even if inaccurate) 
of the electron temperature in the plasma. Using 
the magnetic field indicated above and an electron 
temperature of 10 ev, we find n ~ 3 x 10!4 em=3. 
This value of plasma density corresponds to an ex- 
perimentally measured gap expansion of 5mm ina 
time ranging from 10 to 25 ,»sec from the beginning 
of the process. 

In Fig. 6 we show frames obtained under the 
same conditions as before but with the magnetic 
field switched off. The intense emission from the 
inner surface of the flanges and the walls observed 
in these photographs indicates that the plasma is 
able to escape to the walls easily; that is to say, 
the plasma is not contained. 

It should be noted that stable plasma contain- 
ment is not by any means observed in all cases in 
which there is a trapping field. On the contrary, 
there is frequently a marked distortion of the 
plasma formation; at certain stages of the process 
the plasma escapes via paths other than the mag- 
netic gaps. Fig. 7 shows photographs which illus- 
trate this anomalous plasma behavior. In this case 
the plasma lifetime is somewhat shorter than in 
the case shown in Fig. 5. It should be emphasized 
that both pictures were obtained under the same 
experimental conditions, with the same value of 


magnetic field and injector voltages and with the 
same neutral gas flow from the valve into the in- 


FIG. 6. Results obtained by ultrahigh-speed movie photog- 
raphy of the plasma with no magnetic field. The time interval 
between frames is 4 psec. 


FIG. 7. Results obtained by ultrahigh-speed movie photography of the plasma 


with a magnetic trapping field. 


“‘Anomalous”’ plasma behavior. The time interval between frames is 4 psec. 
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jector. Whether the observed effect is a manifesta- 
tion of some kind of macroscopic instability or 
whether it is related to the method used to fill the 
trap with plasma can only be determined by fur- 
ther experiments. 


1S, Yu. Luk’yanov and I. M. Podgnornyi, JETP 
37, 27 (1959), Soviet Phys. JETP 10, 18 (1960). 

21. M. Podgornyi and V. M. Sumarokov, J. 
Nuclear Energy, Part C, 1, 236 (1960). 

30. B. Firsov, ®u3uKxa naa3Mbi u mpobsema 
ylpaBAseMbIx TepMosgepxbix peakyui (Plasma Physics 


LUK’ YANOYV, et ale 


and the Problem of a Controlled Thermonuclear 
Reaction) Acad. Sci. U.S.S.R. Press (1958) Volz, 
[Do BV 

4Tuk’yanov, Podgornyi, and Chuvatin, J. Tech. 
Phys. (U.S.S.R.) (in press). 

5 Finkelstein, Sawyer, and Stratton, Phys. Fluids 
1, 188 (1958). 


Translated by H. Lashinsky 
66 


SOMITE TS Pay STCS IEP 


VOLUME 13, NUMBER 2 


AU GUST 9 Get 


ASYMMETRY IN THE ANGULAR DISTRIBUTION OF ELECTRONS FROM p-e DECAY 
IN MAGNETIC FIELDS UP TO 35 000 OERSTED 


S. A. ALI-ZADE, I. I. GUREVICH, and B. A. NIKOL’SKII 


Submitted to JETP editor August 24, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 452-456 (February, 1961) 


™-p-e decays were observed in nuclear emulsions placed in a magnetic field, the purpose of 
the experiment being to study the asymmetry in the angular distribution of electrons from 
u-e decays in a magnetic field. It was found that longitudinal magnetic fields up to 20000 — 
30000 oe do not completely remove the depolarizing action of the medium (emulsion) on 


the » meson. 
1. INTRODUCTION 


li angular distribution of electrons from 7-p-e 
decays is given by the formula 


dN = (1 —acos 9) dQ/4a. (1) 


The two-component neutrino theory, with V-A in- 
teraction, predicts that the asymmetry parameter 
a should have the value 73. This prediction is dif- 
ficult to check experimentally because the » meson 
is depolarized upon stopping in condensed matter. 
The asymmetry parameter inferred from measure- 
ment of the angular distribution of the electrons is 
a* = Pa, where P is the polarization of the uy me- 
son after stopping in the absorber. The value of P 
depends on the medium and cannot be measured 
directly. Orear et al.! have considered the depo- 
larization due to formation of muonium. The de- 
polarization due to this process depends on the 
strength of the external magnetic field, directed 
along the spin of the muon: 


a* —a[1 —0.5/(1 + x°)], (2) 


In Eq. (2), x =yH/AE, where AE ~ 1.8 x 10° ev 
is the hyperfine splitting of muonium. Ferrell et 
al.? have carried out a more detailed analysis of 
the depolarization due to formation of muonium, 
taking into account multiple electron exchange. 
They found that a* depended on H through the 
relation 


a* = a[1 —0.5/(1 + x? + 0)". (3) 


In Eq. (3), n is the number of electron exchange 
events, and 7 is the mean lifetime of muonium in 
units of h/AE = 3.58 x 107" sec. For proper 
choice of the parameters n and 7, formula (3) 
should be good up to fields of 10000 oe. From (3) 
it follows that in sufficiently strong longitudinal 


magnetic fields there should be negligible depolar- 
ization of muons due to formation of muonium. 

In the work being reported upon here we studied 
the asymmetry in the angular distribution of elec- 
trons from m-y-e decays in magnetic fields up to 
35000 oe. The dependence of a* on H was thus 
obtained for a wide range of magnetic field 
strengths. This check on formula (3) gives infor- 
mation on the mechanism by which muons are de- 
polarized in matter, information which is neces- 
sary for a measurement of the asymmetry param- 
CUETO Ele 


2. APPARATUS 


Nuclear emulsions were placed in a magnetic 
field and irradiated with slow 7* mesons which 
stopped in the emulsions. In scanning the devel- 
oped emulsions, those events were selected in 
which the » meson travelled in a direction making 
an angle B of 0° to 30° or B = 180° —150° with the 
direction of the magnetic field. The direction of 
the magnetic field was marked on the emulsion by 
exposing the emulsion to x rays before taking it 
out of its holder. In scanning the emulsions, par- 
ticular care was taken to avoid systematic errors 
due to different efficiencies for detecting different 
m-u-e decay events. Only those m-w decays were 
considered in which the muon track ended no closer 
than A = 15y from the surface of the developed 
emulsion layer. Out of the 177850 m-p decays ob- 
served to satisfy the selection rules on f, only 66 
had no visible electron from p-e decay. The angle 
a between the direction of emission of the electron 
and the magnetic field H was not found directly; 
only the projection of this angle on the plane of the 
emulsion was measured. The value of a* was 
found from the relation 
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Aaxp= 2 [N (a > 90°)— N (a < 90°) ]/[N (a > 90°) tween the direction of the field and the spin (or 
f 
+ N (a <90°)I, (4) momentum ) of the muon: The value of cos 8 for 
those 1-1 decays which were accepted was found 


where the angle @ was taken in the sense from the experimentally. 
direction of the muon spin to the direction of the 
field H. The value of aéxp computed from (4) isa $3. RESULTS AND DISCUSSION 


little low ee oe spin OL WEE muon processes A total of 177850 1--e decay events satisfied 
about the magnetic field. This effect can be cor- , : : 
eatian poidividine bv cous the selection rules on 6 and A described in Sec. 2. 
PODER ot eee Ra These were distributed among the various values 
a* = dexp/cosB. (5) of magnetic field strength as follows: 
where cos £8 is the mean cosine of the angle be- H, oe 405 805 1610 2370 10000 20000 27000 35000 


Number of cases 9705 13430 11617 10005 30331 8851 17557 17715 


Table I. Asymmetry parameter a* = Pa for various values of 
the longitudinal magnetic field strength H 


H, oe 
405 | 805 | 1610 | 2370 | 10 000 20 000 27 000 35 000 10 000— 

35 VOU 

a*( 1) OES. WORMS 1) Oat) Ooi |) O22 || O20 | Wh 28its | Opewhe || Wee 
da*( 1) 0.030 0.027 0,023 0.030 0,017 0,032 0.023 0,023 0.011 
a*( |) Omi OR ORT OL185) 110-202) \WOL2647 |NOk266" OR273 a OR309 0.277 
da*( | ) 0.030 | 0.027 | 0.028 | 0.030 | 0,017 | 0.032 | 0.023 | 0.023 | 0.011 
at OM SOROO Gm Omd te 0.184 0,263 OR272 0284 a On ade 0.281 
da* OLO2 1S OLOL0 1 O1020) 170020) 0), O12 OsO23 SI LOR 01S NkOROL Gs O5005 


P(x) as a function of x, where P=3a* 


4 (13 sian | and x = H/1580 (H in oersteds). The curves 
+ 1 | ; is + — : : 
| | acer el onal (I, II) are theoretical, while the points are 
imal }+—+ @ results of this paper —'—_+—_|—_ experimental. 


| | Qour results for emulsion having 
high gelatin content 
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For emulsions with high gelatin content there for muons going in the direction(t) of the magnetic 
were 58639 cases at H = 27 000 oe. field (8 < 30°) and for those going in the opposite 
Among all the observed m-y-e decays we did direction (4) (8 > 150°). 6a* is the standard error 
not see one p-3e decay, or any other anomalous (da* = 2//N). 
decay modes of the muon. There was one case in The data in Table I are shown in the figure, to- 


which the muon decayed into an electron, neutrino, gether with data obtained by other authors.!2»478 
aytineutrino and virtual y ray, the latter being con- The figure also shows data obtained with emulsions 
verted into an electron-positron pair® (Dalitz effect) having high gelatin content. 

The table below gives value for the coefficient 
a* obtained from emulsions having a high gelatin 

Table I shows the asymmetry coefficients calcu- content and in a field H = 27000 gauss ae gela- 
lated from (4) and corrected by (5). These results tin content is measured by the ratio of gelatin vol- 
apply to emulsion with the normal amount of gela- _— ume to total volume, Ve/(Ve + VAgpr), and is 
tin. The table also shows the values of a* obtained 0.51 for normal emulsions. F ant 


wiser tvtv+ette. 


ANGULAR DISTRIBUTION OF ELECTRONS FROM uw-e DECAY 


V / 


g/Vg + Vags,) 0.54 0.61 0.71 0.76 0,61—0,76 
au 0-284. 0,284 0.323 0.277 0.301 
da 0.016 0,016 0.013 0.018 0,009 


The values of a* obtained from the emulsions 
with high gelatin content agree with those obtained 
from emulsions with normal gelatin content: 


ap 0 297 == 0.018) |) a ())—=0.305 20.003. 


Table II shows the values of a* obtained by dif- 
ferent observers. The scatter in the values ob- 
tained by different observers is within the statis- 
tical error. 


Table II. Asymmetry parameters a* = Pa 
from data taken by different observers 


Normal emulsion Emulsion with high 
eee | H > 10000 oe | gelatin content 
1 0,254+0,018 Orsi == 00022; 
2 0.282 + 0.016 0.347 + 0,020 
3 0).294+ 0.017 0.283 0.023 
4 0.284+ 0.017 0.283 +0.024 
5) — 0,338 + 0,028 
6 0), 258 + 0.030 0,278 +0.023 
7 0.355 + 0,034 0.246 + 0,029 
mean: 
0.281 £0,010 | 0.301 + 0.009 


Two conclusions can be drawn from the above 
data: 

1. The value of a* for muons which have stopped 
in matter in a magnetic field of 20 000 — 30000 oe 
is less than the maximum value a* = ¥;. This re- 
sult is statistically meaningful. 

2. The coefficient a* tends to increase as the 
field is increased from 10000 to 35000 oe, or when 
the emulsion is diluted. This conclusion is not as 
reliable, statistically, as is the first one. The Y? 
test shows that with probability W(x?) = 0.3 the 
observed dependence of a* on H in the region 
H = 10000 to 35000 oe is a statistical fluctuation. 

As mentioned above, our data can be used to 
check the dependence of a* on H as calculated on 
the assumption that the depolarization is due to the 
formation of muonium. This comparison is made 
on the figure [cf. Eq. (3)]. The curves I and II 
correspond to parameters n and 7 which have 
been chosen to give the best fit to the experimen- 
tal data. The curves were drawn so as to mini- 
mize the quantity 


M= ss [(Picate— P; exp)/9P; exp!” 
Curve I was calculated using the experimental data 


for all values of x (0 < x< 22.15). The values of 
n and 7 for this curve are nj = 22, T]= 0.31. The 
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probability that the data would lie along this curve 
P(x) by accident is W](y”) < 0.01. Curve II was 
obtained by minimizing M only for x in the range 
0 to 4.09. The corresponding values of n and T 
are njj = 12, tTyy= 0.44. The probability that curve 
II agree with the data by accident is Wy, (x?) = 0.03. 
It appears that the curves P(x) do not describe 
the experimental data Pexp (x) satisfactorily. The 
emulsion really consists of two components — gela- 
tin and silver bromide; this can be roughly taken 


into account by replacing formula (3) by the rela- 
tion 


P=f+(I 


/) Ul (3’) 


The assumption is made here that a certain fraction 
(f) of the muons stop in the gelatin and do not de- 
polarize at all. The value of f is less than 
P(x —«o)/P(x=0)=0.:3. Values of P(x) cal- 
culated from (3’), with f = 0.3, agree closely with 
values calculated from (3). Hence the discrepancy 
between the theoretical and experimental values of 
P(x) cannot be due to the inhomogeneity of the 
emulsion. The discrepancy is particularly marked 
for x > 10. For such values of magnetic field, the 
calculated values of P are practically equal to the 
maximum value (one), while the experimental 
values of P remain less than one. Hence we can 
finally conclude that if a = ¥,; (V-A interaction) 
than a comparison of theoretical values for P(x), 
as given by (3), with experimental ones implies 
that there is some mechanism for depolarization 
other than the formation of muonium, and that this 
mechanism is almost entirely responsible for the 
departure of Pexp from one for values of x greater 
than 10. 

In conclusion, the authors would like to thank 
V. P. Dzhelepov for having the emulsions irradi- 
ated on the synchrocyclotron, D. M. Samoilo- 
vich for developing the emulsions, and V. M. Kutu- 
kov, A. M. Alpers, G. B. Pleshivtsev, S. A. Chuev, 
B. V. Sokolov and L. V. Surkov for their help in 
carrying out this research. 
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0.050° = 0.002° and 0.063 0.00Z° for indium. 

lf we assume that the effect is linear, dT-/dp 
for tin amounts to (—5.7 2 0.2) x 10°* deg/atm 
while for indium it amounts to (—4.6 + 0.2) x 10° 
deg/atm. 

The linear dependence of T,(p) has not been 
questioned, and until now it has been assumed, in 
particalar, for tin and indium. However, the com- 
pletely different behavior of thallium* has forced 
us to consider this view with great caution. In fact, 
even the sign of the effect for thallium changes at 
pressures above 2500 am. 

A number of investigators** have studied the 
effect of pressure in recent years. They have ob- 
tained appreciably discrepant results for the very 
same metals (e.g., for tin and indium). We may 
find 2 satisfactory explanation for certain of the 
widely varying data. For example, the obviously 
low value dT. /dp = —3.8 x 10° deg/atm given 
by Hatton for indium is probably associated with 
2 considerable deformation of the metal (owing 
to the method of applying pressure). As is known, 
this leads to a2 rise in the transition temperature.” 
From these considerations, we should consider the 
highest values of the shift in T, as being the most 
reliable. EK is relevant that for indium the value 
of dT, /dp shows only 2 small spread of values 
over the entire pressure range up to 10000 aim 
[from (—4.0 + 0.3) x 10° to (-4.6 + 0.2) x 10” 
deg/atm]. At the same time, tin shows an appre- 
Gable discrepancy between the values of dT, /@ 
at high pressures [from (—4,3 = 0.4) x 10° to 


\ 
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urements in the pressure range 0 — 2000 aim. 
The shift in T, for tin and indium was measured 


using two methods for applying pressure. Pres-— 
sures up to 100 aim were applied by liquid helium. 


esr 


A differential method was used: one sample was 
placed in a2 bomb, and the other outside. The 
method permitted the application and reduction 
of pressure at liquid-helium temperature, so that 
we could verify that T, was the same before and 
after the application of pressure. 

The results o ch measurements for indium 
are shown in Fig. 1. The value 


= 


-_ 


— 


sis 


for this pressure range agrees well within the 
limits of accuracy with the value in the pressure 
range obtained by the ice method’ [(—4.6 = 0.2) 
x 10° deg/atmj. Thus, indium retains a linear 
dependence of Tc¢(p) in the pressure range up io 


Pe fae 
we 


FIG. L. The dependence of AT. = 
p for indte= is fhe pressare mmce 
1M ke =. 
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FIG. 2. The dependence of AT, on p for indium (solid 
curve) and for tin (dotted curves). A and o indicate differ- 
ent samples of tin. 


2000 atm (Fig. 2), as it does according to the data 
of other authors‘ at higher pressures. 

Tin behaves differently. In the pressure range 
0—100 atm, dT, /dp = (-4.4 + 0.2) x 107° deg/ 
atm, in good agreement with the results of other 
authors.’ However, this value of dTg/dp does not 
agree with the shift in Te at pressures of 1730 and 
1370 kg/cm”. In Fig. 2, the dotted straight line 
corresponds to a linear variation of Tg with pres- 
sure, aS was assumed in previous studies»? with 
a value dT, /dp = (—5.7 + 0.2) x 10°° deg/atm. 

Thus, we must conclude that for tin the curves 
for Te(p) have a different slope in the pressure 
ranges 0 — 100 and 0 — 1730 atm, i.e., the Te of 
tin shows a nonlinear pressure dependence in the 
range 100 — 2000 atm. 

In order to check this fact, measurements of 
Tg were made in the pressure range 500 — 1200 
atm by means of the ice method using water- 
alcohol solutions.® In order to determine the 
pressure developed in the bomb, a sample of in- 
dium serving as a manometer was always placed 
in the bomb in addition to the tin sample. Supple- 
mentary measurements were made with two indium 
samples to establish the absence of pressure dif- 
ferentials between the sites of the samples (the 
pressure differential Ap < 20 atm). 

The results of the measurements on tin are also 
given in Fig. 2. We see from the diagram that the 
curve for tin is parallel to that for indium in the 
pressure range 1730 — 800 atm (with a displace- 
ment AT = —0.017°, i.e., with a value dT, /dp 
= (—4.6 + 0.2) x 107> deg/atm). 

We must consider that a transition from the one 
curve to the other occurs between the pressures 
800 and 100 atm. 
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Such a variation in the curve may formally be 
represented as a superposition of a linear varia- 
tion with dT /dp = (—4.6 + 0.2) x 107° deg/atm, 
and a variation appearing above 100 atm, and at- 
taining a saturation value of —0.017° at about 800 


atm. 
We must note that something similar takes place 


in thallium, for which also the dependence Te(p) 
may be represented in the form of a linear portion 
of the curve having dTc¢/dp = — 0.56 x 107° deg/ 
atm, superimposed on a variation showing a satu- 
ration value of +0.03° above ~ 2000 atm. 

In spite of the fact that the behavior of thallium 
is a convincing example of deviation from linearity 
even at such low pressures as ~ 10° atm, the 
strange behavior of tin does not become more 
understandable. 

In general, we must note that the effect of pres- 
sure on superconductors has not yet been explained. 
The new theory of superconductivity gives the fol- 
lowing relation between the critical temperature 
Te and the Debye temperature @ and the elec- 
tronic parameters (the electron-phonon interac- 
tion constant g and the electron density v): 

To ~ @ exp (—2/gv). Uniform compression of a 
metal leads to an increase in the Debye tempera- 
ture, and thereby to a linear increase in Te. Ap- 
parently, we must seek an explanation for the 
pressure-variation of T. in the effect of pressure 
on the electronic properties of the metal. In this 
regard, it is interesting to note that indium, which 
shows a linear variation of Te(p), has the sim- 
plest form of Fermi surface (closed, and almost 
spherical). It may be pertinent to relate the com- 
plicated variation of To(p) for thallium to its very 
anisotropic Fermi surface (a system of corrugated 
planes). For tin, the form of the Fermi surface is 
also complicated (by the presence of open sections). 

In order to understand the mechanism of the ef- 
fect of pressure on superconductivity in general 
and the peculiarities of this effect in various met- 
als, it is apparently essential to extend the studies 
to metals having varying electronic spectra, to- 
gether with parallel studies on them of the effect 
of pressure on the galvanomagnetic properties. 
Such measurements are being carried out at 
present. 


'B. G. Lazarev and L. S. Kan, JETP 14, 463 
(1944). 


2 Kan, Lazarev, and Sudovtsov, JETP 18, 825 
(1948). 


3 Kan, Lazarev, and Sudovtsov, Doklady Akad. 
Nauk SSSR 69, 173 (1949). 


SUPERCONDUCTIVITY OF TIN AND INDIUM UNDER PRESSURE 319 


8N. B. Brandt and A. G. Tomashchik, IIpu6oppi 


VORA DY Jennings and C. A. Swenson, Phys. Rev. 
4 TeXHUKa SkCMepuMeHTa (Instrum. and Meas. Techn.) 


112, 31 (1958). 
Veer Khotkevich, Doctoral Dissertation, Inst. ALLIS (1958): 

Phys. Prob., Acad. Sci. U.S.S.R. (1953). 
®M. Garbor and D. E. Mapother, Phys. Rev. 94, 

1065 (1954). Translated by M. V. King 


"N. L. Muench, Phys. Rev. 99, 1814 (1955). 68 


SOVIET PHYSICS JETP 


VOLUME 13, 


NUMBER 2 AUGUST, 1364 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 460-463 (February, 1961) 


The ™ + p—a*+ 7+ n reaction is investigated. The experimental data are compared with 


the theoretical calculations. 


‘Tue present communication is a continuation of 
an investigation of the momentum and angular dis- 
tribution of secondary particles in the reaction 


ttponw+nwm4n (1) 


at primary-meson energy of (290 + 15) Mev.! 

We present here an analysis of 250 cases of 
reaction (1) with the same primary-meson energy. 
The experiment was performed in the synchrocy- 
clotron of the Laboratory for Nuclear Problems 
of the Joint Institute for Nuclear Research, using 
nuclear emulsions. The procedure for the detec- 
tion of meson production and the selection criteria 
are described in reference 1. 

The momentum spectra and the distributions of 
the angles between the momenta of the secondary 
particles are compared with the calculations based 
on the Fermi statistical model and on the Linden- 
baum and Steinheimer isobar model. The calcula- 
tions were carried out by the ‘‘random star”’ 
method,” using an electronic computer. The 
average accuracy of the theoretical histograms is 
5 percent. The results of the calculations, togeth- 
er with the experimental data, are shown in Figs. 
ivand:2.* 

The comparison shows that although the statis- 
tical theory and the isobar model predict correctly 
the main features of the spectra and the distribu- 
tions of the angles between the momenta of the sec- 
ondary particles, no satisfactory quantitative 
agreement with experiment is observed. Thus, 
the maximum of the neutron spectrum (Fig. 1) is 
noticeably shifted towards the lower momenta. 

The distribution of the angles between the momenta 
of the secondary pions (Fig. 2) indicates that the 


*In comparing the experimental results with the calculations 
based on the isobar model it was assumed that the negative 
pion is always of isobaric origin, and the positive pion is al- 
ways due to recoil. The momentum spectrum of the neutrons and 
the distribution of the angles between the meson momenta are 
independent of this assumption. 
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mesons have a greater probability of diverging by 
larger angles than given by the theoretical calcu- 
lations. We list below the average scattering 
angles (in degrees ). 


Experiment Statistical Isobar 

theory model 
Cee 1146.7+2.4 102.2 98.1 
ie (is 255 128.6 123,9 
6. 129.3224 129.4 144.0 


The angular distributions of the secondary parti- 
cles relative to the direction of the primary 
meson are shown in Fig. 3. It should be noted 
that the statistical theory and the isobar model do 
not make it possible to calculate these distributions. 
It was shown in an earlier paper® that the distri- 
bution over the relative momenta of the secondary 
particles agrees with the theoretical distribution 
obtained by Ansel’m and Gribov for reactions in 
which an additional meson is produced near 
threshold.* One can hope that this theory, which 
takes account of the interaction of the particles in 
the final state, will produce better agreement with 
experiment at our energy. Thus, for example, the 
average scattering angles between the secondary 
particles, calculated by the Kopylov method? with 
the aid of a matrix element of the form‘ S*? = 1 
+ ckyg + dkj3, with parameters c and d as deter- 
mined in reference 3, are 


—* a 


Orta = 109.0°, Grae = 119,0°; Caine 


and are in better agreement with the experimental 
data. 

We plan to carry out calculations with variation 
of the coefficients c and d (within the limits of 
the experimental errors ). 

The authors express their gratitude to Prof. 

V. P. Dzhelepov and L. I. Lapidus for interest and 
attention to the work, and also to G. I. Kopylov for 
great help in the computations and evaluation. 
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FIG. 1. Momentum distributions in the c.m.s. for secondary particles from the reaction 7~ + p > a+ + m7 +n (250 events); 
a— pose pions, b — negative pions, c — neutrons. Solid line — experiment, dotted line — calculated by the isobar model 
dash-dot line — calculated by statistical theory. 
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FIG. 2. Distributions of the angles between the momenta of the particles from the reaction 7” +p > a+ +77 +n in the c.m.s. 
(250 events). Solid line — experiment, dotted line — calculated by the isobar model, dash-dot line — calculated by the statisti- 


cal theory. 
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FIG. 3. Angular distribution in the c.m.s. for secondary par- oe 


ticles from the reaction 7 + p> 7+ + 7 +n (250 events): Ae 
a — positive pions, b — negative pions, c — neutrons. 
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Processes involving the production of A%(>°) hyperons and K® mesons in ™ p collisions 
were studied for 6.8 Bev/c m= mesons. The cross section for the production of A%(>°) 
and K° particles, the ratio between the Y°K and KK pair production cross sections, the 
mean multiplicity of charged particles, the c.m.s. angular and momentum distributions of 
A°® and K® particles, and the transverse momentum distributions for A® and K? particles 


have been obtained. 


Sos sepaueiae involving the production of IES) 
hyperons and K® mesons in mp collisions have 
been studied recently! only close to the threshold 
0.9 —1.4 Bev/c. 

In order to elucidate the structure of the nu- 
cleon and the character of elementary particle 
interactions, it is necessary to obtain experimen- 
tal data at higher energies. We have studied proc- 
esses involving the production of A°(Z°) hyperons 
and K® mesons in collisions between 6.8 + 0.6 
Bev/c negative s mesons and protons with the 
aid of a 24-liter propane (C3H,) bubble chamber 
in a constant magnetic field of 13,700 oe. The ex- 
perimental arrangement has been described by 
Wang Kang-Chang et al.? 


METHOD OF ANALYSIS AND SELECTION OF 
mp INTERACTIONS 


The bubble-chamber pictures were taken with a 
stereoscopic camera using ‘‘Russar-plazmat’’ ob- 
jectives with a focal length of 67 mm. The photo- 
graphic film was pressed against a plane-parallel 
glass on which crosses were engraved (straight 
lines intersecting at an angle of 90°). The objec- 
tives were adjusted so that their optical axes were 
parallel and passed through the points of intersec- 
tion of the straight lines on the glass. The stereo- 
photographic base, determined by the distance be- 
tween the crosses, was equal to 300 mm. The 
scale of the photograph for the median plane of 
the bubble chamber was 1:10. The camera was 
mounted on the upper plate of the chamber and 


was in a fixed position during the chamber operation. 


The photographs were scanned by different per- 
sons two or three times through stereoscopic 
viewers and reprojectors. The efficiency of ob- 
serving V° particles was 91% in double scanning 
and 96% in triple scanning. A total of 14,000 photo- 
graphs were scanned. The A° and K° particles 
were considered to be produced in m~p interac- 
tions if they satisfied the following conditions: 

1) short black tracks, characteristic of the disin- 
tegration products of carbon, were not observed 

in the stars to which the A° and K® particles be- 
long, 2) the resultant charge of all secondary par- 
ticles was zero, 3) no more than one baryon 
Gee: p) was observed in the star, 4) the c.m.s. 
momentum of the A° and K® particles did not ex- 
ceed the maximum values possible in the produc- 
tion of A° and K® particles in collisions between 
m™ mesons and free protons. 

The background of A° and K® particles pro- 
duced in collisions with quasi-free protons was 
estimated from the number of A° and K°® particles 
produced in collisions with quasi-free neutrons. 
For this purpose, we counted the cases of A°- and 
K°-particle production in mn interactions on the 
scanned photographs. We found that the number 
of m-n interactions was 20% of the m7p interac- 
tions satisfying criteria 1—4. Assuming that the 
production cross sections for A° and K® particles 
on quasi-free neutrons and protons of carbon are 
the same, we found that 20% of the 7 p interactions 
(criteria 1—4) were due to interactions between 
m- mesons and quasi-free protons of carbon. 

The events found in the scanning were analyzed 
and 233 of them satisfied all of the aforementioned 
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criteria. We measured the events on UIM-21 mi- 
croscopes by measuring the coordinates of corre- 
sponding points on both stereo frames. The space 
coordinates, angles, and momenta were calculated 
on a Ural electronic computer. The geometrical 
reconstruction of the track in space was calculated 
by the method of least squares. The curvature of 
the track was approximated by a parabola. The 
nonhomogeneity of the magnetic field over the 
bubble-chamber volume did not exceed + 3%. 

Owing to multiple scattering, the error in de- 
termining the momenta of relativistic particle 
tracks was, on the average, 13% for a track length 
of about 10 cm. 

The kinematical relations between the angles 
of flight and the momenta of the decay products 
were used to identify the A° and K° particles. 
This made it possible to determine the A°- and 
K°-particle momenta to an accuracy of < 10%. 


GEOMETRICAL CORRECTION 


The effective region for the production and ob- 
servation of A° and K° particles in the chamber 
is less than the geometrical dimensions of the 
chamber (55 x 28 x 14 cm) and depends on the 
lifetime of the particles and their velocity. 

The effective region was determined experimen- 
tally. To do this, we plotted the distribution of 
cases of A°- and K°-particle production in the 
chamber. It turned out that the distribution coin- 
cided with the distribution of primary beam tracks 
in the following intervals: on the x axis —from 4 
to 22 cm, on the z axis —from 3 to 9 cm.* If we 
take the direction of the primary particle beam as 
the positive direction and measure y from the 
middle of the chamber, then 90% of all cases of 
A°- and K°-particle production are located in the 
interval between — 24 and +14 cm. Of the 233 
events, 209 lie in the effective region. It turned 
out that the effective regions for A° and K® par- 
ticles practically coincide. The difference in the 
lifetimes is offset by the larger velocities of the 
K° mesons, which leads to a greater relativistic 
increase in their lifetimes, so that the K® lifetime 
becomes comparable with the lifetime of the A° 
particles. 

In order to take into account A° and K® par- 
ticles that decay outside the chamber, and also 
the difference in the probabilities of recording 
A° and K® particles emitted in the vertical and 
horizontal planes, we introduced a correction Wi 
for the probability of A°® and K? decay outside the 


*x is the chamber width, y is the chamber length along 
the beam, and z is the depth coordinate. 
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chamber and a correction W, for the loss of A° 
and K® particles due to large azimuthal angles. 

1. The probability of A°® and K® decay within 
the boundaries of the chamber is determined from 
the well-known law 1—exp(-—J/l)), where lp 
= BcyT) is the mean range and J is the potential 
range. By potential range we mean the distance 
from the point of production to the boundary of 
the effective region for the observation of decay. 
The dimensions of this region depend on the mini- 
mum length necessary for the momentum meas- 
urement of the decay products. This length was 
4 cm in our experiment. Using the known values 
of the A°- and K?-particle lifetimes,’ we calcu- 
lated the probability fj of observing decay in our 
chamber for each case. The mean values of fj 
were 84% and 78% for the observation of A° and 
K® particles, respectively, and 65% and 63% for 
the observation of A°K® and K°K® pairs, respec- 
tively. The reciprocal of the probability of ob- 
serving decay in the chamber gives the correc- 
tion W,. 

2. The chamber depth was less than its width 
and the probability of observing A° and K® par- 
ticles produced in the chamber and emitted at 
large azimuthal angles was therefore less than 
that for observing A° and K® particles emitted 
at small azimuthal angles. This is what is known 
as the bias for unfavorable azimuthal angles ®. 
We plotted the © distribution for A° and K® par- 
ticles. It was found that the correction for A° de- 
cays was W, =1.48+ 0.1 and W, = 1.13 + 0.03 
for K° decays. 


PRODUCTION CROSS SECTION FOR A°(=°) 
AND K® PARTICLES 


In this work, we did not set the task of estimat- 
ing the fraction of A° hyperons resulting from the 
decay of 2° particles for the total number of ob- 
served A° hyperons. Since only 11% of the Y 
quanta were converted into electron-positron 
pairs in our chamber, the decay of the 2° hyper- 
ons into A° particles and Y quanta at practically 
the very point of production did not permit us to 
distinguish A° particles resulting from the decay 
ore particles by the y quanta. From Table I it 
is seen that at our energy some charged particles 
(ng) are produced together with the neutral strange 
particles. These are mostly m= mesons. The 
mean number of charged particles accompanying 
the production of A° and K® particles is 2.5 + 0.1. 
K* mesons are also present among the charged 
particles. 
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Table I 

Identified Number of charged particles, ng 

particles | 9 2 4 6 Total 
WE TO 2 8 3 0 13 
eS 6 AT 17 3 1B 
Ko pails 0 () 5 1 | 0) 6 
Ree Pee 62e i, Gee Bon 
NORone Ce 2, 6 2 0) LO 
| FG | 12 | 4e 6 | 209 

Total 12.5% 61.6%] 23% | 2.9% | 1009, 


We recorded neutral strange particles which 
were produced in the following reactions: 


mu + p—A° + Ko -. nx (1) 
tp = DO KO an (2) 
a + p—>A° + Kt + nn 9) 
c p> SYK + an (4) 
Pp Ree Ke AN 22a (5) 
ct pe KK LN + an (6) 
ie 2 pas Ree LN nx (7) 


The following reactions with the production of K® 
mesons are also possible at our energy: 


fe eK ems (8,9) 
elas ee eK = nt (10) 
i + p> 5° + Ke + K® — nx (11) 


For the present, our problem did not involve 
the study of reactions (8) and(9)* The K°-meson 
background from these reactions was negligible in 
our statistics: 2+ hyperons have a characteristic 
decay pattern, a short lifetime, and, consequently, 
can be reliably recorded and well separated from 
the reactions (1) — (7); =°,~ hyperons have a very 
small production cross section in the 7 p inter- 
action.f 

Ionization measurements for momenta > 1.2 
Bev/c do not give a reliable separation of 1* 
mesons and protons, not to mention the separation 
of 7m and K* mesons. The fraction of A° hyper- 
ons produced in reactions (3) and (4), and the frac- 
tion of K® and K® mesons produced in reactions 
(6) and (7) were estimated in the following way. 
We knew the fraction of A° and K°® particles de- 
caying into neutral particles, and also the fraction 
of long-lived K® mesons (Ky). Then, from the 
numbers of A°K® pairs (nqdx0) and K°K® pairs 
(nx) that were found, we determined the true 
number of the pairs Nj0x®? and NxK0x?: 


*These reactions are studied in a separate work. ; 
P : : 2.5 
tThe E production cross section at this energy is 3.6.55 
pb/nucleon. 


N nox Mone, / (1 — fas) (1 — fee), 
N n= Wrecga} (i i EO) (1 oe fk), 


where f,0 is the fraction of A° particles decaying 
into a neutron and 7? meson (£9 = 0.33), fo is 
the fraction of K® mesons decaying into two r? 
mesons plus the fraction of long-lived K’ mesons 
[fx® = 0.63 (reference 4)]. 

Owing to the decay of K® mesons into neutral 
particles and the presence of is mesons, part of 
the A°K® pairs were recorded as single A° par- 
ticles. The number of such cases is n’ 
= NaoKfK0 (1 — f,a0). We subtract n’ from the total 
number of single A” particles found after the cor- 
rections W,; and Wy». The difference can be con- 
sidered to represent production of a A° hyperon 
in reactions (3) and (4). A similar calculation was 
carried out for K® mesons. 

We were thus able to estimate the probability 
of reactions (1), (2), (3), and (4), as well as (5), (6), 
and (7). For simplicity, we use the notation: 

o(K) = c(l)-o@), ok) 100) 
GOK = 70 (5), o (KOK) 0 (6). 6 (ROK) ne 

3 (yore? =) =s a (Y°K°) 26 (yoy, 
o (K°, K) = 0 (K°K’) +0 (K°K-) +o (K°K?). 

We performed a special examination of our ma- 
terial with a view to observing conversion y quanta 
from 7°-meson decay. From an examination of 228 
cases with the production of neutral strange par- 
ticles, it turned out that electron-positron pairs from 
conversion y quanta were associated with primary 
stars in 32 cases (14%). 

In order to determine the total cross section 
for the production of A°(>°) and K? particles, we 
considered 7000 photographs, none of which con- 
tained more than 15 — 20 primary m mesons. 

The number of 7 mesons was counted independ- 
ently by two observers. The primary particle flux 
was not counted on each photograph, but on every 
tenth frame. The difference in the number of 
tracks in the results of the two observers was 
0.6% for about 100,000 7 mesons. As was indi- 
cated above, the efficiency of double scanning was 
91% and that of triple scanning 96%. In the deter- 
mination of the total number of cases of A°(=°)- 
and K°-particle production, apart from the correc- 
tions W, and W, connected with the geometrical 
parameters of the chamber, we introduced a cor- 
rection for the neutral decay scheme of the Kj 
particles and for long-lived K? mesons. Table II 
shows the results for the different reactions after 
all corrections have been taken into account. 
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Table I 
a a cc a a ad a em ae eS 
Reactions | (1) + (2) | (3) + (4) va) | (6) + (7) 
se eters Gab FL aul 10733 | 89436 | 264454 
The total cross section for the production of 90 
A°(=°) and K® particles on free protons after all #0 
the enumerated corrections and after the  me- e 
son contamination and scanning efficiency have 
been taken into account is equal to 2.0 + 0.35 mb, FIG. 2. C.m.s. angu- 60 
where lar distribution of A° hy- 0 
perons (the number of 
on ook ’) =0.8+0.25 mb, o(K°K) = 1.2 +0.3 mb, cases is shown in paren- @ 
Ra o(VK jlo (KOK) =0.7 0.2. theses). 50 
20 
A°- AND K°-PARTICLE MOMENTUM AND ia apa Th ao 
ANGULAR DISTRIBUTIONS ere ee PT Tay, 


In constructing the angular and momentum dis- 
tributions, we took into account only the correc- 
tion W,, since the correction for @ made no es- 
sential contribution to the character of the dis- 
tributions. 

Figure la shows the momentum distribution of 
the A° hyperons. In Fig. 1b, the momentum spec- 
tra of A° hyperons emitted forward and backward 
in the c.m.s. are compared. It is seen that the 
momentum of A° particles emitted backward in 
the c.m.s. extends from zero to 1.6 Bev/c, while 
for A° hyperons emitted forward, the spectrum 
breaks off close to 1 Bev/c. 

Figure 2 shows the A°-hyperon angular distri- 
bution. The character of this distribution does 
not depend on the multiplicity of particles pro- 
duced together with the A° hyperon; the A° hy- 
perons are emitted mainly forward. 


FIG. 1 C.m.s. momentum 
distribution of A° hyperons: 
a—total spectrum, b—A° 
hyperons emitted backward 
(solid line) and forward 
(dotted line) in the c.m.s. 
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Figure 3 shows the K’-meson momentum dis- 
tributions. It is seen from Fig. 3b that the mo- 
mentum spectrum of K° mesons emitted forward 
is almost the same as for K® mesons emitted 
backward. 

If the angular distribution for A° hyperons does 
not depend on the charged-particle multiplicity ng, 
then the picture for K° mesons is basically changed. 
Figure 4a shows the K°-meson angular distribution 
for ng < 2 and Fig. 4b, for ng => 4. For cases of 
low multiplicity (ng < 2), more K® mesons are 
emitted forward than backward: nforward /Mbackward 
= 2.04+0.4. Forcasesof high multiplicity (ng =4, 6), 
the angular distribution is practically isotropic, 
within limits of the small statistics. 

Figures 5 and 6 show the angular and momen- 
tum distributions of m™ mesons for ordinary mul- 


40 


FIG. 3. C.m.s. momen- 
tum distribution of K° me- 
sons: a—total spectrum, 0 
b—K° mesons emitted for- 
ward and backward in the 
Games 
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FIG. 4. C.m.s. angular 


a—ng <2, b=n,g > 4. 
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FIG. 5. C.m.s. angular distribution of 7~ mesons: a-—for 
ordinary multiple production of 7” mesons by 7 mesons, b— 
for 7 mesons produced together with A° hyperons. Solid line 
~n, =2+4+ 6; dotted line—n, = 2. 
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FIG. 6. C.m.s. momentum distribution of 7 mesons: a— 
for ordinary multiple production of 7 mesons by 7 mesons, 
b—for 7 mesons produced together with A° hyperons. 


tiple production (a)® and of mesons produced 
together with A°(=°) hyperons (b). We compared 
only negative particles produced together with hy- 
perons; this permits us to identify them uniquely 
as m~ mesons. In ordinary multiple production, 
negative particles are ™ mesons with a very 
large probability. 

From a comparison of these distributions, it 
is seen that they are of the same nature. 

The mean values of the transverse momenta 
of the A° and K® particles are equal to 388 + 35 
and 393 + 35 Mev/c, respectively, i.e., they are 
equal within the limits of experimental error. 


distribution for K° mesons: 


The A°-hyperon and K°-meson transverse mo- 
mentum distributions are shown in Fig. 7. The 
mean value of the transverse momenta does not 
depend on the multiplicity, as is readily seen 
from Table III. 


FIG. 7. Transverse 
momentum distribution: 
a—for A° hyperons, 
b— for K° mesons. 
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Mean transverse momenta 


| 
| 


A° particles, | K®° particles, 


Mev/c Mev/c 

New 2 395=47 394242 
nh, 4 367=60 386 =66 
Ns 388 £35 393435 


DISCUSSION OF EXPERIMENTAL RESULTS 


1. Production cross section for Y°K®* and 
K°RK pairs. Our experimental results indicate 
that for a m -meson energy of about 7 Bev, the pro- 
duction cross section for K°K pairs is greater 
than the production cross section for Y°K®* pairs. 
The ratio of these cross sections has the value 


CKO as (WOKE) 


7 = Die 
5 (KOK) + 6 (K°K-) ++ 5 (KK*) 


R= 


We studied only K°K®, K°K~, and K°K* pairs. If 
we assume that at our energy the production cross 
section for charged K*K™ pairs is the same as for 
K°K® pairs, then the ratio is reduced to 0.5: 


o(Y SOME) 


RO eee =O GeO is: 
Se ar -) +6 (K°K+) + 6 (K+K-) 


The production cross section for A°K® and 
2°K® pairs close to the threshold was studied in 
detail. The total cross section for Y°K® pairs has 
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a maximum of 1.1 mb at 0.96 Bev and drops to 0.4 
mb at 1.2 Bev, and then again increases to 0.6 mb 
at 1.3 Bev.! 

We do not know how the cross section behaves 
after this. For a comparative estimate, we con- 
sider the work of Maenchen et al.,® where the mul- 
tiple production of s mesons at an energy of 
~5 Bev was studied. Among 106 mp interactions 
in a hydrogen diffusion cloud chamber, four cases 
of production of strange particles were observed, 
where one of these cases was identified as 7 + p 
—A°+K*t+ a". This constitutes 4% of the total 
inelastic cross section. If we take a total inelastic 
cross section of 18 mb, as was done by Maenchen 
et al., then the production cross section for strange 
particles is 0.7 mb. Evidently, too much weight 
should not be attached to this result, but one may 
expect, after all corrections are taken into ac- 
count, that the Y°K pair production cross section 
will be of the order of 1 mb. 

Comparison of the results of Maenchen et alee 
with our result o(Y°K) = 0.8 + 0.25 mb indicates 
that the Y°K-pair production cross section appar- 
ently remains almost constant with an increase in 
the m meson energy. 

In calculations based on statistical theory’ for 
the probability of the production of different pairs 
of strange particles, we obtain the following values 
relative to the total 7 p interaction cross sections: 
WACAUIK) =13.8%, w (2K) =6.8%, and w(KK) = 1.1%. 
If we take 0 (D°K) = Y,o (ZK) and o (K°K) 
= ¥,0 (KK), we obtain o(Y°K) = 0.0604, or 1.5 mb; 
o (K°K) = 0.008 o¢, or 0.2 mb. 

We compare the ratios of the cross sections 
ao (Y°K) and o(K°K) obtained experimentally with 
those calculated from statistical theory: 

GYM se OU Waa, = OL 
GYR) theo ® (KK) neo 1.3. 

Comparison of our results with those calculated 
from statistical theory does not even give qualita- 
tive agreement. 

If we consider the Y° hyperon as a bound state 
KN (Goldhaber’s scheme), then, as was shown by 
Markov,® the production cross section for KK pairs 
increases with the energy of the primary mt meson. 
From this viewpoint, it would be of great interest 
to consider the behavior of the KK-pair production 
cross section for m meson energies higher and 
lower than ours. 

2. Mean multiplicity of charged particles. 

Apart from strange particles, several other 
charged and neutral particles are produced at 

6.8 Bev. We shall compare the mean multiplici- 
ties for the production of strange particles and for 


ordinary multiple production of 7 mesons? at the 
same energy. The mean number of charged par- 
ticles for multiple production of 7 mesons is 

Ng = 3.2 + 0.2. In cases of strange-particle pro- 
duction, the observed mean number of charged 
particles is ng = 2.5 + 0.1. 

Most of the charged particles are undoubtedly 
ma mesons. Since part of the energy is expended 
on the production of strange-particle pairs, 
less energy remains for the production of 7 me- 
sons. One may then expect that the number of 7 
mesons produced together with strange particles 
is less than in the case of ordinary multiple pro- 
duction of mesons. This is in agreement with 
our results. We have already mentioned above 
that 14% of the cases have a pair due to the con- 
version of y quanta, while for multiple production 
of s mesons the y-quanta stars constitute 21%. 
If it is assumed that the number of electron- 
positron pairs from conversion y quanta is pro- 
portional to the number of 7° mesons, then the 
ratio of the number of 7° mesons with the pro- 
duction of strange particles to the number of 7° 
mesons in ordinary multiple production is 2:3, 
while for charged particles, this ratio is not 
preserved. 

If we take the ratio 2:3 for > mesons too, 
then, in the case of the production of charged par- 
ticles, the mean multiplicity of the charged par- 
ticles should be Ng = 2.0, i.e., 0.5 less than in 
ordinary t*-meson production. This difference 
can be attributed to K* mesons accompanying the 
production of neutral strange particles. 

In fact, if we estimate the fraction of charged 
K mesons by another method, we obtain the same 
results, namely, nx+=0.5. This was estimated 
on the basis of observed reactions, where we have 
taken into account: a) decays of A° and K® par- 
ticles into neutral particles, b) decays outside the 
chamber volume. 

We have omitted cases in which v? decays 
were not observed, as we considered these to be 
ordinary multiple production of 7 mesons. But 
since we already know the probability of A°- and 
K°-particle decay into charged particles 


Maa (1 fae) py Nxe ee eae 
then the probability of eee decays into 
charged particles 


Me = (UW Woda, Neo (1/W Wo) xe 


can be determined as follows: 


st 


Ae = ManaN ace + NeNKN KoK=] 


x ManaN axe + Ne KN Ket + (Maenac + neon) N poke 
— Nye + 2 (NK NKN KR — = NKR )Pt = 0,5 +0.12, 


PRODUCTION OF A°(x°) HYPERONS AND K® MESONS 


where Na0xK+, Nx0x+, Nadx0, and NKK?0 are taken 


from Table II and na0K? and NK? are the observed 


number of A°K® and KK? pairs. 

3. Angular and momentum distributions. The 
angular distribution of A° hyperons produced in 
m™ p interactions close to the threshold has been 
studied in detail. An analysis of the S- and P- 
wave amplitudes has been made. ! 

Such an analysis cannot, of course, be made at 
6.8 Bev. Only general ideas can be used to explain 


the angular distributions of the secondary particles. 


From the angular distribution of single A° hy- 
perons (Fig. 2), it is seen that they have a very 
strong tendency to be emitted backward in the 
c.m.s. Such an asymmetry can result from a 
background of interactions with quasi-free nucle- 
ons of carbon (in the propane molecule). In fact, 
even in the most unfavorable case, when the entire 
contamination from A° hyperons produced on 
quasi-free protons (about 20%) is subtracted 
from the distribution under the assumption that 
all A° are emitted backward, there still remains 
the asymmetry 00 foyward/2A9 backward = 1:5. 
This asymmetry was also observed in cases of 
A°K® pairs. A similar result was obtained for 
protons in ordinary multiple production of 


mesons.°»? 
Table IV 
| A° Ke py: 
cos 6* mats K® Ke 
a | Ke 
1,0— 0.6 0,0 ed) had 
0.602 Gaeelh M06, 4.0 
= =O WO || 22 0.0 
— 0,2—0.6 42 1 Ne 120 
26 Om | MOSS BES DEL 


Table IV shows the c.m.s. angular distributions 
of A°K® and K°K® pairs. Although the number of 
these pairs is small, the basic character of these 
distributions is evident: The A° hyperons are 
emitted backward, while the K® mesons are 
emitted forward, although this tendency is not so 
marked here. Owing to the poor statistics, we 
cannet consider the angular distribution of K°K° 
pairs in greater detail. It is seen from Fig. 4 
that the K°-meson angular distribution actually 
extends forward to an extent depending on the mul- 
tiplicity of the secondary charged particles. When 
ng = 0 or 2, it is not symmetric, and when ng = 4 
or 6, the distribution is practically isotropic. 

In Figure 5b, the c.m.s. angular distribution is 
given for ™ mesons produced together with a A° 
hyperon. It is seen that the 7 mesons are emitted 
preferentially forward in the case of low multiplic- 
ity (ng =2). The ratio nq-forward/"1~ backward 
is 1.7 + 0.5. When ng = 4, the anisotropy in the 
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distribution is less marked, although the statistics 
here are poor and it is not possible to make a 
quantitative estimate. A qualitative comparison 

of the distribution of ™ mesons produced together 
with A° hyperons indicates that they are of the 
same character. The behavior of the 7 mesons 
produced in both types of interactions is of the 
same character as the behavior of K® mesons. 

Birger et al.,° Maenchen et al.,® and Belyakov 
et al.,? who studied multiple production in 1-p 
collisions, obtained similar results. It was estab- 
lished that the proton travels in the same direction 
as it did prior to the interaction, i.e., it travels 
backward in the c.m.s., while the ~ mesons are 
emitted forward in the case of low multiplicity and 
are distributed approximately isotropically as the 
multiplicity increases. The m -meson momentum 
distributions in ordinary multiple production® and 
in production together with a A° hyperon are very 
similar. This is plainly seen from Fig. 6. On the 
basis of the similarity in the momentum and angu- 
lar distributions, we can consider, as a first ap- 
proximation, that the A° hyperon and nucleon (as 
baryons) are in one group and the K and 7 (as 
mesons) are in another group. 

The character of the A°-hyperon angular dis- 
tribution is connected with the A° momentum dis- 
tribution. Since a very small part of the A° hy- 
perons are emitted forward, it may be ex- 
pected that the probability of a large momentum 
transfer during the collision is small, i.e., the 
spectrum of A° hyperons emitted forward is soft. 
From Fig. la, it is seen that this is in agreement 
with our experimental results. 

4, Transverse momenta. One of the interesting 
facts is, perhaps, that A? hyperons and nucleons 
in inelastic interactions without the production of 
strange particles have the same distributions and 
the same mean transverse momenta independently 
of the multiplicity. In references 5 and 9, the 
transverse momenta were measured for protons 
for various multiplicities. Within the limits of 
experimental error, the values of the transverse 
momenta coincide with our results. 

The calculated rms transverse momentum for 
A° and K°® particles is approximately equal to 400 
Mev/c. Using the uncertainty relation ApAr 
>i, we can estimate the radius of the region of 
interaction responsible for the production of 
strange particles: Ar => h/Ap ~ h/3m,c = 4 
x 1074 em. 

It is interesting to note that the dimensions of 
the region of interaction in the case of strange- 
particle production and in ordinary multiple pro- 
duction almost coincide. 
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The £* and y spectra of Zn**, which possesses a half-life of 37.6 + 0.3 min, were investi- 
gated. The 8* spectrum consists of five components with end-point energies of 500, 1020, 
1400, 1710 and 2360 kev. The observed 680-, 970-, 1350-, 1430- and 2300-kev y transitions 


agree on the whole with the £* spectra. 


‘Tere have been relatively few investigations of 
zn® to date.1-4 These investigations have estab- 
lished the presence of three partial B* spectra. 
The Zn°* was investigated by using copper targets 
of natural isotopic composition. 

We used enriched targets containing up to 98.1 
percent Cu® to investigate the B* and y spectra 
of the Zn® obtained from the reaction Cu® (p, n) 
zn®?, The irradiation was in the 120-cm cyclotron 
of the Nuclear Physics Institute of the Moscow 
State University with 6.7 Mev protons for several 
minutes. The investigation of the Zn®* spectra 
began 3 — 5 minutes after the irradiation. 

The £* spectra of Zn** were investigated with 
a B spectrometer with a thin magnetic lens with 
an end-window £8 counter. The Fermi plot of the 
obtained B* spectrum (Fig. 1) can be resolved 
into five linear sections, corresponding to the in- 
dividual B* spectra with end-point energies 500 
+ 30, 1020 + 30, 1400 + 30, 1710 + 30, and 2360 
+ 30 kev. The relative intensities of these partial 
B* spectra are respectively 2, 10, 10, 10, and 68. 

The y spectrum of the zn®? was investigated 
with a luminescence spectrometer. The pulses 
from the FEU-1S photomultiplier with NaI(T1) 
crystal were fed to the input of a 100-channel 
pulse-height analyzer type AI-100 (‘‘Raduga’’). 
Figure 2 shows the y spectrum of zn®? we ob- 
tained. In addition to the intense annihilation peak, 
y lines with energies 680 + 10, 970 + 10, 1350 + 20, 
1430 + 20, and 2300 + 30 kev were observed. In all 
probability, a y line with energy 1540 + 20 kev is 
also present. The half-life measured by the anni- 
hilation peak was found to be 37.6 + 0.3 minutes, 
the same value as obtained for the remaining y 
lines, within the limits of experimental error. 

Our experimental data on the B* transitions 
differ from those of Huber et al.,/ who indicated 
only £* transitions with end-point energies 470, 


(NaF) 


FIG. 1. Fermi plot for ” 
the positron spectrum of 
Zn*°*, N-number of posi- ji \ ¥ 
trons registered by the 
spectrometer, F — Coulomb 
factor, J —current in the 
spectrometer lenses. 
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FIG. 2. y spectrum of Zn®. 


1400, and 2360 kev. Recently Ricci et al.* pro- 
posed a probable decay scheme for zn**, starting 
out with the energy and relative intensity of the y 
rays. In the opinion of these authors, B* transi- 
tions with end-point energies 950 and 1700 kev, 
close to those obtained by us, should exist in addi- 
tion to those indicated by Huber et al. Thus, the 
g* transitions which we observed apparently con- 
firm the decay scheme given in reference 4. 
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The angular distributions of 13.6-Mev deuterons elastically scattered on U, Bi, Cd, Zr, Nb, 


Zn, Ti, Si, Al and C nuclei are measured. 


Wz measured the angular distributions of elas- 
tically-scattered deuterons on several nuclei using 
the extracted 13.6-Mev deuteron beam from the 
cyclotron of the Physics Institute of the Academy 
of Sciences of the Ukrainian 8.S.R. The measure- 
ment procedure and the target-preparation tech- 
nique were described earlier.'*? The half-width 
of the elastic peak amounted to 2.0 — 3.0 percent 
(at angles up to 90°). The statistical measurement 
errors did not exceed one percent. Since the de- 
viations from Rutherford scattering take place in 
the case of aluminum, silicon, and carbon even at 
small angles, we measured the absolute cross 
sections of these nuclei for angles 45 and 55°. 

The measurement results are shown in the 
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figure. The arrows indicate the values of 0 =QOer 
at which nuclear interaction begins to come into 
play. 

An attempt to compare the angular distribution 
for zine with the optical model with rectangular 
well (dotted curve) yielded no agreement with 
experiment. For this curve we assumed the fol- 
lowing parameters: Vy) = — 50 Mev, Wy = — 10 Mev, 
ry = 1.27 x 10°78 cm. One might think that the intro- 
duction of a potential with rounded edge gives 
better results, since Melkanoff et al., using such 
a model, obtained satisfactory agreement with ex- 
periment for aluminum at Eg = 15 Mev in the 
angle range up to 100°.° 
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Results of measurements of the relative intensities of y transitions from the 1221.8-kev level 
in W?® to the levels of the ground rotational band are presented. The intensity of the 892.4- 
kev transition is found to be smaller than that computed according to the theory for axial nuclei 
as well as that computed according to the theory for nonaxial nuclei. 


lk. In the decay of Ta!® to w'8?, the transitions 
shown in Fig. 1 occur. The 1221.8-kev excited 
state of W!® is formed in most of the decays. It 
is a 2* level as shown by the following experimen- 
tal data: 
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FIG. 1. Decay scheme. 


a) On the basis of internal conversion coefficient 
measurements,! the transition from the 1221.8-kev 


level to the ground state of W1®? is an E2 transition. 


b) Investigation? of the yy angular correlation in 
the 67.74 — 1221.8 and 67.74 — 1121.6 kev cascades 
shows that the spin of the 1221.8-kev level is 2. 

c) The 1221.8-kev level is produced by Coulomb 
excitation.® 

The 1221.8-kev state can decay to levels of the 
lowest rotational band —transitions A, B, and C 
in Fig. 1. The transitions C and B to the ground 
state and 100.09-kev level are well known; they 
are the most intense of the high-energy y transi- 
tions. In this work we are concerned with the com- 
peting 892.4-kev transition A. 

An 892-kev line was observed in 1950 by 
O’Meara? in the photoelectron spectrum. In 1955, 


the information’ appeared that Fowler had also ob- 
served this line in the photoelectron spectrum. 
However, in the article itself to which reference 
had been made® there was no such indication. In 
1959 in a study of the y spectrum of Ta!® on an 
elotron,’ an upper limit of 0.017 was established 
for the ratio of the intensities of the 892.4- and 
1221.8-kev y rays. 

In the conversion spectrum of Ta‘*”’, the line 
corresponding to this transition has never been 
observed. Gvozdev, Rusinov, and Khazov® made 
a special search for this line in the conversion 
spectrum and did not find it. From their work it 
follows that Kggo 4/Kj201.3 = 0.02. 


In 1959 Gallagher, Newton, and Shirley found a 
K-conversion line in the spectrum of Re!®*, which 
also decays to W!® with a 13-hour half-life; this 
line was from a transition with nearly the same 
energy, hy = 894.7 + 0.8 kev, and had a large in- 
tensity, Kgg4.7/Ky221.3 = 2/3. Such an intense line 
could not have escaped notice in the work of Gvoz- 
dev, Rusinov, and Khazov.® 

On the other hand, Gallagher, Newton, and 
Shirley’s experiments’ show that the relative in- 
tensity of the corresponding y transition is 0.35 
if the 894.7-kev y is an E2 transition or 0.16 if 
it is M1. Such an intense line could not have re- 
mained undetected in the work of Voinova, Dzhele- 
pov, and Zhukovskii.’ We therefore conclude that 
the 894.7-kev transition found by Gallagher is not 
connected with the 1221.8-kev level in W'®. 

The question of the intensity of the 892.4-kev 
transition in the Ta!®* decay remains unanswered. 
Meanwhile, knowledge of the intensities of the com- 
peting transitions A, B, and C is important both 
as a check on current theories and for discovering 
the nature of the 1221.8-kev state. 

2. With the new magnetic spectrometer of the 
elotron type, constructed at the Metrology Institute, 
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we have reinvestigated the portions of the y spec- 
trum in the energy ranges 850 — 910 kev and 1100 
— 1250 kev. The higher resolution (1.2% at 1 Mev) 
of this spectrometer, as compared to the previous 
one,’ and the lower background allowed us to lower 
the upper limit on the ratio of the intensities of the 
892.4-kev and 1221.8-kev y rays. 

Figure 2 shows the electron spectrum in the re- 
gions studied. The background, which in the energy 
range 850 — 910 kev is practically constant at 0.04 
count/min, has been subtracted from the experimen- 
tal points. The signal that remains after subtraction 
of background can be attributed to the tails of the 
hard lines, which in this region contribute about 0.1 
count/min. From our results it follows that the in- 


tensities of the y rays satisfy 
T (%s92.4)/1 (Y1201.8) < 0.006. 


3. In the theory of nonaxial nuclei developed by 
Davydov et al.,!%»!! the intensity ratios of the tran- 
sitions A, B, and C are determined uniquely. 

The energy ratio of the two spin-2 rotational 
levels gives y, the parameter characterizing the 
nonaxial nucleus, according to the formula!® 


E (2; /E (2; = + V9 — 8sin? 3y) V1 — V9 — 8sin? 8y)]. 


(27 is the first 2* level, counting from the ground 
state). Setting E(2{) = 100.092 kev and E(2}) 
= 1221.8 kev,’® we find that y = 11.40°. 

Using the formula for the reduced transition 
probability from Davydov’s review, we calcu- 
lated the relative intensities of the 1221.8-kev 
and 1121.6-kev transitions (see the table). 

The formula for the reduced transition proba- 
bility for the 27 — 4f transition is not given in the 
papers of Davydov et al.; only an approximate value 
for the reduced probability for the 4f — 2} transi- 
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FIG. 2. Electron spectrum: a— the 
region which should contain the 892.4-kev 
line; the upper curve is the expected form 
of this line under the assumption that its 
intensity is 1% of the intensity of the 
1221.8-kev line; b—the spectrum in the 
1100—1250 kev region. 
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tion is given." However, according to a private 
communication from Davydov, for y = 11.4° the 
exact valueis 15 per cent higher. The 23 — 4; 
transition probability is higher by a factor (2I¢+1)/ 
(2,+1)=9/5 (Ig and Ij are the spins of the final 
and initial states in the transition). The relative 
intensities calculated in this way are given in the 
table. They differ appreciably from the experi- 
mental result. 

Recently Davydov and Chaban,‘ in order to ob- 
tain better agreement of theory with experiment, 
have proposed a ‘‘nonadiabatic’’ correction, i.e., 
one that accounts for the change of shape of the 
nucleus caused by its rotation. In this theory, 
besides the parameters 8 and y, characterizing 
the nuclear shape, there appears a new parameter, 
yu, Characterizing the ‘‘stiffness’’ of the nucleus. 
To determine y’ (the new ‘‘nonadiabatic’’ y) and 
#4, One must know the energy ratios for three levels, 
for example, 27, 27, and 47, or 27, 2; and 6f. 
The corrections to the reduced transition proba- 
bility can be made after y’ and yw have been com- 
puted; for small » this amounts to replacing the 
old ‘‘adiabatic’’ y by y’. Using the above energy 
values for the 2[ and 27 levels and 329.36 kev for 
the 4{ level, we found y’ = 11.19° and p = 0.186. 
Using the same values for the 2/ and 23 levels 
and 680.38 kev for the 6{ level, we found y’ = 11.21 
and yp = 0.181. Thus the values derived from the 
positions of the 4{ and 6} levels are in excellent 
agreement. For y’ = 11.20°, the relative intensi- 
ties of the competing transitions are almost the 
same as for y = 11.40° (see table). The disagree- 
ment with the experiments on the 892.4-kev line is 
essentially unchanged. 

4. In the theory of axial nuclei developed by 
Alaga, Alder, Bohr, and Mottelson," the relative 
intensities of the transitions A, B, and C depend 
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on the quantum number K of the 1221.8 kev level. 


The reduced relative intensities calculated accord- 


ing to reference 15 for K=0, 1, and 2 are given 
in the table. K=0 and K=1 are completely ex- 
cluded by the experimental data. For K = 2, the 
theory of axial nuclei gives results which are 
closer to the experimental data, but still outside 
the limits of error. 

Not so long ago Hansen, Nielsen, and Sheline!® 
proposed that the relative intensities of the transi- 
tions should be corrected by considering the mix- 
ing of K = 2 states into the K = 0 band and the 
mixing of K=0 states into the K = 2 band. This 
mutual mixing is characterized by a parameter z, 
which is the same for all states in a band, and 
which must be found experimentally. We can de- 
termine z so that the relative intensities of the 
1121.6 and 1221.8 kev transitions agree with ex- 
periment; this gives z = 0.046. Then the relative 
intensity of the 892.4 kev transition increases 
from 1.46 to 3.2 (see table). Thus, this correction 
increases the discrepancy between theory and ex- 
periment. 

5. We should mention that the enigmatic ab- 
sence of the 2; — 4; transition is not a general 
rule. For example, in the Tb'® — Gd and 
Ho!®9 _. py! decays transitions of this type are 
observed!!,16,!" with an intensity approximately in 
agreement with both theories; the experimental 
ratio of the reduced transition probabilities, 
B(E2, 23 — 4[)/B(E2, 27 — 27), are 0.12 for 
cd156 and 0.08 for Dy'®°; the theory of nonaxial 
nuclei gives 0.095 and the theory of axial nuclei 
gives 0.080 —0.087 (for z = 0.04—0.05). 
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The temperature in the lightning channel was measured by a spectroscopic method with the 
help of the N II and O II lines and a value T ~ 20 000° was obtained. This value is in good 
agreement with the results of a calculation based on the hydrodynamic theory of development 
of the spark channel. The hydrodynamic model was further used to calculate the force of the 
thunder, i.e., the pressure on the front of the shock wave. Excess pressures are obtained 
which in a number of cases may lead to destruction of objects located a few meters from 


the lightning. 


W: report in this paper preliminary results of 
spectroscopic measurements of the temperature 
of a lightning channel in the high-current stage, 
and of calculations of the pressure on the front of 
the shock wave produced by the lightning. 

Many papers dealing with the spectrum of light- 
ning have been published;! so far, however, its 
temperature has not been measured nor have the 
pressures produced by the thunder been calculated. 

The conditions under which the lightning channel 
is produced and the state of the plasma in it are 
similar to the those in the channel of a condensed 
spark discharge in air, which have been thoroughly 
investigated in our laboratory. This enables us to 
identify the thunder with the shock wave produced 
by the rapid expansion of the channel,’ and to cal- 
culate the pressure on the front of the shock wave 
(thunder ) in analogy with the procedure used for 
the spark discharge.® 

In the ordinary laboratory spark discharge, 
produced at atmospheric pressure, the concentra- 
tion of the electrons is Ne = 10!’ cm™. At these 
values of Ne, the excited levels of the atoms and 
ions have a Boltzmann distribution which sets in 
within ~107’ sec. Asa result, the channel plasma 
emits Kirchhoff-law‘ radiation practically during 
its entire lifetime. The gas temperature reaches 
the electron temperature Te = Tj = T within 
~10* sec (reference 5), and can therefore be de- 
termined spectroscopically from the atomic lines. 
The same conclusions apply to lightning; the con- 
centration of the electrons in the lightning channel, 
as follows from estimates based on the widths of 
the Hq and Hg lines in the lightning spectra 


which we investigated, is of the same order of 
magnitude. 


Let us assume that the temperature is constant 
over the channel section. Then, by Kirchhoff’s 
law, the radiation intensity at a frequency w is 
given within the limits of the spectral line by the 
expression 


I (o) = 1, () (1 —e “*), (1) 


where I) (w) is the intensity of black-body radia- 
tion at the channel temperature, 7 is the channel 
diameter, and ky is the plasma absorption coeffi- 
cient for the frequency w. 

In the case of a line broadened by collisions and 
by the Doppler effect, we have 


+oo 
a exp (— y*) 


Ry = (202/mc) (Nf/Ao,), Of 2 (o — @,)/Ao g, (2) 


Here ky is the coefficient of absorption at the 
center of the line in the absence of broadening by 
collisions, a =Awce/Awd where wWq is the Doppler 
width of the line and we is the line width due to the 
collisions .* 

Let us estimate the optical thickness of the 
plasma for different portions of the line. The 
estimates given below pertain to the 3995-A 
line N I. 

Assuming T ~ 2x 10‘ deg K and X ~ 4000 A, 
we obtain for the nitrogen ions Adg = 0.06 A. 
Estimates and measurements of a laboratory 
spark show that Adc ranges from several tenths 
of an angstrom to several angstroms. Assuming 
Np ~ 10" cm and a channel diameter 7 ~ 10 cm, 


*When N. = Nj ~ 10’’ cm™, the statistical line skirt can be 
neglected for a line with a quadratic Stark effect. 
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Table I. 
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we obtain the values of k,,/ listed in Table I. It 
follows from this table that, at least within + 0.5 A 
and perhaps also at greater distances from the 
center of the line, the optical thickness of the 
plasma is in practice appreciably greater than 
unity. Consequently, the lightning channel radiates 
as a black body in the central portion of the line. 
By photographing the spectrum with a spectro- 
graph having an apparatus function width =1A 
and measuring the relative intensity at the center 
of the image of each of the lines with different A, 
we can determine the temperature of the channel 
from Eq. (1). 

We have photographed the lightning spectrum 
with the spectrographs SP-48 (operating range 
3800 — 6800 A, dispersion 80 — 95 A/mm) and 
SP-49 (operating range 2600 — 3800 A, disper- 
sion 76 — 80 A/mm). The slit was 0.1 mm wide. 
These instruments yield a strong reduction, and 
the width of the apparatus function, measured 
against the neon and mercury lines and the lines 
of the lightning spectrum, amounted to ~1 A. The 
lightning spectrum was photographed at night. At 
the beginning of the thunderstorm the spectro- 
graphs were aimed at the center of the storm area 
and were then made to follow the motion of the 
storm. Each spectrogram is thus the result of the 
superposition of light from several lightnings and 
corresponds to the entire duration of each dis- 
charge. Almost all the photographic density was 
produced by the direct light from the lightning 
channel, and not by the light scattered in the 
clouds; this was verified by aiming the spectro- 
graph on a portion of the sky illuminated only by 
the scattered light from the lightning. 

The photographs were produced with Pankhrom 
X and type ‘‘D’’ films, of sensitivity 1200 — 1500 
GOST units. The film was pre-exposed prior to 
use to a density S = 0.2 to increase the sensitivity 
(by a factor 3 — 4). The density markers used 
were photographs of a 9-step wedge, obtained with 
the aid of a blue filter. To determine the spectral 
sensitivity of the film, the spectrum of a lumino- 
phor of known intensity distribution was photo- 
graphed. The density and spectral-sensitivity 
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Table II. 


Channel temperature (°K) deter- 


ee mined from the spectrograms 

pair : —— a 

> (A) | Ne 1 Ne 2 Ne 3 No 4 | Average 

| | 

NGS O45 eaten Bones AD 
NI nOqR 20000 | 31000 | 23000} — 25000 
NIT 5045 aya 5 = DANN Sva 
NIT 4447 16000 | 25000 | 17000 | 22000} 20000 
NII 4447 | ,, ey ia 
OIL 3857 | {4000 | 21000; — = 18000 


Average 21000 


markers were photographed on a section adjacent 
to the working section of the film and subjected to 
the same exposure as the working section; both 
sections were developed simultaneously.* 

The density of the film was measured with an 
MF-4 recording microphotometer. The background 
was measured on both sides of the line and was al- 
lowed for in the usual manner. The spectrograms 
were calibrated against the mercury and neon 
spectra; the lines were identified with the aid of 
the Moore tables. 

A total of nine spectrograms was processed. 
We identified and measured the positions of some 
100 lines of which approximately one-half were 
not previously observed. The majority of the 
lines belongs to neutral and singly-ionized atoms 
of oxygen and nitrogen. The observed lines with 
wavelengths 5600, 5471, 4542, and 4058 A possibly 
belong to the ions of greater multiplicity (O II, 

O V, and N III). However, this identification is 
very unreliable. Several edges of the N; bands 
are also observed; the continuous spectrum is 
relatively intense. 


Table II. 
Relative pressure on the front of the shock 
Current growth wave, kg/cm 
rate 
k(cm)=5 50 | 500 
| _ | 
30kA/10 psec} 94 | 9,2 | 0.9 
30kA/100 psec] 9.5 (0,25 | 0.02 
30kA/100 psec 2.8 Shock wave Shock wave 
turns into turns into 
| sound wave sound wave 


To determine the channel temperature we 
measured the lines N II 3995 A, N II 4447 A, 
O II 3857 A, and N 115045 A. The measurement 
results are listed in Table II. The difference in 
the numbers should probably be attributed to the 


*The use of the average contrast factor for the entire 4000— 
5000 A region does not, as shown by special estimates, intro- 
duce any appreciable error in the temperature measurement. 
Likewise, with the types of film employed, the error due to the 
difference in the exposure of the lightning spectrum and the 
density markers, resulting from violation of the reciprocity law, 


is relatively small. 
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measurement error, which is very high and 
amounts to ~5000°. The value T ~ 20 000° ob- 
tained for the channel temperature apparently 
characterizes a certain average stage of the dis- 
charge. The final stages and the peripheral por- 
tions of the discharge have obviously a lower tem- 
perature, as evidenced by the presence of OI, N I, 
and Nj bands in the spectrum. The initial stages 
of the discharge have probably a somewhat higher 
temperature.* 

The temperature obtained is in good agreement 
with that estimated by the Braginskii formula,’ 
which is based on the hydrodynamic theory of de- 
velopment of the channel: 

T = 4.35pj" (Jt_“) 
Here py is in units of 1.29 x 10° g/cm, J is in 
kiloamp, t is inpsec and T inev. Taking as 
typical values J ~ 30 kiloamp and t = 100 — 1000 
usec,® we obtain T = 16,000 — 25,000°. 

We can now apply the hydrodynamic theory of 
development of the spark-discharge channel to the 
calculation of the other parameters of the lightning 
channel, particularly the radius and the pressure 
of the shock wave. We assume, following 
Braginskii’s calculations, ' that the current in the 
lightning varies as J ~ t?/*, and that the conduc- 
tivity of the channel is practically constant at o 
=2~x 10 cgs esu. Then, assuming no loss to 
radiation, the Drabkina formulas? yield the follow- 
ing expression for the radius and velocity of the 
shock-wave front: 

“aa J ha Tee, 


2) 


r= 1.11 yp, Wee 55D 10Sy Go yt) 
Here r is in cm, a in cm/sec, J in kiloamp, t 
in psec, and py in units of 1.29 x 10% g/cm®. The 
coefficient 7 defines the ratio of the energy re- 
quired for the translational motion of the gas to 
the total energy released in the channel. Accord- 
ing to Taylor’s calculations for a spherical shock 
wave,’ 7 = 0.1. Gegechkori? calculated n = 0.2 
for a cylindrical wave from a laboratory spark 
discharge. 

The pressure on the front of the shock wave is 
connected with the velocity of the front by the 
relation 


*The temperature of the channel of the laboratory spark dis- 


charge in air amounts to 35 000° at the initial stages of the dis- 


charge.* Mak’s measurements® have shown that when the wave 
front of the current of the laboratory discharge is varied over a 
wide range, the discharge temperature remains practically con- 


stant. One can therefore assume that in spite of the considerable 


differences in the parameters of the discharge circuits of the 
lightning and of the laboratory spark, the lightning temperature 
in the initial stage also amounts to 30 000—35 000°. At the 
present time we are setting up experiments on the measurement 
of the lighting temperature with time sweep. 


Yu. Na ZHIVinvUn pando. 
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2p9a" x 


aaa era 


— | 
Po: 


where py is the atmospheric pressure and y the 
adiabatic exponent. Carrying out the calculations 
for a lightning with J ~ 30 kiloamp, and assuming 
that this value is reached within t = 10, 100, and 
1000 psec, respectively, we obtain the values of 
pr listed in Table III. 

Thus, at an average current growth of 30 kilo- 
amp/100 psec, considerable pressures are de- 
veloped on the front of the shock wave, and conse- 
quently the thunder can seriously damage objects 
located at a distance up to several meters. By 
way of an example we indicate that, in accordance 
with the handbook data, !° an excess pressure of 
0.07 kg/cem? acting on the entire surface will 
shatter a window pane, 0.14 kg/cm? will damage 
frame buildings and telegraph poles, 0.365 kg/com? 
produces cracks in 9-inch brick walls, etc. 

The lightning spectra were obtained in the 
summer of 1958 at the Zvenigorod Station of the 
Institute of Atmospheric Physics, Academy of 
Sciences, U.S.S.R. 

We are grateful to the associate of the station, 
V.S. Prokudina for help with this work, to V. I. 
Krasovskii for affording us the opportunity to 
work at this station, and also to the associate of 
the Physics Institute of the Academy of Sciences, 
I. P. Tindo, for participating in this work. 
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The effect of the recoil on the two-particle interaction energy is considered for the case of 


a scalar field theory. 


hss us consider a system of two nonrelativistic 
particles which interact with each other through a 
scalar boson field. The energy operator of this 
system can be written in the following form 

(i= 1): 


| 2 1 2 + 
VR 2u Vr +W (r) We SS OA, Ap 
r k 


ikR 


See Vane a, | (1) 
where a, and ag are the operators of second quan- 
tization; M and wu are the total and reduced masses; 
R is the coordinate of the center of mass; W(r) is 
a given potential as a function of the relative dis- 


tance r; the function V;,(r) has the form 


Ve). tn fexp (i a kr) EE? (= é M kr)} 2 


The problem consists in the enumeration of the 
eigenvalues of the operator (1) for arbitrary values 
OL: 

We perform the canonical transformation 


(3) 


k 


5 Exp 2 (agin (r, R) — an fr (Fr, R)) 


and assume that the auxiliary function f, satisfies 
the supplementary condition 


evi — eV) = 0, 
k 


which is valid in both the coordinates R and r. 
After averaging over the vacuum state (ap by = 0), 
the transformed energy operator has the form 


Piet en is 
LD, SHSO)) = Hy + D onl fal? + oM D1 Vall 
i h k 


oH = Di Vefal? + Dy Vabne*® + Vifne =), (4) 
i k R 
where Hy denotes the first three terms of the op- 


erator (1). 
We shall seek the minimum of the energy for 


the class of functions ¥(r,R) = 2(R) yp (r). Set- 


ting the functional derivative of the energy with 
respect to the functions ff equal to zero, we ob- 
tain for the function 


Px (7, R) = Tr (r, R)/Q(R) (vr) 
the following equation 


v2Q 
Qo 


2 F | 
Vr Pr + OrPR 2M Pr 


‘ie { 
2M VR Pk Zu 
= — gQ (R) e-*® wp (r) Vi (1), 

The solution of Eq. (6) is of the form 
—_ NI Uy (R) One (r) An Ons 
Pr (r, R) = Za) ee -- E, ale Oy, ’ 


n,n’ 


where the coefficients ay and by are given by 
dy = \ us (R)e~ #8 Q(R)AR, 

i = \ Un (r) Vp (nr) (r) dr, (8) 
and uy and vy are the eigenfunctions of the equa- 
tions 

LI y2@ 
2M Q- 


iki apes, 
2p) Yee ol Op Oe 


{ . 
2M VR Un a Un = 1B Un, 


(9) 


On = Erdos 


The indices n and n’ in the expressions (7) — (9) 
stand for a set of three indices: n = (nj, Ng, n3) 
and n’ = (nj, ng, n3). 

Since we require the ground state of the system, 
we choose the functions 2(R) and ~(r) in the 
form!-3 


Q (R) = (a/n)’s exp (— aR?/2), 


sp (1) = (B/a)" exp (— 87/2). 


(10) 


For this choice the functions uj and vy will be 
eigenfunctions of the harmonic oscillator, where 


E, = aM (ny + te +s), Ey = Bed (n, +n, + N,). 


The summation of the series in (7) can be easily 
carried out, following Gross,” by using the integral 
transformation 
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342 A. 
a =| exp (— sa) ds. 
0 

With the help of the known formula for the statis- 
tical matrix of the harmonic oscillator,* we then 
obtain, using (5) and (10), the following expression 
for f,: 

fe (r, R) = — e717, dso oh Fi” ER: ©) 
SAM | ly a 


0 


k om m Bs 
x1 F (/——-—-; kr; 
VB M M | 
F | a mz, 


2 
1) 


mz , 
Me Kran 


F (a, y, 2) = exp |— 7 471 — e-%) — tye}. (11) 
The supplementary condition for the function 
fx(k, R) is satisfied. Using the equation for fk, 


we can show that the energy is equal to 
E = (Ho + Di Wa (r) e#R f(r, RY. 
Rk 


Substituting (11) in (12), we obtain, e.g., for 
10a) = Mo — 10a) 


(12) 


[ee) 


E = (Hy) — 22° >, fea \ ds exp (— S;) 
k 


> exp|— il = een dy {exp |- ar (p= e~fsiH) | 


(13) 


V. TULGSB 


In the case of weak coupling, expression (11) goes 
over into the expression obtained by Haken.° 

As an example for the application of expression 
(13), we consider the problem of the interaction of 
an exciton with longitudinal optical phonons [W (r) 
= —e*/n*r, where n is the refraction index of 
light ]. Assuming that a «1 and ww/B « 1, we 
find (see also reference 3) 
E = 38/4 — 2en™? (8/m)'2 — 2g?aw(mw/np)?, a = 0,76. 

(14) 

In real crystals the last term of (14) is small 
even for g* ~ 10. The approximate value of £ will 
therefore be equal to 16y2e4/9mn4, which guarantees 
the validity of the inequality uw/B <« 1. 

If the trial functions Q(R) and #~(r) are chosen 
of the form (10), the expressions (11) and (13) give 
the exact solution to our problem. 
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The polarization of photoneutrons emitted in the reaction Be? (y, n) Be® is determined for 
circularly polarized y quanta. It is shown that for certain neutron emission angles the 


polarization is as high as ~ 50 percent. 


Ir is well known that an investigation of the polari- 
zation of photoprotons or neutrons, emitted by un- 
polarized nuclei, makes it possible to determine 
the circular polarization of the incident y rays. 
Knowledge of this polarization has assumed par- 
ticular importance since the discovery of parity 
nonconservation in weak interactions. 

For low quantum energies, the most favorable 
target nuclei are H’ and Be®. However, as shown 
by Schopper,! in the case of the deuteron the pro- 
tons are weakly polarized at these photon energies, 
so that a target of H? nuclei cannot be used effec- 
tively to determine the sign of the circular polari- 
zation of the gamma rays. As regards the Be? 
nucleus, the polarization of the photoneutrons re- 
leased by circularly-polarized gamma quanta has 
not yet been determined. The present investigation 
concerns the polarization of photoneutrons from 
Be? nuclei. 

The z component (in the direction of the in- 
cident y quantum ) of the polarization vector of 
photoneutrons knocked out from the Be’ nucleus 
is given by the formula 


Pz(=1) 


0.5 {1.2842 — A? — [2Aq As cos (M9 — M2) + 1-53A5] Pa (cos g)} 


A2 + 2A, Az cos (M9 — Nha) P2 (cos 8) + 2.14 A? — 0.76A5P2 (cos @) ’ 


ep 


Ao == \ Roy, Ri), redr, As = \ Row), Ruy, redr, (1) 


where 1 = Nosy) 12 = 25, = 725, are the scattering 


phase shifts, @ is the angle of emission of the 
photoneutrons. The upper and lower signs in the 
argument of P, correspond to the right-hand and 
left-hand polarizations of the gamma quantum. In 
view of the arbitrariness of the choice of axis di- 
rections, the values of Py and Py drop out after 
averaging over @. 


Formula (1) contains the scattering phase shifts 
No and n2 as well as the radial integrals A) and 
A. Using the values of the parameters??? of the 
neutron potential in the Be? nucleus, namely 
Vi,, = 12.16 Mev, Vo, = 3 Mev, and ry =5 x 1078 
/> 1/o 


cm, we can readily determine these quantities for 
a specified y-quantum energy, and thereby deter- 
mine the angular dependence of the z component 
of the photoneutron polarization vector. The fig- 
ure shows this dependence for y-quantum energies 
2, 3, 4, and 20 Mev. The choice of these energies 
is dictated by the fact that at these energies the 
effective cross section of elastic scattering of the 
He’ nucleus (which, as is well known, enables us 
to determine their polarization) is sufficiently 
large, on the order of several barns. In addition, 


Dependence of the 2 
component of the polariza- 
tion vector of photoneu- 04 
trons on the angle @ for ae 
various values of the en- 
ergy of the incident 
ee quantum (the num- ~02 47 
bers on the curves are the -04 
values of Ey in mega- -06 
volts). 
at y-quantum energies 2—4 Mev the effective 
cross section of the photonuclear process on the 
Be’ nucleus also has a maximum, and conse- 
quently the use of such y quanta is preferable 
from the point of view of increasing the overall 
effectiveness. As to the 20-Mev y quantum, we 
know that none of the other methods of determin- 
ing the sign of the circular polarization at such 
high energies are suitable, and only the photonu- 
clear reaction can be used for this purpose. 

It is seen from the figure that at some angles 
the polarization of the neutrons reaches almost 
50 percent. We note that, depending on the direc- 


A(+i) Py) 
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tion of the circular polarization of the y quantum, 1H, Schopper, Nuclear Instruments 3, No.3, 
different signs are obtained for the photoneutron 158 (1958). 

polarization (the curves in the figure correspond aT: Mamasakhlisov, J. of Phys. 7, 239 (1943). 
to right-hand polarization of the gamma quantum). 3. Guth and C. Mulin, Phys. Rev. 76, 234 (1949). 


In conclusion, we take pleasure in thanking 
V. I. Mamasakhlisov and S. G. Matinyan for useful Translated by J. G. Adashko 
discussions. 76 
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The behavior of the scattering amplitude at infinite energies is investigated on the basis of 
the unitarity condition. A relation between the asymptotic form of the forward scattering 
amplitude and the derivatives of the differential cross sections for elastic scattering with 


respect to the angle is established. 


ks the present paper we investigate the asymptotic 
behavior of the scattering amplitude at infinite en- 
ergies on the basis of the unitarity condition for all 
possible channels of a given reaction and the ana- 
lytic properties of the scattering amplitude with 
respect to the momentum transfer (reference 1).* 
We shall investigate the general case and not just 
special models of interaction, as is usually done.” 
We shall in fact use only the most general assump- 
tions of the quantum theory, and, in particular, the 
‘“optical’’ theorem,‘ which is a consequence of the 
unitarity condition. 

The investigation of the asymptotic behavior of 
the scattering amplitude for E—~»o, based on the 
most general axioms and assumptions of the quan- 
tum theory, is at present of great importance, 
since the application of the usual dispersion rela- 
tions (between the real and imaginary parts of 
the scattering amplitude )4 and Mandelstam’s spec- 
tral representations’ depends directly on the de- 
tailed asymptotic behavior of the scattering am- 
plitude. 

It is true, as has been shown earlier, that a 
formulation of the dispersion relations (between 
the modulus and the phase of the scattering am- 
plitude) and the spectral representations is pos- 
sible which does not depend directly on the exact 
asymptote of the scattering amplitude for 
E— ©; this formulation depends on information 
on the possible complex zeroes of the scattering 
amplitude,}t which can be obtained from certain 
additional reasonable physical assumptions.®»' 


*I have been informed that a similar problem has been con- 
sidered independently by M. Braun and L. Prokhorov. 

tThere exists a definite connection between the position 
of the possible zeroes and the asymptotic behavior (for E > ~) 
of the scattering amplitude, which will be considered in a sep- 
arate paper on the basis of the theory of entire functions;’ the 
latter have already been used in the quantum theory of the de- 


cay of physical systems.”* 


Nevertheless, the study of the asymptotic be- 
havior of the scattering amplitude for E— © is 
also of interest because it allows us to make pre- 
dictions with regard to experimentally measur- 
able quantities [for example, the total cross sec- 
tion o(E)] in the region of high and extremely 
high energies. Below we shall investigate the 
asymptotic behavior of the forward scattering 
amplitude f{(E). The asymptotic behavior of the 
scattering amplitude for an arbitrary angle 
f(E, 6) can be investigated in an analogous 
manner (see also footnote on page 346). 

1. Let f(E) be the forward scattering ampli- 
tude. The analytic properties of f(E) in the com- 
plex half-plane Im E > 0 have been determined 
from the most general principles of the quantum 
theory [locality, relativistic covariance (causal- 
ity )] and the spectral condition. For the asym- 
ptotic behavior of f{(E) these general principles 
only give the result that the forward scattering 
amplitude f(E) has no essential singularities 
for E—-«.4 The detailed determination of the 
asymptotic form of f(E) depends on assumptions 
with regard to the specific character of the inter- 
action (see, for example, references 2 and 3). The 
asymptotic form of f(E) obtained in this way, 
therefore, has only significance in terms of a 
model, especially in that region of the energy 
where we have no compelling reason to believe 
in the presently known models of interaction. 
Using the empirical fact that the total cross sec- 
tion approaches a constant value for E— ©, one 
usually assumes that the elastic forward scatter- 
ing amplitude f(E) has a simple pole at infinity .* 

2. We shall make decisive use of the ‘‘optical’’ 
theorem,‘ which is a direct consequence of the 
unitarity condition for the forward scattering 
amplitude: 


Im f (E) = (/4st) 6 (E) = (k/4m) oe1, (E) + (&/4%) Sines vai 
1 
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where k* = E? —y*, uw is the rest mass of the scat- 
tering particles, o(E) is the total cross section, 
Je](E) is the total elastic cross section, and 
Cine](E) is the total cross section for the inelas- 
tic processes which include all possible inelastic 
channels of the reaction and, in particular, the 
many-particle channels. We also note the inequali- 
ties 
Imf(E)>0, 3(E)>0, (2) 

which follow from obvious physical assumptions. 

To demonstrate the basic idea of our calcula- 
tion, we consider first the special case, where the 


elastic scattering involves only s waves.* In this 


case 
Sey (E) = 4n|f (E)|? (3) 


and the unitarity condition (1) takes the form 


Im f (E) = (R/40) Sines (E) + | fF (E)|?. (4) 
We now use the elementary inequality 
[f (E)P — {Im f (E)P = [Ref (E)P>0 (5) 
We substitute the expression (4) for Im f(E) 
in (5) and find 
|f (E)P (1 — k | f (E)P — (F°/2m) Oiner. (E)] 
(ih? /16n7) 0%, , (E) > 0 (6) 
Hence 
[fF (E)P LL — ke? 1 F (EB)? — (8? / 2m) Sines (E)] > 0. (7) 
Then 
(Eyal = (e4/ 20) O inet () nO) (8) 


since |f(E)| cannot vanish in a continuous half- 
infinite interval because of its analyticity. 

For sufficiently large E > yp we obtain from 
(8) with the help of (2) 


[P(E)I<E™, (9) 


i.e., if only s waves participate in the elastic scat- 
tering, the elastic scattering amplitude cannot de- 
crease faster than | E|~!. We note that Eq. (8) also 
leads to the following restriction on the asymptotic 
form of Ojnel: 


Ginet (2) 2m (10) 


The basic idea of the above-mentioned method 
of obtaining asymptotic restrictions of the type (9) 
is to make use of the fact that Im f(E) in the 
basic inequality (5) is itself determined by |f(E) | 

*This special case of the scattering of scalar mesons was 
considered in the work of Castillejo, Dalitz, and Dyson’® and 
also by Ter-Martirosyan."! 
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through the unitarity condition. This leads us to 
the important conclusion that the contribution of 
the inelastic processes to the unitarity condition 
is, in general, not essential for the derivation of 
restrictions on the asymptotic behavior of f(E). 

3. Let us now turn to the general case. The 
total elastic scattering cross section de](E) is, 
evidently, given by the expression 

cet (E) = on \ sin 0|f (E, 6) |? d0, (11) 

0 

where f(E, 6) is the amplitude for elastic scatter- 
ing into the angle 6. At the first glance it seems 
impossible to carry over the method described in 
Sec. 2 to the general case, since Im f(E) is given 
by an integral of |f£(E, @)|*, which is insensitive 
to a change of the integrand at the isolated point 
6 = 0, especially since the integrand contains 
sin 6. However, if we assume certain analytic 
properties of f(E, 6) with respect to 6, we can 
evidently hope that the above-mentioned method 
for studying the asymptotic behavior of f{(E) on 
the basis of the unitarity condition will remain 
applicable. 

As a preliminary, we note that the basic in- 
equality (5) will hold a fortiori if we discard the 
positive definite terms in Im f(E). Using (2) and 
(11), we then obtain, instead of (5), the following 
basic inequality:* 


4 
ke 


(Ee —4 [\ sin 6|f(E, 6) pas] > 0, 0,<m, (12) 


0 
which is completely independent of the contribution 
fvom the inelastic processes to the unitarity con- 
dition. 

Let us now make the basic assumption that 
f{(E, 6) is analytic in @ in the neighborhood of 
6=0. This assumption is equivalent to the fact, 
proved by Lehmann! (we admit that Lehmann’s 
proof is valid only under severe restrictions on 
the masses of the scattering particles ), that the 
scattering amplitude is analytic in the momentum 
transfer in a region which includes the physical 
scattering region. 

We expand |f(E, @)|* into a series about 
6=0, 


a* |F(E,0)|* 


EMP = Ee+ > (13) 


*According to the mean value theorem, we can use this in- 
equality to carry over some of the results regarding the asym- 
ptotic behavior of the forward scattering amplitude f(E) to the 
asymptotic behavior of the scattering amplitude for an arbi- 
trary angle f(E, 6). 


oY MP TOrMC BEHAVIOR OF THE SCATTERING AMPLITUDE 


and substitute (13) in (12): 


lher—-=| a@irme+ ¥ 2 ae ae a 0. 
ae (14) 


where A(6;) and Bx(6,) are positive functions of 
6,. A stronger inequality is 


[FE — [47 OF (E+ 24 ODIF(EE > 


kR=1 


B;, (61) 
nae 


ARIF (E, OF 
; ag® 


9 Si BxFj oF IF (E, ODP 6 | fF (E, OP J 

19 Ait oe )| a )I |> 0. 

(15) 

It is clear that for every finite E we can choose 

such a small 6,(E) > 0 that we can write down the 
following inequality instead of (15): 


R#] 


[Eye — [47 | Fe 


+ 2A (01) B (81) | f (EP 


SUED 9 a6 


ot) 

The inequalities (15) and (16) are completely 
rigorous for finite E, for the results of Lehmann! 
imply the analyticity of the scattering amplitude in 
the momentum transfer for finite energies E < ~, 
However, the possible asymptotic behavior of 
f(E, 6) for E —@ does not follow from the 
Lehmann theorem.! But if we make certain as- 
sumptions with respect to the behavior of 
ak|£(E, 0) |?/ae% for E— ~~, we can use (15) to 
find the required asymptotic behavior of f{(E, 0). 

Let us give the result in the form of a theorem: 

If the derivatives of the differential elastic 
cross section with respect to the angle at 6 = 0 
are finite for E—- ~~ as functions of the energy, 
the elastic forward scattering amplitude f(E) 
cannot increase for E— ”; moreover, 


Pp Al iE) 8: Ane 0: (17) 


The proof follows from the basic inequality (15) by 
going to the limit. 

Other restrictions on the possible asymptotic 
behavior of f{(E) can be obtained in an analogous 
way from the inequality (15), by making different 
assumptions with regard to the behavior of 
ok |£(E, 0) |2/a0K as E— ©. In fact, the basic 
inequality (15) allows us, by explicit use of the 
unitarity condition, to replace the assumption with 
regard to the asymptotic behavior of f{(E) by an 
equivalent assumption with regard to the behavior 
of the derivatives 0k |f(E, 0)|*/80K, which have 
a direct physical meaning. 

It clearly follows from the above-mentioned 
theorem that the usual assumption that f(E) has 
a simple pole for E—- ~ can only be correct if 
the derivatives of the differential elastic cross 
section with respect to the angle have a disconti- 
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nuity at 6=0 for E— ~~. This gives us a new 
experimental possibility to verify the hypothesis 
with regard to the asymptotic behavior of the for- 
ward scattering amplitude f{(E) at high and ex- 
tremely high energies. 

We also note that, together with the above- 
mentioned estimate of the asymptotic form of 
f{(E), we can also derive a lower limit for the 
asymptotic form of f(E), by using ‘‘the criterion 
of physical realizability,’’!* which is also based 
on the most general assumptions of the quantum 
theory: 

IF (E)| 2 


A> 0, 


ACE, 
(18) 


Thus we see that very general restrictions on 
the possible behavior of the scattering amplitude 
at infinite energies can be derived from the most 
general assumptions of the quantum theory, includ- 
ing the unitarity condition. To determine the de- 
tailed behavior of the asymptotic scattering ampli- 
tude at infinite energies, we must, of course, sup- 
plement the general assumptions of the quantum 
theory (necessary for the derivation of the ana- 
lytic properties and the spectral representations 
of the scattering amplitude) with specific assump- 
tions about the interactions in the chosen model. 

In this connection the following problem is of in- 
terest: what are the minimal characteristics of 
the interaction model necessary for the determi- 
nation of the detailed behavior of the scattering 
amplitude at infinite energies? 

In conclusion I express my gratitude to Acad. 

I ham Prot ye Le Ginzburg sh roteiaesL. 
Feinberg, and the participants of the theoretical 
seminar of the Institute of Physics of the Academy 
of Sciences for a discussion of this work and 
comments. 
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It is shown that the scattering amplitude for the scattering of a particle on the bound state of 


two other particles can be expressed in terms of the parameters of the two-particle problem 
and the energy of the bound state of the three particles. 


SrCHKOy and Ter-Martirosyan! have de- 
rived equations for the determination of the wave 
function of a system of three identical particles in 
the limiting case of zero-range forces. These 
equations allow one to express the scattering am- 
plitude for the scattering of a neutron on a deuteron 
with the total spin S = % for the system in terms 
of the parameters of the two-particle problem. 
Analogous calculations for the case S = Mos how- 
ever, have not been successful.’ 

For the total spin S = ¥% the wave function of 
the system does not vanish when the distances be- 
tween all particles become zero, as in the case 
when S=%. It will be shown in the present paper 
that the above-mentioned equations have a non- 
unique solution in this case.* We shall also see 
that the wave functions for different energies are 
proportional to one another in the region where 
the three particles are sufficiently close to each 
other. We must therefore choose that solution of 
the equations of Skornyakov and Ter-Martirosyan 
which guarantees that the wave functions for dif- 
ferent energies are proportional to each other in 
the above-mentioned region. This requirement 
allows us to choose a unique solution for an ar- 
bitrary energy if the wave function for a single 
value of the energy is known. For this wave func- 
tion one can, for example, take the wave function 
of tritium. The determination of this wave func- 
tion requires the knowledge of the binding energy 
of tritium. To solve the three-body problem with 
short-range forces, we thus require one more 
parameter in addition to the parameters of the 
two-body problem, as for example, the binding 
energy of tritium. 

The idea that the non-uniqueness of the solution 
of the equations of Skornyakov and Ter-Martirosyan 
can be removed by introducing an experimental pa- 
rameter is due to V. N. Gribov. 

*This question was raised by Skornyakov.* He demonstrated 
the non-uniqueness of the solution of equations of similar type 
with the help of various examples. 


In Sec. 1 of the present paper we explain why the 
equation of Skornyakov and Ter-Martirosyan for 
three identical spinless particles has no unique 
solution. We also determine the behavior of the 
wave function in the region where the distances 
between all particles are close to zero. The 
rigorous proof of the non-uniqueness of the solu- 
tion of the equation of Skornyakov and Ter- 
Martirosyan is given in the Appendix. In Sec. 2 
we prove that the wave functions for different 
energies are proportional to one another in the 
region where the distances between all particles 
are close to zero. In Sec. 3 we derive for the 
wave function of three identical spinless particles 
an equation with a unique solution. In this form 
the equation of Skornyakov and Ter-Martirosyan 
can be solved numerically. In Sec. 4 we consider 
the same problem, but take into account the spin 
and the isotopic spin of the particles. 


1. NON-UNIQUENESS OF THE SOLUTION OF 
THE EQUATION FOR A SYSTEM OF THREE 
IDENTICAL SPINLESS PARTICLES AND THE 
ASYMPTOTIC FORM OF THE WAVE FUNCTION 


It was shown in reference 1 that it is sufficient 
for the solution of the scattering problem to know 
the wave function in the region pos So, py > To; 
where p23 and p, are the Jacobi coordinates and 
rg is the range of the forces. In this region the 
wave function Wp (p23, py) can be written in the 
form of a product of the deuteron wave function 
Yo (P23) and some function Up(p;,). In the prob- 
lem of the scattering of a particle with relative 
momentum ky on a bound state of two other par- 
ticles, the Fourier component yp(k) of the func- 
tion Up(p;,) is equal to 


te (k) = (2m)% (k — ko) + 4xa (k, ko)/(k® — k2 — id); 


a (k, ko) = >)(2/ + 1) q (&, ho) P, (cos 8). (1) 


l 
The square of the momentum ie the energy of the 
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system E, and the binding energy of the deuteron 
a* are connected through the relation (we assume 
fh = M =1, where M is the mass of the nucleon) 


E = 3/ak) — a?. (2) 


The functions ajz(k, ky) satisfy the equations (b) 
of the Appendix of reference 1. 

We shall be interested in the equation for 
ag (k, Ky), since it is this equation which has a 
non-unique solution. The index 0 of the function 
ag will be omitted in the following. 

The equation for a(k, kj) has the following 
form: 


16 
a (Ryko) = = (tr, (2) + 2) Le (Ry ko) + a2(11, (P) 


sey) SLE OE? 7 (he, 8’) db (3) 
Nera BE ’ ) ’ 
where 
RoUie A242 4 kk’ — E 
Le(k, 8) = 37 Nae EE 


Yn, (k) = V3/4k? —E 


[yqy(K) = il vi,(k) | if (°4,)k? - E < 0; for the 
choice of the branch of the logarithm, see refer- 
ence 1]. We note that in the problem of the bound 
state of the three particles 


Xe, (k) = Ande, (k)/(R? — Ro), (4) 


where k? is given by formula (2) and Ey is the en- 
ergy of the bound state. The function aR, (kK) sat- 
isfies Eq. (3) without the free term. 

As will be shown in the Appendix, the homoge- 
neous equation corresponding to Eq. (3) has a so- 
lution for arbitrary values of E. The solution to 
this equation is well-defined except for a normali- 
zation factor. Therefore, the solution of the in- 
homogeneous equation (3) (if it exists) contains 
an arbitrary constant. The existence of a solution 
to Eq. (3) will also be shown in the Appendix. 

Let us determine the asymptotic form of 
a(k, kj) for large k. It is easily shown that, up 
to terms which decrease as keh the function 
a(k, ky) has the form 


GRR = > Autbolie (5) 


where the sj are the roots of the equation 


1 423) 7 s= 0) (6) 
with 
a 2 stin(@is G8) 
L(s) = “scos (5/2) * (7) 


The summation in (5) goes over all roots of Eq. (6) 
which lie in the strip | Re s|< 1. 
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To prove formula (5), we must substitute it in 
Eq. (3) and use the fact that for large k the inte- 
gral is essentially determined by the region of 
large k’. 

It can be shown that Eq. (6) has two roots in the 
strip |Res|< 1: 


Gace (Sj, Spee Ik 


Except for terms which decrease as k7!, the 
asymptotic form of a(k, kj) is therefore of the 
following form:* 


a (k, ko) ~ Ai (ky) kis» + Az (ko) R-*. (8) 


We can also compute the next term in the asym- 
ptotic expression for a(k, ky). For this purpose 
we must separate the integral in Eq. (3) into two 
parts, one of which includes the region of large 
k’ and the other, the region of small k’. For 
large k the integral over the region of small k’ 
and the free term decrease as const-k'. How- 
ever, the asymptotic form of a(k, k)) cannot con- 
tain such terms, for their substitution in the inte- 
gral in Eq. (3) would lead to the appearance of 
terms in the asymptotic expression which decrease 
as const-k-! In k for large k.t Therefore, the 
terms proportional to k~! coming from the free 
term of Eq. (3) and from the integral over the 
region of small k’, and similar terms coming 
from the integral over the region of large k’, must 
sum out to zero. Thus, except for terms which 
decrease faster than k~!, only the integral over 
the region of large k’ gives a contribution to the 
asymptotic form of a(k, ky). It is easily shown 
that, with this accuracy, the asymptotic expression 
for a(k, ky) is 


a(R, ko) = Ay (Ro) @(R, Sy) + As (Ro) P (Rk, — So), (9) 
where 
(10) 
(11) 


p(k, So) = ey + B (s0)/R), 
B (So) = af V3 fl 40 (is, = ty Var 


In principle, one of the two arbitrary constants 
A;(ky) and A)(ky) is determined by the other when 
this solution is joined to the solution in the region 
of small k. Thus it is already clear from the form 
of the asymptotic expression for a(k, kj) that the 
solution of (3) depends on a single arbitrary param- 
eter. The asymptotic expression for a(k, ky), the 


*Sinee a(k,k,) does not vanish as k + ©, the derivation of 
the equation for yp(k) given in reference 1 is not very con- 
vincing. Nevertheless, these equations are correct.® 

tThe absence of terms of the form k7* Ink in the asymptotic 
expression for a(k,k,) can be rigorously shown with the help 
of the formulas derived in the Appendix. 
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solution of the homogeneous equation corresponding 
to (3), is evidently of the same form. 

The asymptotic form of a(k, ky) for large k 
determines the behavior of the function UR(p;) 
for small py. Then we have for p.3 ~ rp and 
Pop, (elew?, ost ket) 


Ve (p23, P1) ~ Po (Pes) 


sin & 


x'{di 25 (1 + dops) tds 5 (1+ dyp,)], (12) 


where & = sq In(p;,V |E| ) and @ (p 3) is the deu- 
teron wave function. The constants dy, dy, d3, and 
d, are functions of A; and Ay». 

In the following we shall require the leading 
term in the asymptotic expression for the wave 
function in the region 


fo Ope <2, a", Ry), 

oP <= (FE |, a7, & ). 
To compute this term, we must substitute the 
main term of (12) in the integral of the equation 
which determines the wave function of the system 
in terms of the Green’s function and use the fact 
that the principal contribution to the integral comes 
from the region where all three particles are close 
to one another. The calculation shows that in this 
region the wave function is proportional to the 
expression 


We (pos, Pi) ~ [di (ko) sin € +-dz (Ro) cos El Q (pes, Pi), 


(13) 
where 
eee) (Ep), R= = (ep, + o,) — Pe Pe 
Pe3 | P13 | 1 ‘pre \ 
Q (pes, P= Sa : see les | P3 Py2 Fea) 


where (49, P93, and p43 are the distances between 
the particles and p;, p2, and p3 denote the distance 
of a given particle from the center of mass of the 
two others. The function f(x) is equal to* 

4/3 — x? 


f(x) = sh? In — 8 (x)], 8 (4) = are cos pa. 


2. CHOICE OF SOLUTION 


In order to select the correct solution from the 
set of solutions to Eq. (3), we may avail ourselves 
of the assertion, which will be proved below, that 
the wave functions for different energies are pro- 
portional to each other if p, and p23 are small. 
In particular, the wave functions of the continuous 
spectrum Wy (p93, P,) must be proportional to the 
wave function of tritium LA9¢ P23, Pi): 


*sh = sinh. 
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Ve (Pes, P1) = C (E) Ya, (Pos, Pi): (14) 


Condition (14) determines uniquely the arbitrary 
constant in the solution to Eq. (3). Indeed, it fol- 
lows from (14) that for k — 


G(R, ky) = Ch) ar (kye (15) 


For a given function aK,(k), Eq. (15) can be sat- 
isfied only with a definite value of the arbitrary 
constant entering in the solution to Kq. (3). If the 
binding energy of tritium Ey) is known, we can find 
the function apy (k) from the solution of the homo- 
geneous equation corresponding to Eq. (3) for 
B= Ey. 

Let us prove Eq. (14). The wave functions 
WE (P23, P4) and VE, (23> P1) are orthogonal, i.e., 


\We (Pes, Pi) We, (p23, P1) d? p23 d?g1 = 0. (16) 


This integral can be written in the form of a sum 
of an integral over the region R< Rp, where R? 
= ioe +(%) pi, andanintegral over the remaining 
portion of space. We shall assume here that Ry 
and the range of the forces ry both go to zero in 
such a way that rp K Ry. Then the integral over 
the region R< Ry will go to zero. The other in- 
tegral can be transformed into an integral over 
the surface R = Ry with the help of the Schréd- 
inger equation: 


(E — Eo) \ We (P03, P1) Ve, (P23) P1) d°po5 d*py 
a) 
= R*\ dQ We, (P23, Piop We (P23, P1) 


0 
— VeE(Pes, Pilap PE. (Poss e:)|| Ree? (17) 


the integration in (17) goes over the angles in the 
six-dimensional space formed by the vectors 
(Po3, V4/3 p;,). Substituting the expression (13) 
for the wave functions in (17), we find that the 
right hand side of (17) does not depend on R for 
small R and is proportional to the expression 


a 


[dy (Ro)dg (Eo) — dg (Ro) di (Eo) ] \a2 Q? (M23, My), (18) 
where ny, and n, satisfy the relation n}, + (44) n¥ = 

We see* that the right-hand side of (17) goes to 
zero for R— 0 only if 


d, (Ro) ds (Ei) — dy (Ro) di (Ev) = 9, (19) 

*If one attempts to verify the orthogonality condition for the 
wave function with the help of formula (12) of reference 1, it 
may appear that all solutions of the equation of Skornyakov and 
Ter-Martirosyan are orthogonal to each other. However, this 
result is the consequence of an illegitimate interchange of the 
orders of integration. The correct procedure leads to a formula 
which agrees with formula (18) of our paper. 
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i.e., if the wave functions Wp (p23, p,) and 
VE (P23, p;) are proportional to each other. 


3. WAVE EQUATION FOR A SYSTEM OF THREE 
PARTICLES WITH A UNIQUE SOLUTION 


We shall show now how one obtains an integral 
equation by which a(k, ky) is determined uniquely. 


Let us introduce the function 
a(k, ko) —C(E) (20) 


w(k, Ro) = a, (k); 


which, according to our earlier discussion, has the 
property 


kw (k, Ro) = LOW i eo. (2a) 
The function w(k, kj) satisfies the equation 


0 ¢ Lp (k, k') ke? 


38 ok, Ro) aa i 1 4 . : , t 
oe Oeaaee ae \ pepe Oh) dk’, (22) 
where 
3 C(E) ag, () 
he (k) = 8 in ce Lg (k, Ro) 
Df Lg (ek) at 
a Naseer. WAR =) 
0 


It has been shown in Sec. 1 that Eq. (22) has an 
infinite number of solutions. We must find that 
solution which satisfies condition (21). It will be 
evident from the following discussion that the con- 
dition that Eq. (22) have such a solution determines 
the constant C(E) uniquely. 

It follows from (22) that for k — © 


4 2 eC @ (R’, Ro) Rk’? - 2 
ee vie! ar | ee Fa saci acl 
0 
( jas 4 (Ey -+ 02) / 3 
, a 2 
x | a6) ae DEGGIE Coe 


On the other hand, the asymptotic form of w (k, ky) 
does not contain terms which decrease as k~!. The 
right-hand side of (24) must therefore be equal to 
zero. It follows from (22) and (24) that w (k, ko) 
satisfies the equation 


= O(R, Ro) / (1p, (2) + = Pg lk) 
+2 l otto rec, k') —Leg (k, ko) dk’, (25) 
where 
Op (t) = 8 (be) Ly (b, bo) — 3 ERO 
+2 SHON belt k’) dk’; 
§ (= — 2 a [ee EO 
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Equation (25) can be used for the determination of 
w(k, ky), since it does no longer contain any non- 
decreasing solutions. 

Let us now determine the constant C(E). 
this purpose we multiply both sides of (25) by 
a (k, ky) k?(k? -k?-i6)7', where &(k, ky) is the 
solution of the homogeneous equation corresponding 
to Eq. (3), and integrate over k from zero to in- 
finity: 


For 


(oe) ra! 
3 ( w@ (Rk, Ro) a(k, Ro) Rk? dk ak 


a \ Fz (k) a (ky ho) 


8 3 (i(k) + 21] (k” — k? — i6) kh” — kh? — id 
2 Pa (k, ko) Rede o (k's A o) Le (Rk, ee 9 
+= | ee S| ae (26) 
BU eet ieee bd pi? — kh — 16 
) 


Since w(k, ky) vanishes for large k while a(k, ko) 
is bounded, we can change the order of integration 
in the second term on the right-hand side of (26), 
which evidently leads to 


( f(b) a(R, ho) R 


= SS de == 0) 
Rk — kh, — 40 


(27) 


0 


From (22) and (27) we obtain the equation for 
the determination of C(E): 


a 5 ap, (Rk) 2 e Lelk, R')k 
C\ | + athzs ee pte) ae] 
0 0 
a (k, Ro) Rk? ten 3m a (ko, ko) 
a eS ae a 


From formula (28) we can obtain a relation be- 
tween C(E) and the coefficients A (Ko), Ay(Ko); 
Ay (i), and A, (Eo) in the asymptotic form (9) 
for a(k, k)) and apy (k): 


3 a (Ro, Ro) _ 
16 20 


d_ sh (Sp / 6) 
= 2C(E ess Soch (ats,12) 


[Ay (Eo) As (Ro) 


— A; (E,) A, (Ro)]- (29) * 
Formulas (25) and (28) therefore give the solu- 
tion to our problem. 


4. EQUATIONS INCLUDING SPIN AND ISOSPIN 
OF THE PARTICLES 


The preceding discussion is immediately gen- 
eralized to the case of particles with spin and iso- 
topic spin. We shall give only the results of the 
investigation of the equations of Skornyakov and 
Ter-Martirosyan, since all calculations are triv- 
ial generalizations of the corresponding calcula- 
tions for a system of spinless particles. 

To determine the wave function in the case of 


*ch = cosh; sh = sinh. 
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real nucleons, we must, according to reference 1, 
solve the following system of equations for the 
two quantities a;(k, ky) and a,(k, ky): 


[¥p, (2) 8,; — Rj) a; (k, Ro) 
hk” — 42 i§ 


Le (Rk, R’) 
J ki — ke — 10 


Mj; ((k, ky) dk’, (30) 


a 0 3 2 
{Rij} = & i) 3 ky = = (Es az); 


where E is the energy of the system, a? is the 
binding energy of the deuteron, and a2, is the en- 
ergy of the virtual singlet state of the deuteron; 


‘iM Me S/o 
\ ij} = ayn 1.) } 


Summation over repeated indices is understood in 
formula (30) and all following formulas. 

The wave function of the system in the bound 
state of the three particles is determined by the 
quantities b,(k) and bo.(k), which satisfy the 
equations (31) without the free term for E = Eg, 
where Ej, is the energy of the bound state of the 
three particles. 

Just as in the case of spinless particles, we 
can show that the equations (30) have a non-unique 
solution. For large k the asymptotic forms of 
aj (k, ky) and bj (k, ky) and the asymptotic form 
of the solution aj (k, ky) of the homogeneous 
equations corresponding to the equations (30) are 
determined by a formula which is analogous to 
(9) with the same so, and we have, up to terms 
which vanish as k—~, 


a, (k, ko) = dy (k, ko), 


b, (Rk, ko) = by (k, ko), ay (R, Ro) = a2 (k, ko). (31) 


As before, it is necessary for the orthogonality of 
the wave functions for different energies that 
aj (k, ky) satisfy for large k the condition 


a; (k, ko) = C (E) 6; (k, ko). (32) 


By the method discussed in Sec. 3 we can trans- 
form the system (30) to a system which has a 
unique solution. For this purpose let us introduce 
the function 


«; (R, ko) = a; (k, ko) — C (E) 0; (R), (33) 
which has the property that 
kw; (k, ko) ~ 0 for Rk — cx. (34) 


The function j(k, ko) satisfies the equation 


S00 
[Yp, (2) 8; = R;;] a; (Rk, ko) 
0 l ras SAG) 
pee be A Or (k) 
je) Lea ee 
«\P—ae E (R, k’) 
— Lg (k, ho) | Mo; (k’, Ro) dk’, (35) 
where 
5 Nig: k) On > OR 
H(A) = B, (bo) L, (&, ko) — He Pu = Ril 
kv — k* — if 
D Lp (k, k') 
—C(E z aia! ’ 
Si ( : ae ; Mijbj (k’) dk 
B; (Ro) — CoGe 
ie Ro 5 3 (E, +04) 
s A — ke i8 BA) (E+ 22) | en cos 3 


The constant C(E) is determined by the equa- 
tion 


dike te) cgy h Alt Hod [tng 8, = Rp) 61 
at ) kid Re — R28 
9 > Lplk, k’) Re? 
= M jib; (R') dk’ \ dk. i 
pl arom ues | et) 
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APPENDIX 


In order to demonstrate the non-uniqueness of 
the solution to Eq. (3), we rewrite it in the follow- 
ing form: 

» 
a (k, ko) = ® (k)+ \K (k, k’) a (k', ko) dk’ 


0 


+\K (k, k’) a (k’, ko) dk’, (A.1) 
N 

where K(k, k’) and @(k’) are the kernel and the 

free term of (3), and A is an arbitrary parameter. 

We shall assume in the following that 


4 > (Ro, Viel a). 

To prove the non-uniqueness of the solution to 
(A.1), it is sufficient to show that the solution to 
(A.1) for k > A can be expressed in terms of the 
value of a(k, ky) for k< A: 


A 
a (k, ko) = \ Kx (ky k’) a(R’, bo) dh” + 1 (k) -+ Cop (&, fo), 
0 (A.2) 


354 Gas: 


where the kernel K,(k, k’) and the function ,(k) 
can be computed in principle, C is an arbitrary 
constant, and y(k, ky) is some solution of the 
homogeneous equation: 
@ (k, ko) = \_K (b, b’) @ (R’, ho) dk’. - 
» 

Indeed, substituting (A.2) in the second integral on 
the right-hand side of (A.1), we obtain an integral 
equation for a(k, ky) for k<A. The limits of in- 
tegration in this equation are finite, and the equa- 
tion is therefore known to have a solution. We 
conclude that there exists a solution to (A.1) which 
depends on a single arbitrary parameter, if Eq. 
(A.2) is satisfied. 

Let us prove formula (A.2). We rewrite (A.1) 
in the following form: 


(A.3) 


a (k, ky) = ®, (k) +\ A (k, k’) a(R’, Ro) dk’ 


A 


ra \ K, (k, k’) a(R’, Ry) dk’, (A.4) 


r 


where #,(k) is the sum of the two first terms on 
the right-hand side of (A.1), 


A (k, k’) = K (k, Rk’) — Ko (k, k’), (A.5) 
Pa ee tags! k2 4p’? + ph 
Ka (8, b!) = regen ep (A.6) 


For large k and k’ the kernel A(k, k’) goes to 
zero faster than K(k, k’). 

For convenience, let us replace the variables 
k and k’ by y =A7'k and y’ = A-'k’. Then (A.4) 
takes the form 


a(y) = (y) +) Ary ¥') ay) dy’ 


1 


Gay yy 


In = ; 
OP Se op = oe) 


4 t Pees 
Saye le a(y')dy’. (A.7) 
The functions ®)(y) and A)(y, y’) go to zero as 
jy => ES, 

In solving (A.7) we shall regard the first two 
terms of this equation as being responsible for 
the non-uniqueness. For the solution we make 
use of the Mellin transform. Let us introduce 
the function 

a (s) = \ yar (y) dy, 
0 

where a;(y) = 0 for y<1 and a,(y) =a(y) for 
y>1. Then 


(A.8) 


£00 


\ y~Sa (s) ds. 
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a (y) = 55 


20 


(A.9) 


DANILOV 


The contour in formula (A.9) is supposed to pass 
possible poles of the function a(s) on the left. 

To obtain an equation for 4(s), we multiply 
both sides of (A.7) by yS~! and integrate from 
one to infinity. Then 


(A.10) 


49 =O +ray5 | os 
where L(s) is determined by formula (7) and 
6,(s) is the sum of the first two terms on the 
right-hand side of (A.7) integrated in the indicated 
manner. Equation (A.10) is valid for Re s —~ —0. 
The function 2(s) must go to zero as |Ims|—~. 
Otherwise the integral (A.9) has no meaning. 

The solution to (A.10) can be readily obtained 
by known methods. It turns out that the homo- 
geneous equation corresponding to (A.10) has a 
decreasing solution. It can be conveniently writ- 
ten in the form 


Bs s—d 1 In x (s’) , 
ao (s) re F438 XD { 55 \ See ds‘), 
2 2 4 
A Necteers E yt |; (A.11) 
0 


where the quantity sy is defined in Sec. 1 and d is 
an arbitrary parameter satisfying the condition 
|Red|> 1. It can be shown that in this case the 
expression (A.11) is independent of d. 

The function «(s) is analytic in the strip 
|Re s|< 1. The branch of the logarithm in (A.11) 
is chosen in such a way that log x (s) — 0 in this 
strip when |Im s|—- ~~. The general solution of 
(A.10) is written in the form of a sum of some 
particular solution of the inhomogeneous equation 
and the function 4)(s) multiplied by an arbitrary 
constant: 

®, (s’) ds’ 
(s’ — s) (s’ — d) dp (s’) [1 — 4L (s’) | V3] 
(A.12) 

It is easily verified that a change in the parameter 
d leads to a redefinition of the constant C. 

Let us apply the inverse Mellin transformation 
to (A.12). Instead of (A.7), we obtain then 


[o-e) 


a(y) = u(y) +9, +) Ay 9) ay’) dy’, 


1 


a (3) = Ca (9) + BO | 


—i0o 


(A.13) 


where u(y) is the solution of (A.7) with Ay(y, y’) 
= 0, and b)(y) and Ai (y, y’) are certain known 
functions with the property 

VES (y, y')|dy’ > 0 
ne 


Since, moreover, the functions u (y) 


®, (y) > 0, (A.14) 


for ’\—o, 
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and $4(y) are bounded, Eq. (A.13) can, in prin- 
ciple, be solved by the method of iterative approx- 
imations. This leads to formula (A.2). Since u(y) 
contains an arbitrary constant, the solution of Eq. 
(A.13) will, obviously, also contain an arbitrary 
constant. 

The asymptotic form of a(k Ky) can be ob- 
tained from Eq. (A.13). The resulting expression 
is in agreement with formula (9). 


EOS Skornyakov and K. A. Ter-Martirosyan, 


JETP 81, 775 (1956), Soviet Phys. JETP 4, 648 
(1957). 
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It is shown that the calculation of the statistical averages of a series of physical quantities 
can be carried out with the help of the distribution function instead of the probability density. 
The distribution function is the mathematical expectation of the particle density and is pro- 
portional to the probability density for a single particle only if all particles are absolutely 
identical. For a set of particles and antiparticles (with respect to some single property ) 

the distribution function can also assume negative values. In this case it is no longer pro- 
portional to the probability, but it can be used to compute the averages of a number of phys- 
ical quantities. It is shown that in the field theory of elementary particles the average values 
of some quantities characterizing the entire field (energy, momentum, charge, etc.) can be 
computed with the help of the corresponding distribution function. 


1. INTRODUCTION 


Ir is known that many attempts at a generaliza- 
tion or a new interpretation of the apparatus of 
quantum mechanics have led to negative or even 
complex ‘‘probabilities.’’ Thus, for example, the 
density matrix in the mixed (coordinate-momentum ) 
representation, which plays the role of the quantum 
mechanical probability density in the phase space, 
must either be complex! or a real quantity which 
can assume negative values.*** Negative ‘‘proba- 
bility’’ densities appeared to be inevitable in rela- 
tivistic quantum mechanics which includes states 
with negative energies.*»® Finally, quantum me- 
chanics in Feynman’s functional representation" in- 
volves complex (or real, but sometimes negative ) 
‘*probability’’ densities in the functional space of 
the particle paths.® 

The problem of the physical meaning of complex 
or negative ‘‘probabilities’’ also turns up in the 
new interpretation of quantum theory as the clas- 
sical statistical theory of systems which interact 
with an ‘‘imaginary’’ thermostatic oven, i.e., with 
a thermostatic oven that has an imaginary tem- 
perature, as has been proposed by one of us.?® 
Since it is possible, in all cases known to us, to 
avoid the appearance of imaginary parts in the 
‘‘probabilities’’ by an appropriate reformulation, 
the question of principal interest is that of the 
meaning of ‘‘probabilities’’ which can have nega- 
tive as well as positive values. The discussion 
of this question forms the subject of the present 
paper. 


If ‘‘probability’’ is understood as a quantitative 
measure of the possibility of the presence of some 
object or of the occurrence of some process, where 
probability one implies certainty and probability 
zero corresponds to impossibility, negative values 
of the probability have no real meaning whatsoever. 
Thus, if the quantity which plays the role of a prob- 
ability in a physical theory is not positive definite, 
it cannot be an actual ‘‘probability’’; it only fulfills 
the function of the genuine probability in the compu- 
tation of certain average values. This quantity is 
more accurately called the formal probability or 
quasiprobability. 

The quasiprobability (more precisely, the den- 
sity of the quasiprobability) is, in general, a dis- 
tribution function, i.e., the mathematical expecta- 
tion of the particle density. If the particles are 
completely identical and indistinguishable, the 
probability density function for a single particle 
differs from the distribution function only by nor- 
malization factor. However, for a set of positive 
and negative (with respect to some property, e.g., 
the charge) particles which otherwise have iden- 
tical properties, the distribution function can take 
positive as well as negative values, since it repre- 
sents the average ‘‘charge’’ density. This distri- 
bution function does not coincide with the proba- 
bility density; however, it can be used in place of 
the probability density for the computation of cer- 
tain average values. 

The appearance of negative ‘‘probabilities’”’ in 
a physical theory may therefore mean that we are 
actually not dealing with a probability density but 
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with a distribution function which plays the role of 
a probability density in the computation of average 
values of certain quantities. Let us now consider 

these questions in more detail. 


2. PROBABILITY DENSITY AS MATHEMATICAL 
EXPECTATION 


In every physical theory one always ignores 
some physicai quantities and only focusses atten- 
tion on certain chosen ones, namely, the observ- 
ables for which the theory has been formulated. 
Let X denote the set of observable quantities and 
Y, the set of ignored quantities. We can introduce 
a probability density W(X, Y) for the whole set of 
physical quantities (X, Y) in such a way that 
WdxdyY has all the properties of a probability. 
With the help of this probability density we can 
also compute the probability density for the ob- 
served quantities 

W(X) = | W(X, Yyay. (1) 
(Y) 
On the other hand, expression (1) can also be writ- 
ten in the form 


W(X) = \ Se KAW dad. (2) 
(AY) 


where 6(X-—X’) stands for the corresponding 
product of 6 functions if X denotes more than one 


variable. Now the last integral is the mathematical 


expectation of the quantity 
F =8(X —X’). (3) 


The probability density of the observed quantities 
can therefore be regarded as the average value 
of a quantity of the type (3). 

In the above-mentioned example W(X) cannot 
take negative values, since W(X, Y) = 0 and 
F =0; W, therefore, has all the properties of a 
probability density. 


3. DISTRIBUTION FUNCTION AND PROBABILITY 
DENSITY 


If the physical system under consideration con- 
sists of a set of N identical particles (i.e., the 
matter density is distributed over the three- 
dimensional space in the form of a set of N 
6-function-like maxima), its statistical behavior 
is sufficiently, completely described by a distribu- 
tion function defined as the average of the particle 
density. 

In the classical statistical theory of gases the 
distribution function is defined as the average of 


ODL 
o= >) d(r, —r)8(p, — p); (4) 


in the six-dimensional phase space of coordinates 
and momenta; r~ and px are the coordinates and 
momenta of the individual mass points. This 
means we have 


f(r, pp=so= \oW (rs, Pits Day oe ele Dy) ie 


(5) 
where W(rj,...,Pn) is the probability density in 
the (6N)-dimensional phase space. If all particles 
are identical, the function W must be symmetric 
under the interchange of the particles, and there- 
fore 


pr, p) = \d(r—n) d(p—p) Wry... Dy) Chee dp. 


(6) 
i.e., the distribution function is, according to (2), 
equal to N times the probability density that a 
single particle has the given coordinates r and 
momenta p. Thus the average value of any phys- 
ical quantity which is the sum of identical functions 
of the coordinates and momenta of the individual 
particles can with equal success be computed either 
with the help of f or with the help of W, for obvi- 
ously 


N 
> P(t 2, p,) = N\o(r1, Pi) Witiesaee D,) atiaeaape 
k=1 


=\e(r, p)f(r, p) drap. (7) 


In the computation of average values of physical 
quantities of a certain form, the distribution func- 
tion can therefore fulfill the same function as the 
probability density. It is clear that this result 
holds not only for the distribution function in the 
theory of gases, but also in all other cases (for 
example, for the distribution function in configu- 
ration space). 


4. DISTRIBUTION FUNCTION FOR A SYSTEM 
OF OPPOSITELY CHARGED IDENTICAL 
PARTICLES 


In the preceding example the distribution func- 
tion, just like the probability density, cannot take 
negative values, since always o = 0. It can there- 
fore replace the probability density in all respects, 
as it differs from the latter only by a normaliza- 
tion factor. The situation is different for a set of 
identical but oppositely charged particles. Here 
‘‘charge’’ must be understood in the widest sense, 
i.e., as a certain property which distinguishes be- 
tween particles and antiparticles which are iden- 
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tical to each other in all other respects. The 
‘‘charge’’ can thus be interpreted as the electric 
charge in the case of electrons and positrons, as 
the baryon number in the case of nucleons and 
antinucleons, and, finally, as the rest mass in the 
case of Dirac particles with positive and negative 
masses. 

Let us consider the case of a system of oppo- 
sitely charged particles. Let it contain N* posi- 
tive and N” negative particles. Together there 
are N=N*+N™ particles described by a set of 
generalized coordinates xj, X9,...XN*t, XNts1+--> 
Xy- The first N* coordinates, which can also be 
denoted by x, = xg, are the coordinates of the 
positive particles, and the remaining N” coordi- 
nates Xy+.j = Xj are the coordinates of the nega- 
tive particles. The total probability density de- 
scribing the statistical behavior of the total en- 
semble of particles must be a function of all 
coordinates: 


WA Gere atera a x) 


RUGS eae Pee oa (8) 


= W (xl, x, ,- 
Since the particles are indistinguishable, the func- 
tion (8) is evidently symmetric with respect to in- 
terchanges of particles of the same sign, but may 
not, in general, be symmetric with respect to in- 
terchanges of a positive and a negative particle. 


Hence 


Wee Nee OC eh RW (AE sae gk) ax 
+ W_(x) =\d(x—x)) 
UE ME oe comedic ire MEER ier er (9) 


i.e., the probability density for a positive particle 
is not equal to the probability density for a nega- 
tive particle. 

The role of the distribution function for the 
considered system of oppositely charged particles 
will, obviously, be played by the average ‘‘charge”’ 
density, i.e., by the average value of the quantity 


N 


p= > CRON aN): (10) 
R=1 
If we set | El | = 1, this expression can also be 
written in the form 
N+ N- 
wy, Oca, ey nO (ii) (11) 
k=1 f=1 


The average value of p is, according to (9) — (11), 
equal to 


p = NW, (x) — N_W_ (x). (12) 


SI, Wolenoaig, eal Wel. 


Pee Reel Sot 


Because of (9), this quantity can take both positive 
and negative values. 

It is easy to see that we can use the average 
density to compute the average values of quantities 
of the form 


(13) 


with the help of the usual formula for the mathe- 
matical expectation. Indeed, 


N 
F - \ > &, (%;) Wa, 2 2 Os) Xy) dx, may ace dx, 


ed 


k=1 


= \9 (x) IN,W,(X) — N_W(x)] dx = \o (x) pla) dx 
: (14) 


hence, if we substitute the quantity Ny(x) instead 
of F, the quantity p(x)/N will play the role of the 
probability density in x space. 

One might think that the situation is analogous 
in those cases where negative ‘‘probabilities’”’ 
appear. If the formal apparatus of the theory 
leads to a negative probability for some particle 
coordinate, this may indicate that we are actually 
dealing with an ensemble of particles and anti- 
particles (with respect to some property) and 
that we are actually computing the average value 
of a quantity of the type (13), and not a function of 
the coordinate of a single particle. 


5. AVERAGE VALUES IN THE FIELD THEORY 
OF PARTICLES 


If the elementary particles are regarded as 
particular solutions of nonlinear field equations 
(for example, as the particle-like solutions of 
references 9—11), only quantities characterizing 
the whole field, not those referring to the individ- 
ual particles, have a physical meaning. 

In the example considered above, such a quan- 
tity is the ‘‘charge’’ of a given volume. A theory 
which uses the distribution function instead of the 
probability allows us to calculate the average 
““charge’’ of the unit volume, but says nothing 
about the average ‘‘charge”’ of a given particle. 
In the case of a set of Dirac particles with posi- 
tive and negative masses, we can compute the 
average energy and momentum in a given volume 
with the help of the distribution function. Many 
basic average values in the field theory of ele- 
mentary particles can thus be computed with the 
help of the corresponding distribution function, 
using the same rules that apply if the probabil- 
ity density is used. The distribution function 
may take negative values; but it is not correct 
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to interpret this as the appearance so to speak 
of negative probabilities. 
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A theory based on the Fermi pseudopotential method is developed for the dissociation of 
diatomic molecules. It is assumed that the neutron energy is of the order of the dissocia- 
tion energy, and that during disintegration the molecule remains in the ground electron 
state. Under these assumptions, simple final formulas can be obtained for the cross 


sections of the processes. 
1. INTRODUCTION 


‘Tue collision of a neutron with a chemically 
bound nucleus can be accompanied by transfer to 
it of momentum that is sufficient for breaking the 
bond, i.e., for dissociation of the molecule. This 
process which has not been investigated before, 

is of undoubted interest in radiation chemistry and 
biology, and also for the theory of slowing down of 
neutrons. Moreover, calculations of the dissocia- 
tion probability of molecules by neutrons are nec- 
essary in connection with the development now 
being carried on of the method proposed by Gol’- 
danskii of molecular neutronoscopy,! which has as 
its purpose the study of the different characteris- 
tics of molecules by recording neutrons scattered 
by them. 

We shall assume that the neutrons have an en- 
ergy E of the order of the molecular dissociation 
energy, i.e., E~ 10 ev. Such energies correspond 
to a wavelength An ~ 10°? cm. This means that the 
relations Ay > A, a >A hold among jn, the range 
of nuclear forces A ~ 1073 cm, and the character- 
istic molecular dimension, by which one should 
mean the amplitude of vibrations of nuclei in the 
molecule, a ~ 10°’ cm. These relations make it 
possible to use the method of the Fermi pseudo- 
potential in the case under discussion.” 

In other words, by introducing the interaction V 
between neutrons and the nuclei of a molecule of 
type 


V = Qn? he Ai® (ta — tz) (1) 
(here yj = mjm/(mj+m) is the reduced mass of 
the neutron (m) and the i-th nucleus in the mole- 
cule (mj), Aj =aj+bj(ies) is the amplitude of 


scattering of the neutron (spin s) by the free nu- 
cleus (spin i), i-s is the eigenvalue of the oper- 
ator i-s ), we can compute the dissociation cross 
section do in the first Born approximation rela- 
tive to V, according to the usual formulas of per- 
turbation theory, for the probability of transition 
from the states of the discrete spectrum to the 
continuous: 


do =~ |W dn,.. -duado. (2) 
Here k, k’ are the wave numbers of the neutron 
before and after collision, K;...Ky are the wave 
vectors of particles which appear as products of 
the dissociation of the molecule, and do is the 
element of solid angle in which the neutron is 


scattered, 


W=aia\e | vo Wadrade, 
yw. is the reduced mass of neutron and molecule; 

Yo is the wave function of the initial state of the 
molecule, ~, is the wave function of the final state 
of the molecule which corresponds to the process 
of its decay of a definite type (continuous spec- 
trum); the symbol dr denotes integration over 

all molecular coordinates; in (2), the averaging is 
carried out over all the energetically degenerate 
states. 

For the neutron energies of interest to us, the 
formula (2) immediately admits a certain simpli- 
fication, which is connected with the fact that in 
such cases the motion of the nuclei both in the 
initial and in the final state can be regarded as 
slow in comparison with electronic motion. There- 
fore, for the functions %, %,, the adiabatic ap- 
proximation is valid, i.e., one can represent them 
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in the form of a product of electron wave functions 
and wave functions describing the motion of nuclei 
in a certain potential field which depends on their 

mutual distance. 

Inasmuch as the operator V acts only on the 
coordinates of the nuclei, then, in accord with (2), 
in the adiabatic approximation, the dissociation 
cross section of the molecule, which is accompa- 
nied by a change in its electron state, will gener- 
ally be equal to zero. Thus, it is permissible to 
limit ourselves to an investigation of dissociation 
processes for which the electron state of the mole- 
cule does not change, i.e., generally to exclude 
from consideration the electronic functions, con- 
sidering yp and 7, in (2) as the wave functions of 
the relative motion of the nuclei corresponding to 
the main electron term. Nevertheless, even under 
these simplifying assumptions, the functions yx in 
the general case of monatomic molecules possess 
avery complicated character. Therefore, we shall 
initially limit ourselves to the study of dissociation 
of diatomic molecules for which the functions d, 
have a comparatively simple form. 


2. GENERAL FORMULAS FOR THE DISSOCIA- 
TION CROSS SECTIONS OF DIATOMIC MOLE- 
CULES 


For simplicity we shall assume that the elec- 
tron state of the molecules is 1Z. Then the Ham- 
iltonian of the relative motion of the nuclei of the 
molecule is identical in the adiabatic approximation 
with the Hamiltonian of the relative motion of two 
particles whose interaction is centrally symmetric; 
consequently, the functions 7, in the given case 
are identical with the functions yx defined in refer- 
ence 3, Sec. 113, whose asymptote for r— © 
(r=r,-—r,) is itself the superposition of a plane 
wave and a converging spherical wave: 


sa : —l fr 
t= pe EH Ie wa) Pe (FS), 


Z=0 


where yx] are the wave functions of the equation 


PY ps 2BmU 14+ 1) 
or [x sa r2 Keel x 0, 


(3) 


(4) 


U is the molecular potential and ym the reduced 
mass of the molecule. The functions x,j7 are regu- 
lar for r = 0 and have the asymptote 


Xnt ~V2/asin (xr — al /2 + 6,) 


The initial state of the molecule, which has a 
vibration number n and rotational number K can 
be determined in the following way: 


MOE jp <> SO) 
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Yo= 7 (qe) oe Hn Yam), 6) 
where é = (r—ry)/a, ry is the point of minimum U, 
a =v 2h/umw is the amplitude of the vibrations of 
the nuclei in the molecule, Hy) (é) are Hermite 
functions, Mx is the projection of the moment of 
inertia of the molecule K on the axis of the mole- 
cule, 6 and ~ are angles which define the orienta- 
tion of the molecule in the center-of-mass system 
(c.m.s.) of the neutron-molecule, to which all our 
discussions refer. Equation (2) in the case under 
discussion is rewritten in the following form: 


K 
| eo 
ds= = t-  ) Wax dnd, (6) 
Mx=—K 
where 
C f(k—k’) 4, SS 
Wax = aoa\e boVp, dra dr, 
afr Zn A 
V = Qn? Gi (ta —T3) 4 - 8 (t.— r)). (7) 


In (6) the averaging is carried out over orientations 
of the spins of the nuclei and the neutron which are 
assumed to be distributed randomly. 

We note that the wave numbers of the neutron k, 
k’ and the wave number of the molecule k are con- 
nected by a relation which follows from the law of 
conservation of energy: 


R? [2p — k™ [20 = Dax /h? +x? / Qe; (8) 


DnK is the dissociation energy 


Dax = Un—(n+ 4) ho — K (K 41) 8? /2pnti, 


Un = — U (1). 

One can transform Eq. (6) in such a way that 
only the characteristics of a finite state of the 
system are contained in it —the scattering angle 
of the neutron @ and the wave number of the mole- 


cule in the final state x (see Appendix 1): 
——— co I1+K 
MOF eo 
Ta | ( ) 


K 
donk = >i (Croco) F ux |e do, 


I=0 L=(i—K| 
4 LA 5 tL ENG 52 
eee a - AR (4) Ui, 
ae = Pees gi \pa/ *# 


LOA A, ay 9 
+ (= 172A Aa Seleaa (9) 


2,1 | k 


ee RR 


k’|, 
(10) 


Cr are the Clebsch-Gordan coefficients. 
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The averaging in (9) is carried out over the di- 
rections of spins of the nuclei and of the neutron. 
If the nuclei in the molecule are different (see ref- 
erence 3, Sec. 123), then 
2 (l1,2 + IW nee A, A, 
ij,. are the nuclear spins. Now if the nuclei are 
identical, then, as is easy to show, 

Ain=@ ++i (i +1) 0, 
AA,=@+20(2i(7§ +I) —I( +), 
I is the total spin of the system of two nuclei. 


TS O 1 —s 
Ay2=%,2+ 7h = Gas, 


3. DISSOCIATION CROSS SECTION UNDER 
QUASICLASSICAL CONDITIONS 


For neutron energies of interest to us, its wave- 
length (An ~ 107? cm) is much less than the di- 
mensions of the molecule. Therefore, a quasi- 
classical approximation is generally valid for the 
functions XJ, YLj+1/: 


2 @ \ 2 es, 
ee eee) sin (| udr + + 
2 
“2 = “2 — ee (11) 


D) "lo et . NR 
Mee Cara. a (\sar ae ee aa ae 
‘ (12) 
where r,; and rp are the turning points for the 
functions kK? and ge, Using (11) and (12), we can 
calculate Jg (10) by the method of steepest de- 
scents. We rewrite Jg in the form 


co 


Jg= Ref, Y= 6 (n) ear, 
0 
where 
\ 72 
b= = (2) >> 
S ~ } i( \xdr —\ gar 


S(r) is a quantity of large magnitude which has a 
saddle point defined by the equation 


— Jr, — nia Li —2) = 0. (13) 


In the general case, calculation of Jg by the 
method of steepest descents leads to formulas that 
are difficult to handle. It is easy to note, however, 
that in the region of values of k and @ where the 
cross section do is largest, the expressions for 
Try and Jg are greatly simplified. We shall carry 
out these simplifications, assuming that the mole- 
cule is found in the ground state (i.e., n=0, 
K=0). We note that rp is close to the point of 
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minimum potential of U, rp. Then, as follows di- 
rectly from Eq. (13), we obtain the following ex- 
pression for rp: 

fn— fy = iM, 


n=zF (H () — 8 (ro) =e a (Ve 


2] 2 
Pir 


Ve 


— PA PLO, is) =? + 2Umi Um. 


Ue ie 


(14) 


“2 = x2 
As is easy to show, Eq. (14) is valid under the con- 
dition n/ry K 1 [where 7 is determined in (14)]. 
Inasmuch as 
at = Vn" (1, )~ hry | V umUm ~ Prof %' 


then the condition n/rpg « 1 is equivalent to the in- 
equality (x’ —g)/k’ « 1. Then (14) canbe rewritten 
in the form 


1 CE ee ae x’ —g 
~4VY pee 7 Vive 
Simplifying the quantities S(ry), S’(rp), b (rn) 

in similar fashion, and assuming that (x’—g)/k’ 


< v1 meal we gaa 
ae va Sle eae 


der ee hl 


xp |— peer GOSH: 
20 —82/P)4 


To To 
«= \ nar —\ gdr. 
ry To 
Upon substituting Jg in the series (9), we note 
that the interference terms, which contain the prod- 
uct of rapidly oscillating factors cos T(g,) cos T (gp), 
vanish in the summation, i.e., the dissociation cross 
section is composed additively of the cross sections 
corresponding to the collision of the neutron with 
the first (do) or second nucleus (do‘).* There- 
fore, it suffices to investigate, for example, the 
cross section do), which is determined by the 
formula 


oP ae 
oo V3 ae Pa 
Substituting (16) therein, and replacing the summa- 


tion over 1 by an integration, and cos?7’ by its 
mean value WP we get 


=F —2), (18) 


bo 


lee) by (21 + I) ) Ji, dx do. (17) 


1 a 
2V 20 Ee 


do = OEE eB 02) xdxdo. (18) 
Equation (18) is ovidnds applicable under the con- 
dition that the region of large values of 2 for which 
(k’-~g)/k’ ~V¥ 1-1/2 does not make an important 
contribution in the integration over 1. Obviously, 


for this to happen it is necessary that for (x’ —g)/x 


*If the nuclei in the molecule are identical, then g, = g,, so 
that cos’ t(g) enters into the interference terms. Nevertheless, 
the interference series ¥(—1)!(21 + iD) I) oy) g”, as is easy to see, is 
equal to zero in this case in view of its sign alternation. 
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~vVl ele7re the inequality p?/(1 —[*/i2) >1 be sat- 
isfied, which is possible only when a2x’* > 1. In 
Eq. (18), consequently, both large values of ae 
consistent with the condition n/t) ~ (K’ —g)/K' 
21(.1. = 1/12 \¥2 and small values of p”, consistent 
with the condition ak’? > 1 can enter. For p*>1 
Eq. (18) has the asymptotic form 


> 


while for p?< 1 


Lge yb NE Se 
i & aa 
(y is Euler’s constant). 

Equations (18) and (20) are inapplicable for 
p—0. Nevertheless, the difference of (20) for 
p — 0 from the correct equation, in which 
In (y/p?) must approach some finite value,* pos- 
sesses only a logarithmic character; consequently, 
Eq. (18), having been integrated over @ and xk, 
must yield the correct total cross section. Actually, 
making use of the well-known integral 
\ Ei(— p%) dp = 2Vn, 


—oco 


ds (20) 


_ In (7 / p?) xdxdo 


we find that the energy spectrum of the scattered 
neutrons has the form 


' dk’ 


do = nA? ue ce ; (21) 
By 
i.e., the total cross section o is 
Sat luilban 2) Sab) 
pee (22) 
peek 


In particular, if the neutron collides with a proton 
in a heavy molecule, then p,=m/2, p=y~m =m 
and, consequently, pum /u? = 4, ie., 


O = 0) (E = D)/E, (23) 


where 0d = 4n A? is the cross section of scattering 
of the neutron by a free proton. In accord with (23), 
og at E>D, as was to have been expected, is iden- 
tical with a). We now consider the angular distri- 
bution of the scattered neutrons from the basis of 
Eqs. (18) and (19). The maximum of do is evi- 
dently obtained for the angle 6 = 6) for which 

p=0, i.e., kK’ =g. We assume that ak’ >1. Then, 
as is easy to see, the angle 0) is determined from 
the relation 


nw V ue 8) =a, 


m2 VE ae 29 — Dax (oS |), 


My +- Mg 


*As can be shown, as p> 0, In (y/p?) must be replaced by a 
finite quantity of the order of In (ak’). 
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with accuracy up to a quantity of order 1/a*k’2, 
i.e., 


cos 8, = [(v + 1) p’? —(v— 1) p'l/2pp’, 


p= kh, i YG ibe v= m,(m, +m, + m)/mmy. 

(24) 
It can be shown that 6) has the meaning of the 
angle at which the neutron will be scattered by a 
free nucleus initially at rest with mass m, in the 
set of coordinates which we have used, i.e., one 
connected with the center of mass of the neutron- 
molecule system. It is very easy to establish this 
by the example of the collision of a neutron with a 
proton in a heavy molecule, i.e., for m, > m,=m. 
Then v = 1 and, in accord with (24), cos 0) = p’/p 
in correspondence with the given determination of 
09 (the set of coordinates in this case is identical 
with the laboratory set). 

We shall assume that the angle @ is close to 9, 
l.e., 0= 69+, J K 6). Then (for vy =1) we have, 
in first approximation in J, p = 3/3, 3) = V2/ak’ 
<1. In this case Eq. (18) is simplified: 


(£) Ei( te dp'd0. (25) 

It is important to emphasize that in accord with 
(25) the cross section for the neutron scattering 
accompanied by dissociation of the molecule does 
not depend on the detailed form of the molecular 
potential, but only on the frequency of vibration of 
the nuclei in the molecule, w. Moreover, inas- 
much as for 3 > ¥), Ei(—p?) is proportional to 
exp (— 8/92), then one can show that all the scat- 
tered neutrons with final momentum p’ are con- 
tained in the small range of angles 

I~ =V2p/p, P= Vimko. 
The angle J) is in order of magnitude the differ- 
ence of the scattering angles of the neutron by a 
free proton initially at rest and by a free proton 
possessing a momentum py before the collision. 
This means that the dissociation process of the 
molecules by the neutrons can be described in 
general terms by means of a very simple model, 
in which the chemically associated nuclei are con- 
sidered as free but possessing the same scatter 
of momenta as nuclei in the molecule.* 

We now note that for scattering of the neutron 
not by a proton but by a heavy nucleus, v > 1, 
i.e., in accord with (24), cos 0) ~ —vD/E and, 
consequently, the region of the maximum of the 
angular distribution 6 ~ 6 in this case, with neu- 


*This model of the dissociation process, which is undoubtedly 
valid even in the case of the collision of a neutron with a poly- 
atomic molecule, was pointed out to us by V. I. Gol’danskili. 
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tron energies on the order of the dissociation en- 
ergy D, is generally not achieved. Therefore the 
dissociation total cross section, which corresponds 
to collision with this nucleus, should be exponen- 
tially small. 

In conclusion, attention should be called to the 
fact that all the results obtained here, which are 
introduced under the assumption that K = 0, are 
valid also for K = 0, if only K is not too large 
(K~ 1). Actually, the summation in the series 
(9) is carried out over a large number of terms 
corresponding essentially to the largest values of 
l, but for 1 > 1 and K~ 1, the difference between 
L and lJ can be neglected, i.e., dox = doy. 


4, THE DISSOCIATION CROSS SECTION CLOSE 
TO THRESHOLD 


If the wave number x is very small, so that 
KY < 1, then the quasiclassical approximation (11) 
for the function yx,7 is not applicable over the 
whole region of variation of r. This fact, which 
holds for energies of the neutron close to the dis- 
sociation D, requires special consideration, which 
will be given below. 

For low energies of the scattering molecule 
’x?/2um, the dissociation cross section should 
depend essentially on whether the molecule has a 
discrete level € close to zero. We shall first as- 
sume that this level is sufficiently deep that E-—D 
<< e. In this case, one can investigate the behavior 
of the functions x,j7 by a method similar to that 
used in the investigation of slow collisions (see 
reference 3, Sec.’ 108), i.e., in the region r~ ro, 
(where x? « —2u,,U/ii? and which gives the prin- 
cipal contribution to the integrals Jers ) eee 
represented in the form x,7 = Cj(k) Xp xz is the 
solution of the equation 


a*y [ 2H in \ 
dr? \ he Oa 


et ig 20) 


for which the quasiclassical approximation is valid. 


The coefficient Cz(x) is chosen under the condi- 
tion that, for r— ©, the correct transition is ob- 
tained to the asymptote 


kui ~ V 2/esin (nr — nl/2 + 8). 
Thus we find that C; ~ «/*! (see reference 3, 


Sec. 108), i.e., in the series (9), only terms can 
be left corresponding to 1 = 0: 


AGnk 


mT Rk 4 
“V tae! (Cooko)? Foxdx do, 
a ee ety Le 


Mg MS gs 


Pape gig2 
(26) 
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The coefficient Cy(x) entering into Jg,, is essen- 

tially independent of the form of the poteatial Usain 

particular, independent of its behavior at infinity. 
As shown in Appendix 2, if U ~ Uge"%* for 


r—o, then 
‘ 
xX Pree Wert iet i 27 
o Zeng (=) sin ({ % ~) > (27) 
ry 
where 
co 
on PN Oye 10) 22 
* = i : =\ xodr, Ufa) a0 


(it is assumed that U depends on r through the 
variable ar). Substituting (27) in the integrals 
Igy 9 and finding them as before by the method 
of steepest descents, we obtain the threshold for- 
mula for the dissociation cross section of a heavy 
hydrogen-bearing molecule in the ground state 

(n =K=0), which is valid for V 2u,;,,(E-—D)/ha 
«< ile 


a cos*t k’x? 
do => Vin O9 ro aoe 2g BA dxdo, 


(28) 


where 


The total dissociation cross section corresponding 
to (28) is given by the formula 


1 (my? a /{E—D\*cos*t 
pes 5 (3) %o a | D ) = 
We note that the quadratic dependence of the cross 
section close to the threshold D on the excess en- 
ergy E-D is the general property of reactions 
accompanied by the production of three slow par- 
ticles the interaction among which bears a short- 
range character‘ (in our case these are the neu- 
tron and the two atoms which are produced upon 
decay of the molecule). 
Equation (29) is clearly found to be inapplicable 


if q is close to (n+ %), with n an integer. But 
the equality 


(29) 


a= =\ V=2nU dr = x (n+ 5) 

is identical with the quasiclassical condition for 
the existence of a discrete level very close to 
zero (see reference 3, Sec. 48). Thus the inap- 
plicability of (29) is connected with the fact that 
in this case (in the decay of the molecule) reso- 
nance phenomena take place which arise from the 
fact that the dissociating molecule decays into a 
state which, even though it refers to the region of 
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continuous spectra, is quasi-stationary because 
of its nearness to the level €. We limit ourselves 
to the study of these phenomena for a special 
choice of potential 


i Un exp (20, (F — i) — 2 exp fa (r — 7,)3] 


(the Morse potential). The function Xo having 
the correct asymptote as r— ~~ and r—0 can 
be determined now by the formula 


a 2 V 2nx amr p Z 
0 [cos? (704) + m2? / a2]'/2 a (A —34s)T (aa S YW A, p (s); 
A= V 22m Uolah, I = ix/a, § = 20 exp {—a (r — r,)}, 


(30) 
W),u is the Whittaker function. In the region 
r~ 1g, (30) is simplified 


x2] (2 2a ' 

=| Ve sin Ve : 
oh \ mo dr = q. 

For cos (7A) > 7K/a@, (31) is identical with (29). 

In accord with (31), the dissociation cross section 

corresponding to the same assumptions as in the 

derivation of (29) has the form 


Xo =% |cos? (wh) +1? 


(31) 


4 a cos? T 
=— 0G Sinn 
V 2x Face COS” G = SUK fo" 


hk’? 
do = 3 dxdo. (32) 
If cos q =0 (such an assumption corresponds, as 
is easy to see, to the condition E—D> €), then 
in accord with (32) the total cross section is 
awa E—D__ 2 2D 
rene D cos*r, ‘ h 


Ci— —— Of (33) 


V 20 
Thus in this case the cross section increases lin- 
early with the energy of the neutron E. As was 
pointed out to us by A. I. Baz’, such a growth of 
the threshold cross section with energy is a gen- 
eral law for processes in which two slow particles 
arise in the collision of two particles, one of which 
slow particles (in our case the dissociating mole- 
cule) is in a quasi-stationary state. 

We take this opportunity to thank V. I. Gol’dan- 
skii who suggested the theme of this research, and 
also A. I. Baz’, A. S. Kompaneets, and F. L. Sha- 
piro for discussion of the results and a number of 


useful hints. 
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Integrating in (7) over the coordinate of the neu- 
tron rp, we have 

Espn! i 

Wax reg + As * J2, 


* _e Ms 4 ere! 
Jig =Sexp (Lig, Woe a Beem kK). 
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We choose the z axis so that its direction in 
the set of coordinates which we have used for the 
neutron-molecule coincides with the fixed direction 
of the vector g, i.e., g; or g,. The direction r 
in the set of coordinates specialized in this fashion 
is defined by the angles @, y and the direction k 
by the angles y, 0. The angle between k and r is 
denoted by 9’. The elements of volume in r and k 
space will be, respectively, 


dr=rdrsin @d0 dg, dx =x? dx do,. 


The Legendre polynomials entering into (3), 
P7(cos @’), can be transformed by means of the 
well-known theorem for the superposition of 
spherical functions (see reference 3, Sec. 113). 

In the calculation of the antegr als Ji,9, One can 
use the fact that in the products P7 (cos 6’ ) x 
YKMx( 6, y) only those terms make a non-vanish- 


ing contribution which contain the product 
YiMg(9 %) Ykmx(@ ¢), which with the aid of 


well-known formulas of the vector superposition 
of moments (see reference 2, p.614) can be 
written in the form 


I+K fy 
ie (21+ 1) (2K +1) 7 
tiers) berzomane 
=—(/—K) 


X Croke CMe KM Y10(8), (2a) 


ees Ci MK are Clebsch-Gordan coefficients. 


Substituting (2a) in J,;, and making use of the well- 
known formula 


All 
\ P, (9) exp {ig,r cos 9} sin 6d0 = V 20 Wi 4, (817), 


0 


we get 
Fe Cea opty ote ne ee 
t= (AS) ag BO! +) (— 9! [Ta] 
Mk cals, LO Lo its 3 
x Pr (cosy) SS} CioKoCim,g KMx tg, (3a) 
t=) 
where 


co. 


Tg =) oF Ha 8) Ha () Vi gy (6) OF 
0) 
The integral Igo which is transformed in similar 


fashion, differs from Igy only in that the sum in it 


Ss Cioxo Oe —Mx KMxK i ie 


is replaced by 
a hn 
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Lo Lo 
ps CroKo CroMx KM x 


Making use in Eq. (6) of the expression (3a) for 
Jgy which is similar to the expression for Igo, 
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and the well-known property of the orthogonality 
of the Clebsch-Gordan coefficients, we get Eq. (9) 
shown in the text. 
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To find the correct form of the function yp, 
which is determined by the equation 


dy (| dx® ae i (x) Xo = 0, ip (x) = — 2p ,U/h®, «= ar 


in the region r ~ rp, we make use of the method 
of standard equations.° Let f(x) ~de™ as 
x—o, We choose as a standard equation 


folds? + de*q = 0, 


=Zy(n), n= 2d" ems, 


According to the general formula we have 


Xo = (de-*/f (x) Zo (n), 


where the variable s is connected with x by the 
expression 


(oe) co. 
y == \a e7s/2 ds = 9 d'/2 e—s/2 = \ i dx, 
i.e, S—xX as X—. If Z)(n) is chosen in the 
form 


Zq (n) = C fe HG (n) — ie (np, 


f (%) = 0 


jee) 


tik = Mic dx, 


x1 


and we use the asymptote Hf!) ~ y 2/17 x 
exp {+i(y—7/4)}, then in the region where 
n >> 1, Xo is reduced to the form 


; Sy Ss * 
% = ei smi pdx +. +). 

On the other hand, x — s and 7—0 as kx—®, 
and, by using the asymptote Y)(n) — (2/7) In(2/n), 
we get x) © 77'C 2xi cos np. In order that this 
asymptote go over into xy ~ v2/m sin(xr + 69) for 
Kr <1, it is necessary to choose C by the formula 


C = Val2ix/a cos No, 


which also gives in the region r ~ ro 


a2 eh 
Xo ~ weos No 
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Attenuation of weak magnetohydrodynamic and magnetoacoustic waves in an anisotropic 
plasma located in an external magnetic field is considered for the case where the wave 
frequency is smaller than the particle collision frequency and the wave length is larger 


than the mean free path. 


A plasma in a magnetic field has anisotropic 
properties. The electric conductivity, the dielec- 
tric constant, the viscosity, etc., of the plasma 
are represented as tensors of the second rank. 
We shall consider the attenuation of magneto- 
hydrodynamic and magnetoacoustic waves in an 
anisotropic plasma. We assume that the wave 
frequency is smaller than the collision frequency 
of the particles (w<vegg) and that the mean free 
path is smaller than the wave length (1 <«)). 

The conductivity tensor is hermitian. It can 
be written in the matrix form (the index 3 cor- 
responds to the direction of the vector H)! 


31 152 O*% 
(Sin) =| —is 71 v Z (1) 
‘ 0) 0 6s 


According to the elementary theory* 


Or; lef 
w-.V OX) wr 
I. oi V left Hi pee OL 
a= yet ee, 

x (On; 1+ ¥ ie ; lef 

é leff e 

where 
% Ame? N, |e,|H 
Bi oa Biryani grag 


ej is the charge, Nj is the concentration, mj is 
the mass, and vjeff is the effective number of 


*Gurevich” has given expressions for the tensor oj (with 
only the electrons taken into account) derived from kinetic 
theory. He showed that, for @ X veg, the expressions ob- 
tained from the kinetic theory differ relatively little from the 
corresponding expressions derived with the help of the ele- 
mentary theory. Owing to the symmetry of the equations (2) 
with respect to the characteristics of the ions and electrons, 
one can assume that this remains true also in the case when 
only the electric conduction of the ions (with w <veff) is taken 
into account. We are therefore justified in using formula (2). 


collisions of the particles. The index i=1 re- 
fers to the electrons and i = 2, 3,..., to the 
various ions. We assume, for simplicity, that the 
plasma consists of ions of a single type and elec- 
trons. 

The sums in (2) depend on the density and tem- 
perature of the plasma and on the strength of the 
magnetic field. For high temperatures, low den- 
sity, and strong magnetic fields, the electric con- 
duction by the ions is more important than the 
electric conduction by the electrons, so that the 
latter can be neglected. In the opposite case, the 
electric conduction by the ions can be neglected 
in comparison with the electric conduction by the 
electrons. Comparing the various terms in (2), 
we see that the electric conduction by the ions 
must be included if wy, 2 Yzeff. It follows that 
the electric conduction by the ions in a two-com- 
ponent plasma becomes important when* 


EAN ne = (3) 


where n=N, is the number of ions in 1 em? pureis 
the temperature in °K, and H is measured in 
oersteds. If wy, > Vzeff, we can neglect the elec- 
tric conduction by the electrons. 

The equations of motion of the plasma also con- 
tain the viscosity tensor II]. This tensor is sym- 
metric. Its components are given in the mono- 
graph of Chapman and Cowling? and also (with 
more exact values of the coefficients ) in the 
paper of Braginskii.‘ 

We must start with the system of equations of 
motion of the plasma in the electromagnetic field 
containing both of the aforementioned tensors. 
According to the preceding discussion, the basic 
system of equations is 

*In deriving this relation we have assumed that Veg is 
determined by the collisions of the electrons with the ions. 
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7 = rot [vH] — < rot G, 
p(s +(v¥)v] = = [H rot H] — div N, 
civ == 0; 2 + div (pv) = 0, op = usp, (4)* 
where 
G; =a, [rot H],, ou. = 22 = 61/ (6; — 05) = 4, 
as3 = l/o3 = a3,  a12 = —aei = io2/ (oj — 05) = — ap, 


Q43 = 31 ~ Ao3 ~ A39 = 0, and ie (dp/ap )g is the 
square of the ordinary velocity of sound. 

In order to determine the attenuation of waves, 
we consider the wave solutions of the linearized 
system (4), as is usually done in isotropic magneto- 
hydrodynamics.® The dissipative terms are retained 
only up to first order. This corresponds to com- 
paratively weak attenuation (y « w). 

As a result we find that the anisotropy has no 
effect on the velocity of propagation of the waves, 
i.e., we find the same expressions for the veloci- 
ties of the Alfvén and magnetoacoustic waves as in 
the isotropic case. 

The attenuation coefficient for Alfvén waves is 
in first approximation t 


v= {re cos*® +a, sin’8) + -$5—[b" (20n,) sin® B 


+b’ (on,) cos* pt =, (5) 
where wu is the viscosity coefficient in the absence 
of a magnetic field; 8 is the angle between H and 
the wave vector k, and u is the phase velocity of 
the wave. The expressions for the coefficients 
b’(H,) and b’(2wH,) are given by Braginskii.* 
The first term in (5) is related to the electric 
conductivity and the second term to the viscosity. 
Comparing these two terms, we find that the sec- 
ond term can be neglected for T‘n™! < 10‘. In the 
opposite case, the second term can have a larger 
value only for comparatively weak fields. In the 
limit of very strong fields (considering the fact 
that the electric conduction by the ions plays the 
essential role) we can therefore write for y 


2 


Lae oF) 


lim =, 


H-00 


(6) 
2eff 

It is seen from (5) and (6) that the attenuation of 
the Alfvén waves becomes weaker as the strength 
of the magnetic field increases, and approaches a 
limiting value which depends only on the wave fre- 
quency and on the effective collision frequency of 


*rot = curl, [vH] = v x H, tg =tan. 

tIn deriving expressions (5) and (7), we have assumed that 
the ions, and not the electrons, play the essential role in the 
viscosity tensor. 
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the particles, but not on H. In this limiting case, 
the attentuation is independent of 8; for finite H 
the dependence of y on @ can be easily obtained 
from (5). 

For the magnetoacoustic waves we find from (4) 


Y= ( (uw? — us) + Te {{6" (@#2) Sin? B + 1.28 cos? B] 
x [u2 —u2sin? B— uj] +[0.32 sin? B+ 6’ (2ax2) sin? B 
-+- b' (@j2) cos? B] [u2 — up cos? B] + 2 [b' (ox,) 
— 0:64] us Sin®B cos? phe (2a Ue, (7) 


where 
uy = H/V 4p. 


Here we must include the effect of the viscosity 
both for T‘n~!< 104 for accelerated waves in weak 
fields (H<v 47p uy) and for decelerated waves in 
strong fields (H > V47p uy). This is due to the 
fact that near 8 = 0, u~ Up in both these cases, 
so that the first term in (7) reduces to zero. This 
interval near 8 = 0 becomes wider for decelerated 
waves as the strength of the magnetic field in- 
creases (in the limit H—+ © it approaches the in- 
terval —45°< 6 < 45°). Thus the viscosity is an 
important effect for decelerated waves, at least 
for He V 4m up. In the limit of strong fields we 


e 
hav Sos 
Ce ee 


0 


limy = C tg8 +C,, 


H->0co 


C= (8)* 
An accelerated magnetoacoustic wave becomes 
similar to an Alfvén wave as the strength of the 
magnetic field increases, and y approaches the 
same limit (6). If T’n~! 2 104, the second term 
of formula (7) here becomes important even for 
H 2 v4mp uy (notwithstanding the fact that the 
second term decreases as the magnetic field is 
increased ). 
In conclusion the author expresses his gratitude 
to V. P. Silin for his guidance in this work and for 
numerous comments and advice. 
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The stability of low-frequency longitudinal waves and transverse waves ina magnetoactive 
plasma traversed by a beam of charged particles is considered. The plasma and beam are 
both assumed to be uniform and infinite. We consider plane-wave perturbations that propa- 
gate in the direction of the fixed external magnetic field. Stability criteria for the system 
are derived and the gain factors are found for a number of cases. 


The interaction of a beam of charged particles 
with a plasma has been considered by many au- 
thors (cf. references 1—13 etc.). In most of the 
work which has been published, consideration has 
been given to instabilities with respect to high- 
frequency perturbations, that is to say, waves in 
which the effect of the ion motion on the distribu- 
tion can be neglected. It is also of interest to con- 
sider the stability of such systems with respect to 
low-frequency waves, i.e., waves characterized by 
frequencies which are much lower than the electron 
gyromagnetic frequency and which are comparable 
to, or even appreciably smaller than, the ion gyro- 
magnetic frequency or ion plasma frequency. 

It is well known that low-frequency longitudinal 
waves and transverse waves can propagate in the 
direction of the fixed external magnetic field Hp. 


The stability of low-frequency magnetohydrodynamic 


waves in the presence of a quasi-neutral particle 
flux, with thermal motion neglected, has been con- 
sidered by Dokuchaev.'4 The magnetic field has no 
effect on the propagation of longitudinal waves. 
The stability of low-frequency longitudinal waves 
in a non-equilibrium plasma has also been consid- 
ered by a number of authors.°?! 

In the present work we present a kinetic analysis 
of the stability of a plasma traversed by a beam of 
charged particles with respect to low-frequency 
transverse perturbations. In addition, we describe 
briefly certain aspects of the stability of longitud- 
inal waves which have not been considered in ref- 
erences 5 and 12. The plasma and beam are both 
assumed to be uniform, infinite, and singly ionized. 
The particle beam moves along the fixed external 
magnetic field Hj. Perturbations in the form of 
plane waves are assumed to propagate along the 
magnetic field Hp. 


In Sec. 1 we present the general dispersion 
equations which describe the propagation of trans- 
verse waves and longitudinal waves. In Sec. 2 we 
consider instabilities against transverse perturba- 
tions when the thermal motion of the particles in 
both the beam and plasma can be neglected. The 
effect of thermal motion on wave propagation is 
considered in Sec. 3. Finally, in Sec. 4 we con- 
sider longitudinal-wave propagation. 


1. DISPERSION EQUATIONS 


We start with a system consisting of the linear- 
ized kinetic equations for the plasma and the 
charged-particle beam and the electrodynamic 
equations (with self-consistent fields). Expanding 
all physical quantities F in plane waves and carry- 
ing out the calculations as in references 15—17 
(cf. also reference 8), we obtain the following dis- 
persion equations for the longitudinal and trans- 


verse waves:!® 


(uv exp[— 5 (Gt) 
4 2 HE (CVO) EPG 9 ey |) 
V 2a A ry @— ku ’ (1.1) 
{ ee 12 
1 wy My (O — bp) ee =z oy | du 
he A Ury Oi RIO by 
¥=1 
= (2p? — @? (1.2) 


In Eqs. (1.1) and (1.2), physical quantities de- 
noted by the subscripts y = 1, 2, 3, 4 refer to the 
plasma ions, the plasma electrons, the beam ions, 
and the beam electrons in that order. Further, 


On, = OF3= — On ms eH y/ Mc, 


where e and M are the charge and mass of the 
ion; 
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On2 = On4 = OH 


where e and m are the charge and mass of the 
electron; voy is the mean velocity for a given kind 
of particle in the laboratory coordinate system; 
Ny, Vy) Ty are the concentration, the effective 
number of collisions, and the temperature of the 
corresponding particle, where the temperature is 
written in energy units. In writing Eqs. (1.1) and 
(1.2) we have assumed that the equilibrium distri- 
bution function is Maxwellian in the coordinate sys- 
tem in which the mean velocity of particles of a 
given kind is zero; w is the frequency and k is the 
wave vector for the perturbation. In Eqs. (1.1) 

and (1.2) we have also used the conventional nota- 
tion: 


Woy = 40N,e?/m,, hee at Ulm Niche 


Neglecting collisions and using the Fock trans- 
formations,‘’’!*»*° we can write the dispersion equa- 
tions which have been obtained in the following 
form: longitudinal waves 


eto o— a 
jl » a E ~B ™ B (By) =, (1.3) 
transverse waves 
4 Oy == /ié)- 
Pps G — OER B (By) = 9, (1.4) 
y=1 
where 
B. 
_p2/2 : @ — RV). F Oy 
Big.) =e \ ewe dx, == - (1.5) 
£00 LNs 
In the limiting cases* 
ae 4 
B(8.) ~=—iV a/2 e By + Bry = By (\Brl<1), 
p25 = Le 
BiG) = —iVaer vp 4874 (|By |S>1). 
(1.6) 


2. INVESTIGATION OF TRANSVERSE-WAVE 
INSTABILITY FOR | By Seal 


1. Following the usual approach, we analyze 
stability in the following manner. We assume that 
the wave vector k is real. Then, if in solving the 
dispersion equation we find that the frequency w 
is complex, the wave must be a growing (damped ) 
wave. If we write w in the form 


© = @, + ip, 


(2.1) 


where uw, and yp are real, since a plane wave is 
proportional to exp(— iwt + ik-r), an instability 
arises when yp > 0. 

Using Eq. (1.4) and the asymptotic expansion 
(1.6) for | By | >> 1 (this condition means that the 
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effect of thermal motion of the particles on wave 
propagation can be neglected), we obtain the dis- 
persion equation 

we, (@ — Rp) (5g (@ — kd ya) 


20: 03 
ore Ora kon. 


2 
Oo 1 @ 


OF Oy — hUne, 


ae . 
Oo, (@ — Rvp,4) DI ens 
© F Oy — Ry 


(22) 


In writing Eq. (2.2) we have taken the mean velocity 
of the ions in the main plasma to be zero, Vo; = 0; 
this can always be done by making a simple trans- 
formation of coordinates. Eq. (2.2) will be the 
subject of investigation of this section. 

2. Suppose that an ion beam moves through a 
fixed plasma. We assume that the system as a 
whole is quasi-neutral: 


Nz = N,+ Nz. (2.3) 


Under these conditions an uncompensated electric 
current is produced in the plasma; in general, it is 
necessary to take account of the azimuthal mag- 
netic field Hy produced by this current, in which 
case the plasma is not uniform. However, the con- 
dition that the total current must vanish can be 
satisfied if there is an electron current in the 
plasma, i.e., 


—— eN2Vo2 = eN 3Uo3- (2.4) 


When N3; « N, the velocity of these electrons is 
obviously small compared with vo3. Then, assum- 
ing that there is no electron flow and that N,= 0, 
the dispersion equation (2.2) for the ordinary wave, 
given by the upper sign in Eq. (2.2), can be written 
in the form 


o2 o w?, (© — kv92) 
©) = O1 02 02 262 9 
(@ + Qn fos) | so =e 0 
= — @p3 (@ — Rvp). (2.5) 


Because N3 K No, in the solution of Eq. (2.5) we 
can neglect the term containing w, in the zeroth 
approximation. Then Eq. (2.5) is satisfied either 
for 


(0 
@ + Qu — kos = 0, (2.6) 
or 
2 6 (0) 2 (0) 
Pare Woy (@’ — Roop) 
2h2 __ ee 
@ + Qe @ 0) — OD Roe poe k oO? = 0 (2.7) 


(the superscript ‘‘0’’ indicates the order of the 
approximation). It is easily seen from Eqs. (2.5) 
—(2.7) that in the next approximation an instability 
arises only if (2.6) and (2.7) are both satisfied. 

We also show that the following inequalities 
hold: 


o” Qa, RU), = e<o, |o|<o,, (2.8) 
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where € = w{!) — 4°) igs the frequency correction 
in the first approximation. The first inequality in 
(2.8) means that we are interested in an instability 
associated with magnetic bremsstrahlung (cyclo- 
tron radiation) of ions in the frequency region cor- 
responding to the anomalous Doppler effect. Then, 
expanding the left-hand side of Eq. (2.5) ina series 
about the frequency w=kvy — Qy and limiting our- 
Selves to the first nonvanishing term, p = — ie, 

we obtain the following expression for the growth 
(attenuation) factor 


w= +[N32%, (a + Q,)?/N2o (Ps 20.1%, (2.9) 


according to which p ~ (Nz /N,)*”. It is apparent 
from Eq. (2.9) that the inequality in (2.8) is satis- 
fied if 


Ns < N.w\(o + 2Q4)/Q3, (@ + Qy)?. (2.10) 


For the extraordinary wave, which corresponds to 
the lower sign in Eq. (2.2), there is no instability 
in the region of the normal Doppler effect. 

If we assume that the following conditions are 
satisfied rather than the inequality in (2.8): 


o< Quy, Woy! Qn > Ie 


then, from Eq. (2.2) we obtain the dispersion equa- 
tion 


@ — kug<K On, (22.11) 


ogo - we,(@ — kd,3)7/22%5 — 7h? = 0, (2.12) 


and an instability arises when 
Up3 > Hy[V 4M Nese > Nor = V N.N3/(Ny +N). (2.13) 


3. We consider the case in which there is a 
weak electron current in the plasma N, > Ny and 
N; = 0. We also assume that the system as a whole 


is quasi-neutral: 


N, = + N4, 


(2.14) 


and that the total current in the system vanishes: 


EN 2U 4 = €N4Uoa- (2.15) 


Assuming further that w « wy, from Eq. (2.2) we 


have 
2 
Ooi @ | 


@+ Qe 


woo (® + Re 2) we, (@ — kvoa) 


OF Op — RU 2 


| 
1 


=r cee. 

(2.16) 
Then, proceeding as before, we find that it is pos- 
sible to have a growing extraordinary wave [lower 
sign in Eq. (2.16)] associated with the coherent 
magnetic bremsstrahlung of the electron current. 
The wave increment (decrement) is 


O = Oz, —Rv oa 


w= + [Nyw2,(o — Q,)? Now (22;,,— w)]'2, (2.17) 


where — ipt = w) + wy - kvo, K w. It is clear 
from Eq. (2.17) that an instability arises when 
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w < 20. On the other hand, an investigation of 
the dispersion equation in the zeroth approximation 
shows that the extraordinary wave can propagate 
only when w < Qy because the square of the re- 
fractive index is negative when w > Qy. 

When there is an electron current in the plasma 
an instability does not arise if w< Qy and | wy 
— Koy | « OH. 

4. If a quasi-neutral beam of charged particles 
passes through a quasi-neutral plasma, i.e. 


N, = N,.=N, NEN 
Coie Oe — On Uys = Oa a, (2.18) 
then, when 
o<Qy, |o—kv,|<Qy (2519) 


the dispersion equation coincides with Eq. (2.12). 
This equation has been obtained by Dokuchaev, ‘4 
who has shown that an instability arises if the con- 
ditions in (2.13) are satisfied. 

From Kq. (2.12), in addition to obtaining the in- 
stability conditions in (2.13), we find that an in- 
stability can arise at very high beam densities 


N, > Noja/(vs — Vi), (2.20) 


(where via = c’w)./QHwH). For nonrelativistic 
beams (vp < c”) the lower density limit is given 


by the inequality 
Ng, S> Nojale?: 


If, however, we assume that the following in- 


equalities are satisfied rather than (2.19): 
|@|<on, |@ — kop + Qu |<eo 


or 


|o|<on, | o — kip + On | <a, 

that is, if we investigate the instability associated 
with coherent magnetic bremsstrahlung due to ions 
or electrons in the beam, from Eq. (2.2) it follows 
that the wave grows for arbitrarily small beam 
densities and that the growth (attenuation) factors 
are given by expressions coinciding with (2.9) and 
(A217): 


3. EFFECT OF THERMAL MOTION ON THE 
GROWTH OF TRANSVERSE WAVES 


1. In the present section we consider the stabil- 
ity of a system consisting of a quasi-neutral 
plasma which is traversed by an infinite quasi-neu- 
tral beam of charged particles. We assume that 
the distribution functions are isotropic in the cor- 
responding coordinate systems. The growth (at- 
tenuation ) of the waves is determined basically by 
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the effect of thermal motion of the particles. In 
accordance with the considerations given above, 
in Eq. (1.4) we write 


Oy =p Uo3 = Vos = VY, 
N,=N.=N, N,=N,=Ns5, (3.1) 
and this equation assumes the form 
of % Oa (o — kv») | 8p 
“ | BOG 2 | fee fees) 
1 B | + ch? — o% = (3.2) 


An investigation shows that in the case being con- 
sidered wave amplification is possible only in the 
frequency region corresponding to the anomalous 
Doppler effect. 

Because a general analysis of Eq. (3.2) is ex- 
tremely difficult, we shall limit ourselves to two 
particular cases. 

2. We consider the region in which the following 
inequality is satisfied: 


| @ a Orn | > ory. 


We assume that the following conditions are also 
satisfied: 


|o — oy |S>koz2, RVra, | © — @p — Rug |S> kvr,, 
o<Oun, |@ + Qy — koo|<Rorzs. (3.4) 


The last inequality means that the phase velocity 

of the waves is of the order of the maximum veloc- 
ity for the particle distribution function in the beam, 
shifted by an amount Qy /k; we shall be interested 
in the magnetic bremsstrahlung of beam ions out- 
side the ‘‘light cone.’’ Using the asymptotic ex- 
pansions (1.6) we have 


(3.3) 


@2, w? 


On Ge cain ts (© — R09) | (kors® 


+ Op — @? =i Ve 01° 
LV Pt exp! 1 (ea) }] ene 
Texp jefe 


a Tm (35.5) 


Eq. (3.5) can be simplified if the following in- 
equalities hold: 
yf 


V Blot ( 


o — kv, | wo 


@ — Op, — Rvp 


kr, 


© — Oy, — Rd 


kor, 


2 
bp | 
UTs 


+V reo [— 2 (“a") Hh 


Taking account of the inequalities in (3.6) and 


(3.6) 
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separating the real and imaginary parts in Kq. 
(3.5), we have 


p | Of, Opty? + 2012), 

1 | OF p? + (@1 + Qe ye 
re 4 201 — 2k) + Qy i} 
o| op (kop)? 


(3.7) 


Vi w?,-(@1 — Rp) 
A 2, Oks 
where p=Im w, w; = Re w. 


Whence it is apparent that amplification obtains 


(u>0) when 
QO, a Rv ee 0. (Be 8) 


In this case, when the growth factor (attenuation ) 
is small, i.e., when 


r/iol<1 
from Eq. (3.5) we have 


2 
w | o2 
o | Oy 


_-V3{% 


(3.9) 


o? + 29 Q,, o2 


(0 + Qy)? 
saat 


 o®) @) +2, 


kUry 


}} 


TM 4 (0% oy \"\] , o%3 (0 — ko). 
a Tom SAP hors Rurs 
—— (0) 2 
T3M 1 i 2 Ome 
“ E A Vee exp| 2 ( RUT, |}. 
(3.10) 


where w) satisfies Eq. (3.5) with the right-hand 
side set equal to zero. If the conditions in (3.6) 
are also satisfied, we obtain the following expres- 
sion for the growth factor: 
@ 92 + 200 ? ne o2, oF i 
(korg)? | 
(3.11) 


b= Vs Ste On| tn als 
Ros On (0% + Qy 


It can be easily shown from Eq. (3.11) that (3.9) is 
satisfied if any one of the following inequalities 
holds: 


oO SS kuz, (3.12) 


or 
0 kop (0? + 20° Q,,) 


M 
N< N ™ On oF (o(0) SE 1)? . 


(3.13) 
When (3.9) is taken into account the second inequal- 
ity in (3.6) can be written in the form 


Ne NY Bo ay {| eae 


Ror, 
Seer NG 
+V Be ex x0[— co ( RUp5 ) | 
3. Finally, we consider the case of gyromag- 
netic resonance in the plasma, i.e. the case in 


which 


(3.14) 
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|o — Quy |<kury. 


In this case, the wave is strongly damped in the 
absence of a beam.”! However, growing waves are 
possible if a charged particle beam moves through 
the plasma. Suppose that the following inequalities 
are satisfied: 


(3.15) 


|o +p |S>kor2, |o@ — kup — Qy |S kv, 
|o + @4— kvo|<Rorzy. 


Using the asymptotic expressions (1.6), from Eq. 
(3.2) we have 


Ae ND 
emerge Ve 
ae Ta. RUps \ 


(3.16) 


4 Rvp, 3 (@ — kd) : “m —B3/2 
o + Oy Urs : oy 
kor 02, (@ — kv,) a 
' a—Q ae 7 ; ns 
H 0 UT, y 


@ + Of, — kv 


+ o?k?— w@? = 0. (3.17) 


kur, 


For simplicity we assume that the following 
relations are satisfied: 


MT; 62/2 mia) eB 

ae ee pe | ext? et :18) 
Then, assuming that w is real while the wave vec- 
tor k is complex,*! we find from Eq. (3.17) that 
when Im k < Re k, wave amplification is possible 
if 


ES (3.19) 


Na> MT, 


(n) 
u @ — kvo 


In the present case the energy supplied by mag- 
netic bremsstrahlung of the beam electrons in the 
region of the anomalous Doppler effect is greater 
than the energy dissipated in the plasma; hence 
growing waves are possible. 


4. INVESTIGATION OF THE LONGITUDINAL 
WAVE EQUATION 


1. We consider the case in which both the beam 
and plasma are quasi-neutral. Neglecting colli- 
sions, in this case we can write (1.3) in the form 


4 2 = 4 
Be be > My = e fs by B (By) (0) — > Seay 0. 
y=1 'Ty y=1 “Ty sae wd (451) 
in the ab- 


As was first pointed out by Gordeev,7” 
sence of a beam the longitudinal wave is weakly 
damped only if the following condition is satisfied: 
071 <| o/k| <2. (4.2) 
If this condition is not satisfied the wave is highly 
damped. However, if a beam of charged particles 
passes through a plasma, growing waves are pos- 
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sible even when (4.2) is not satisfied (cf. for exam- 
ple reference 12). Everywhere below, however, 
we shall assume that the inequality in (4.2) is sat- 
isfied. 

2. At the outset we neglect the effect of thermal 
motion on the stability of the system. We intro- 


duce the notation 
€ = 0 — Rvp. 


(4.3) 


( = Im €) and let | €| « w), where w') = ky, 
is a solution of Eq. (4.1) in the zeroth approxima- 
tion, i.e. for Ng ~ 0. Then, from Eq. (4.1) we 


have 
2 4 Nae 607/02) ; 


It follows from Eq. (4.1) that for the acoustic wave 


(4.4) 


k=(o/0r1)VTi/T, — (Opp= VT2/M). (4.5) 
For the ion oscillations (ion plasma waves ) 
k = (@/orn) V (0 — 03))/304:. (4.6) 


It is apparent from Eq. (4.4) that there is always 
an aoa in the case being considered since 
(1)'8 = 1, (-1+4iV3)/2. In writing Eq. (4.6) and 
pee below, for simplicity we omit the 
superscript which indicates the order of the ap- 
proximation because the approximation being con- 
sidered is clear in any actual case. 

3. Finally, when the thermal motion in the beam 
is important, so that the following inequality is 
satisfied: 


| (@ — ku,)/Ror3 |<, | (@ — kv,)/Rors| <I, 


Eq. (4.1) assumes the form 


(4.7) 


2 272 47,4 4 faye 
, (PT, . R407, bs 9) Sine. 
49742 w? 3 

Rot, 


== 2 

4 wlo} or 
! Vee = EXP 

TL 
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Urs yee 
Whence, it is easy to show that a sufficient condi- 
tion for the production of an instability is 


/ = is 
MT3, 


T3 3/9 @ ( ; 

Ns>N (7) Rvy — @ . : 
2 UN 
= ay2/O B22 1 2 

x fe ota | |. 


The growth (damping) factor is given by a rela- 
tively simple expression if 


|p/o|<l. 


(4.9) 


(4.10) 
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We can obtain the condition for wave amplification 
(> 0) from the last expression. We may note 
that the inequality in (4.10) is satisfied if 


el 


eee. 


kip — @ pe 
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The set of dispersion relations of Matthews and Salam, Igi, and Amati for the scattering of 

K mesons by protons is regarded as an (overdetermined ) system of equations for the pari- 
ties and the coupling constants of the proton with the K-Y pair. The condition for consistency 
leads to the result that the parities of A and = hyperons are opposite. The sign of the real 
part of the amplitude for scattering of a K” meson by a proton turns out to be positive, so 
that there are attractive forces in the Kp system. 


1. INTRODUCTION 


Ar present a number of methods are used for 
determining the parities of strange particles from 
the phenomenological analysis of reactions in which 
they are created or destroyed. Various difficulties 
are, however, inherent in all of these methods. The 
point is that the strong interactions conserve not 
only parity but also strangeness, so that the reac- 
tions in question involve the strange particles in 
pairs. Therefore one cannot determine the parity 
of one particle without knowing the properties of 
the nuclear interactions of the partner particle. 

At present these properties are as a rule unknown, 
and this hinders the determination of parities. 

On the other hand, the phenomenological method 
for determining parities, which operates only with 
initial and final states, cannot be applied to reac- 
tions of elastic scattering, since in this case the 
intrinsic parity drops out of the argument. Con- 
versely, any theory that contains the idea of in- 
termediate states can give an answer to the ques- 
tion. In particular, such ideas are contained in 
the method of dispersion relations, and owing to 
this it can be used for the determination of the 
parities of strange particles.! 

The basic idea of this method is that the sign 
of the pole term that appears on account of the 
transition to an intermediate state which contains 
one hyperon depends on the parity of the system 
Kp relative to this byperon.” For the calculation 
of the pole terms one must know the dispersion in- 
tegral and the real part of the scattering amplitude. 
The experimental data now available® enable us to 
determine these quantities. 
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Our work differs from a number of previous 
papers? in that we have avoided the simplest ap- 
proximations for the energy dependence of the 
cross sections and have made a complete treatment 
of all the data by the method of least squares. This 
has made it possible to estimate the actual preci- 
sion of the calculations, and in particular to answer 
a number of questions raised in the papers of Islam 
and Selleri.” 


2. THE ANALYSIS OF THE EXPERIMENTAL DATA 


The required experimental information on the 
cross sections for the interaction of K mesons 
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with nucleons is contained in the report of Alvarez 
at the Kiev Conference.*® These data are shown in 
Figs. 1 and 2, together with the smoothed curves 
obtained by treatment of the experimental data by 
the method of least squares. 

In the obtaining of the smoothed curves it was 
convenient to use this method in the Chebyshev 
form (cf., e.g., reference 4), in which the curve 
is represented as an expansion in terms of poly- 
nomials 


6 (@) = > CrQx (), (al)) 


k=1 
which are orthogonal with the weights p; when 
summed over a discrete set of points wj: 


N 

> Di Or (z) 1 (Oz) = [Grs Pr) = An. (2-2) 

i=1 
As the weights pj one takes a set of quantities in- 
versely proportional to the dispersions of the cross 
sections a (w;). An advantage of this procedure is 
that the matrix of the errors of the coefficients Cy, 
is diagonal. Owing to this one can avoid much com- 
putational labor in inverting the matrix of the er- 
rors, since the coefficients are automatically un- 
correlated. 

In the choice of the degree of the approximating 

polynomial one must confine oneself to the value of 
n for which the quantity 


m= 1(5 — DiCe gn), (5 —DiCage) (N—n) (2.3) 
first becomes close to unity.» The cross section 
o4(w) is approximated by polynomials of degree 
no higher than the second. Table I shows the co- 
efficients C,, their dispersions D(C;,), and the 
values of 7. 


Table I 
: | en a) | : 
0 Omooe 0.09 oe 
1 —(), 745 0,08 all 
2 —{.277 0.06 0.96 


The data on the scattering of K” mesons were 
treated in a similar way. Here, however, it was 
not possible to represent the entire curve by a 
single analytical expression; this would require 
polynomials of degree not lower than the seventh, 
which would lead to a sharp drop in accuracy. 
Therefore the range of interpolation was divided 
into two parts: 

mos lime lLim< ox 5m. 
(Both here and in all subsequent numerical calcu- 
lations energies are expressed in terms of the 
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rest energy of the K meson; m = 494 Mev.) In 
the first interval the total cross section o¢o¢ was 
divided into two parts: 


Otot = Sse + Sab, 


where the cross sections for elastic scattering and 
for charge transfer were assumed constant, 


6s = 90S= 17 ob (2.4) 


and the absorption cross section was approximated 
by the formula 


Le lGng == cr eel ate (225) 


This same expression was also used in the unphys- 
ical region w <m. The more exact extrapolation 
proposed by Dalitz and Tuan® is not necessary, 
since the entire contribution of the unphysical re- 
gion is small. 


Table II 
k | Ch | D(cr) | i 
| | 
0) 48.9 6.4 44.2 
1 =49 804) ta 3.4 
2 | 3.65 |e 4527 1.4 


In the second range the curve of the total cross 
section was smoothed. The data for this are shown 
in Table II. The approximating curve is taken as a 
polynomial of the second degree. In the region 
w > 5m the cross sections are unknown. We have 
assumed that they remain constant and equal to 
each other: 


Sip = Stot- (2.6) 
This contradicts the direct experimental data at 
= 5m 
Stor =13+1mb, for = 2045 mb. (2.7) 


Evidently the equalizing of the cross sections oc- 
curs at somewhat higher energies. An estimate of 
the error introduced by the assumption (2.6) shows 
that in any case it is not more than 5 percent. Of 
course it would be very desirable to have direct 
data on the cross sections in this region. 


3. CHOICE OF THE DISPERSION RELATIONS 


The dispersion relations for the scattering of 
K* mesons by protons are given in the paper by 
Matthews and Salam:! 


(3.1) 
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where 
D(@) = Re M (a), A(o) = Im M (o), (3.2) 
Ova. = (Ma + p)? — M? — m?]/2M, 
= [My — M?— m?]/2M, (Sao) 
 @ M+M ; 2 Ope MeL . 
yt Ge ire 
(3.4) 


The term B,(w) has a pole at w =F wy, i.e., 
at the energy at which a transition to an interme- 
diate state involving a hyperon is possible. The 
residue at the pole depends on the coupling con- 
stant between the system Kp and this hyperon and 
on the parity pxy relative to the proton. The nu- 
merical values of the threshold energies are 

One — Onl Aare (O),, = OLA) ie Oy = 0.320 m. 
(3.5) 

From the relations (3.1) one can obtain other 
formulas which have better convergence in the re- 
gion of large w’: 


D_(e) —D, (o) = B_(@) — 8, (@) 


pelea ieee Ae, a8 
(the Matthews-Salam mane 
D, (o) —2*™ D, (m) + °=" D_(a) 

=e \ ¥ lwo ro er 

Be gor (3.7) 


OA 
(the Igi relation’); 


B, (@) — 
Ore 


D.. (@) — D. (m) 
o—m pa 


4 foe) 

, , Oy 
in| k’do e — @) (@’ — m) 
A_dw’ 


@rae tm 8) 


Ee a : \ 
Ar 


(the Amati relation? ). 

We shall use Eqs. (3.6) and (3.7) at the energy 
m, and Eq. (3.8) at w =1.22m (for convenience 
of comparison with Selleri’s paper” ). Introducing 
the scattering lengths a and b by the formulas 


D, (©) = — ak/k,, D_(o) = + dk/k, (3.9) 


(ke is the momentum in the center-of-mass sys- 
tem ), we then get 


2 = 
+6 a= Bi tet ll — do’ 


a) 


®MAn 


|’ oq,40" iF (3.10) 


o” rae m2 
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+b6+a+ vos Dy. i Da wo ees 
- eat \ Li Prat) (3.11) 
r,(1,.22m) = B; + 7 \ fo (a= Dray (w’ -— m) 
(o’ + oR) (@’ + m) |- a 7 (o’ ee m) 
es (3.12) 


The factor M/(M+m) has arisen from k/Ke after 
passage to the limit w —m, and 


r, = 4n [D,(1.22 m)— D,(m)}/0,22 m. (3.13) 


The explicit expressions for the pole terms Bj 
in terms of the coupling constants are of the follow- 
ing form: 


2 
Bp = an gal4n + asgn/4n. 


The coefficients aj, and ajy are given in Table 
III, where the upper values are for positive parity 
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Table III 
i Gin as 
Ss | = Daal 
{ { 0.123 |) 0.114 
Se i, 
a { 0.143 { 0.113 
29" 3058 || (227,540 
3 { 0.498 { 0.316 


4, CALCULATION OF THE POLE TERMS 


By means of the dispersion equations (3.10) — 
(3.12) the pole terms can be expressed in terms of 
the scattering lengths and the dispersion integrals. 
The problem is reduced to the calculation of these 
quantities and of their standard errors. 

1. The scattering lengths. By definition [cf. 
Eq. (3.9)] 


[eeoap(m)/4a0]2]”, 
(4.1) 


with the positive sign of D(w) corresponding to 
attraction of the K meson to the proton. At the 
present time only the sign of D,(m) has been de- 
termined; it is negative,° i.e., the K* meson is 
repelled from the proton. The sign of D_(m) has 
not yet been determined, but there are certain in- 
dications (interference between Coulomb and nu- 
clear scattering) that this sign is positive.? We 
shall investigate both possibilities. 

Let us show how the scattering length a was 
calculated. According to Eq. (4.1) it can be ex- 


a = log; (m)/4n)", 6 = [ox¢(m)/4n — 
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pressed in terms of the coefficients C, of the 
polynomial which approximates o,(w). These 
coefficients are independent random variables 
distributed according to the normal law. Since 
their dispersions are small, we can use the 
simple differential formula 


(4.2) 


Substituting all the necessary data and making the 
calculation, we find 


a = (0.8389 + 0.0268) m+ (4.3) 


The quantity b is calculated in a similar way, but 
is expressed in terms of different random quanti- 
ties (sc, Sab): 


b = (2.046 + 0.330) m7 (4.4) 


The other quantities associated with the scatter- 
ing lengths are foundin justthe same way. Thus the 
derivative D’,(m), which appears in the Igi rela- 
tion (3.11), is given by 


M-+m da a 
Maem @ M do Mie it (4.5) 


After substitution of the numerical data this for- 
mula gives 


D,, (m) = (— 0.26 + 1.65) m=? (4.5a) 


Finally, the Amati relation (3.12) involves the 
effective radius r, [see Eq. (3.13)]. Its value is 


r, = (—0.22 + 1,04) m= (4.6) 


2. The dispersion integrals. All of the integrals 
that it is necessary to calculate can be divided into 
four types, which differ from each other by the 
ranges of integration: 


Orvn 0’ <M, 


iwi @ 


The only contribution in the first interval is that 
from the absorption cross section o,), which is 
taken from Eq. (2.5). In the second interval Ca 
otot, and ogc come in. tee value of ogc is taken 
from Eq. (2.4), and for o{>; we use the approxi- 
mating polynomial (2.1). In the next interval we 
need data on the total cross sections of + and 
Otot, which we have in the form of smoothed poly - 
nomials. In the last interval we use the equality 
of the cross sections [cf. Eq. (2.6)] 


m<o' <1,1 Mm ’ 


oli, Dit <2 @. = OG). 


i= Oro) = 13°21 mb, 


which is necessary for the convergence of the in- 
tegrals in the relations of Salam and Amati. In 
the Igi relations, where the integrals converge 
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even without this condition, we have taken the 
direct experimental values of the cross sections 
[cf. Eq. (2.7)]. We recall that in this region all 
of the cross sections have been assumed inde- 
pendent of the energy. 

In all cases the integration can be done by ele- 
mentary methods, and the result is that all of the 
dispersion integrals are expressed in terms of 
the 10 independent random quantities 


(4.7) 
Some of them have already been encountered above 
in the calculation of the scattering lengths. 

3. The pole terms. Equations (3.10) — (3.12) 
serve for the determination of the pole terms Bj 
in terms of the dispersion integrals, the scatter- 
ing lengths, and related quantities. Substituting 
everything in Eqs. (3.10) — (3.12), we get 


Cac, Sams a (ico) g 


at Cy Cp GR Gre Ce 


10 
B, = B; + >) bnACr; (4.8) 
j= 
where 
ING = 0), AG AC, = O22) (Gz). (4.9) 
0.073 —0,105 0.132 —0,039 0.025 --0.006 6,010 0.030 0 
—0.029 0.036 
biz =f 1.773 —4,034 6.362 —0.025 0.024 —0,017 0.010 0.037 —0,008 —0,909 }, 
—0,029 6,043 
0.662 —3.235 7.213 04123 —0,008 --0.104 —0,002 0,057 —0.001 —0,034 
(4.10) 


The columns of the matrix bj, are numbered in 
the order of the quantities in the list (4.7), and 
the rows correspond to i=1, 2, 3. In the rows 
in which two values are given, the upper corre- 
sponds to attraction of K™ to the proton (i.e., to 
the positive sign of b). 

Since the number of terms in Eq. (4.8) is rather 
large, we can apply the limit theorem of probabil- 
ity theory and assume that the value of a pole term 
is distributed around its average value B accord- 
ing to the normal law, the dispersion of this dis- 
tribution being a linear function of the D(C,). By 
means of the formula (4.8) we can convince our- 
selves that the three pole terms Bj are statistic- 
ally independent quantities. Substituting the nu- 
merical values, we get the data shown in Table IV, 
which gives the values of the pole terms with their 
standard errors (the diagonal elements of the 
error matrix). 

Table IV 


i B £ 


aE) ae (0) 2th 
+293) =2)'0,5003 


{ O.93t 22055 
—3,561 = 2.108 


3 1.410 = 2,097 


bo 
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The largest dispersion is obtained by the use 
of the Igi relations (3.7). In doing the calculation 
one finds that the main contribution (90 percent) 
to the dispersion comes from the uncertainty in 
the quantity D’,(m). Therefore although the sub- 
traction method used by Igi gives convergent quan- 
tities, it at the same time leads to large ambigui- 
ties. In fact, it has been shown in a paper by 
Islam? that the different ways of interpolating the 
experimental data on K*p scattering in the energy 
range up to 100 Mev can lead to the negative sign 
for the pole term, independently of the sign of the 
potential of the Kp interaction. 

In our case, owing to the use of the method of 
least squares, there are no ambiguities in the in- 
terpolation. It can be seen from Table IV, how- 
ever, that although the average value B, is indeed 
positive (for b >0), there is a considerable prob- 
ability (40 percent) that B, <0. Thus in this case 
we cannot reliably indicate the sign of the pole 
term. 

In their paper Karplus and others? used a dis- 
persion relation of the same type as Eq. (3.7), but 
with a variable point of subtraction. In the light of 
what we have found, it is clear why the standard 
deviations in their paper were as large as 150 per- 
cent and the sign of B, remained completely un- 
certain. 

Thus the subtraction used by Igi depresses the 
pole term too much and does not allow us to deter- 


mine the necessary quantities with enough accuracy. 


On the other hand, the relation used by Amati (the 
effective-radius approximation) is less sensitive 
to experimental errors. This is because in this 
relation the main part is played by the dispersion 
integrals, which are determined with high accu- 
racy. The ambiguities that arise here turn out to 
be very slight. Thus the probability that the sign 
of the pole term is opposite to that shown in the 
table is only 20 percent. 

Of all the relations we have considered, the one 
that gives the most reliable data on the pole terms 
is the Matthews-Salam relation. The reason is 
that no subtraction procedure was used in the de- 
rivation of this relation, and owing to this the 
effects of experimental errors on the value of 
the pole term are reduced to a minimum. The 
accuracy obtained in this case is in fact the best. 
At any rate the sign of the pole term is determined 
with a probability very close to unity. 


5. THE PARITIES AND COUPLING CONSTANTS 
OF THE STRANGE PARTICLES 


The results of the treatment of the experimen- 
tal data are presented in Table IV, which shows the 


values of the pole terms. In Table III these same 
terms are expressed in terms of the (unknown) 
parities and coupling constants of the strange par- 
ticles. Combining the data of the two tables, we 
get an equation of the form 


angnl4n + angs/4u = B, (5.1) 


in which the coefficients ay are taken from Table 
III and depend on the parities of the strange par- 
ticles, and the quantity B is from Table IV and 
depends on the sign of the potential of the Kp 
interaction. 

In all previous papers!»* devoted to this prob- 
lem attempts have been made to determine both 
parities from a single equation (5.1). For example, 
if we use the Amati relation, in which B > 0, itis 
clear that the parities of the A and 2 hyperons 
cannot both be positive at the same time, since 
then ay < 0, ay < 0 and Eq. (5.1) cannot be satis- 
fied by positive values of gt /4n. If, on the other 
hand, both hyperons have negative parities, the 
equation can be satisfied. This still leads to no 
conclusion, however, since it remains completely 
obscure what the situation is if the parities of the 
hyperons are opposite to each other. 

The point is, of course, that one equation is not 
enough for the determination of the parities. There- 
fore one must make additional assumptions to make 
up for the lack of information. Such an approach 
naturally cannot be accepted as correct. We pre- 
fer to consider not a single dispersion relation, 
but the entire set, and to treat it as a system of 
equations for the unknown coupling constants. We 
have 


a An + a,,92/40 = B,, Ao? [450 +- Aon.g?,/4 = Bo, 


g2 | 
1A A/ 


zaQ%/4n + dgng2,/4a = Bs. (5.2) 


Positive definite solutions of this system do not 
exist in all cases, but only with a definite choice 
of the parities. This enables us to find them. 
Moreover, since we have three equations for two 
unknowns, the additional condition for their con- 
sistency 


an as By 
Asx Ax, B2| = 0 

5a) 
Gane Bg (5 ) 


is a very severe one. 
If we assume that attractive forces act between 


the K~- meson and the proton at small energies, 
the system (5.2) is consistent, and its solutions 
are positive only with the following choice of the 
parities: 

(eG) Di 2g) 20: (5.4) 
The most probable values of the coupling constants 
are then 
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(5.5) 


gi/4n = 0,28 +0.67, gh/4n = 12,7 + 13.6. 


Let us now consider the solutions that are obtained 
with a choice of the parities different from that of 
Eq. (5.4), for example for px, > 0, Pky > 0. There 
is then just a change of the coefficients ajy in the 
system (5.2), with the new values proportional to 
the old ones. The proportionality constant can be 
found from Eq. (3.4), and is 


2 = (@s ; M | Mz)/(@y | M My) — Darr (5.6) 


Since the coefficients ajy are proportional to 
their previous values, the condition of consistency, 
Eq. (5.3), is not disturbed. The new solution will 
differ from the old-one only in the quantity g$ /47; 
it is now negative and smaller by a factor 23.9. 
We have an analogous situation if we change the 
assumption about the parity of the A hyperon, but 
in this case k = —18.7. Thus among the four 
choices for the parities only one is physically 
possible. With each of the other three choices at 
least one constant is negative. Of course, owing 
to the presence of the dispersions there is a non- 
vanishing probability of getting positive values of 
gt /4n in these cases also, but this probability is 
not larger than 20 percent, whereas for the choice 
(5.4) it is 65 percent. These figures show the de- 
gree of uniqueness of the result expressed by the 
equations (5.4) and (5.5). 

If we assume that the K' meson is repelled 
from the proton (b < 0), the right members of 
the equations (5.2) take different values (see 
Table IV). In this case a direct calculation shows 
that the condition of consistency (5.3) is violated. 
Therefore there is no choice of the parities for 
which one can satisfy the system of equations 
with positive coupling constants. Naturally this 
result also is only a probable one. Knowing the 
dispersions and correlations of the right members, 
we have calculated the probability that the condi- 
tion (5.3) can be satisfied. It is 3 percent, whereas 
in the previous case (b > 0) we had ~ 65 percent. 

Thus owing to our use of the system of disper- 
sion relations we are able to exclude the a priori 
possible case of K’p repulsion. This means that 
the sign of this scattering length is determined by 
the very structure of the dispersion equations. We 
note that the conclusion that the K” meson and 
proton attract each other does not contradict the 
data on the interference of the Coulomb and nu- 
clear scatterings of the K~ meson.? 


6. CONCLUSION 


Our analysis of the dispersion relations for the 
scattering of K* mesons by protons leads to the 
following conclusions: 
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1. In the determination of the parities one must 
not use only the sign of the pole term, as has been 
done in all previous papers, !? but must regard the 
dispersion relations as equations in the unknowns 
gy: 

2. The most probable result is that the hyperons 
have opposite parities, which has the consequence 
that the constants gy differ by a factor of about 40. 

3. There is no need to make any assumptions 
about the sign of the scattering length of the Ke: 
meson, since it is determined by the very struc- 
ture of the dispersion relations. 

4, The Igi dispersion relation leads to a broad 
distribution of the quantities being studied, which 
makes it hard to get an unambiguous answer. 

5. The contribution of the absorption to the dis- 
persion integral is small, and owing to this we can 
use the simplest extrapolations in the unphysical 
region. 

We express our gratitude to Professor Zh. S. 
Takibaev for his interest in this work, to Professor 
L. Alvarez and A. Rosenfeld for furnishing experi- 
mental data before its publication, and to A. Akh- 
medshina for help in the calculations. 

Note added in proof (January 16, 1961). The 
linear combinations gi, /4n = 0.028 + 0.71 and 
gh /4n — 20.6 ¢% /4m = 6.93 + 1.84 have no corre- 
lation between them, and their dispersions give 
an optimal characterization of the accuracy at- 
tained in the present paper. Inclusion of new data’ 
leads to the values g4 /4m = 0.89, g}/ 4m = 25.0, 
with the same relative accuracy as before. 
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We study the analytic properties of the scattering matrix T(k’, t) as a function of t for real 
k?, where t is the square of the momentum transfer, and k? is the square of the momentum. 
The potentials treated are of the form F(r)rte~@, 


lhe this article we study the analytic properties in 
the complex t plane of the quantum mechanical 
amplitude T(k?, t) for elastic potential scattering, 
for real k?. Here t is the square of the momen- 
tum transfer, and k? is the square of the momen- 
tum. In particular, for a potential of the form 


Pin f (pire; one 0 


(1) 


we are able to prove the following assertion: the 
scattering amplitude T (k2, t) can be extended 
analytically into the complex t plane for all real 
values of k*, and the existence, location, and 
types of singularities are all determined by F(r). 
Further, T(k?, t) ~0 as t— © in any direction 
other than along the positive real axis. 

The restrictions on F(r) depend both on our 
method of proof and on whether the scattering is 
nonrelativistic or relativistic (determined by the 
Klein-Gordon equation). In the nonrelativistic 
case it is sufficient to choose F(r) such that the 
Fourier transform V(k) of V(r) exists, and 
such that if one writes 

F (rf) = \ BF (s) ds 


= th) 


(2) 


then 


> : (  F(s)ds 

V@Q= \ eke V(r) dr = 4 \ aaere (3) 
0 

In the relativistic case, in addition to (3) we require 


the existence of V7(k), where 


Van) = emevy(rdr = 4 ore ae 
oe te 
fils) = \ dp\ de f(x)F(p — 9. (5) 


0 

Henceforth the f(s) and f,(s) functions of Eqs. 
(2) — (5) shall be restricted by the additional condi- 
tion that lim rF(r) = 0 in the nonrelativistic case 

and lim F(r) = 0 in the relativistic case as r — 0. 


We may remark, however, that the results we ob- 
tain would seem to be valid.also for a wider class 
of functions. In the nonrelativistic case one may, 
in addition, include F(r) functions whose trans- 
forms are the 6(s) function or its derivatives 
6(2)(s). In the relativistic case the 6(")(s) are 
admissible. 

As an illustration of our method of proof we 
proceed with the case of relativistic scattering. 
The configuration-space representation of the 
scattering matrix T,(k’, k) has been obtained 
elsewhere.! The momentum space representation 
is 


T, (k’, k) = T (2, ) = Wk’ — kp 


(TH 1k! dk ee, 

—ga\Wi\k k, |) rence Wik, —k)} 
iia dk, 

T Ghat k ks ky, ko 
i mH | W (ik ) ere Gi ( 1 >) 

dk; ~ 40 ; 
Grrrl aa gece 

Matlek ar ES Wek NEE 

ay aa G2 (R; ky, k,) he — B — ie (| 2 |) ( ) 


Explicit expressions for G, and G, can be ob- 
tained by the Fredholm solution of the scattering 
problem.’ For instance, G, is given by 


G(R ky, ke) = ogy LW (bs — ba) 


Ks W (| ki — ke |) 
5 Cant | Ket 


Ko (ki, X1) 308 Ks (ki, X,) 
Ko (x1, x) ate Ky (x1, X,) 


Oh -otd Salk: 


KG X1) i Ry (x4: Xp) (7) 


K(X. ke) 
where 


W (\k, — ky!) =2V 2 + me? V (\ ky — ks) —V? (ky — ke), 


ef RIZ—Xi | 


Ke (ka, Xi) = \ dae W (2) da ex) W (xi), 
eb hx; —z| wh 
Ka (xi, ko) = | az Taverne 2z, 
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and A(k) is a certain function of k. The G, func- 
tion has the same properties as G,, and we there- 
fore refrain from writing it out. 

We have now reduced our study of the analytic 
properties of T (k2, t) to the study of Eqs. (6) and 
(7). Proceeding with Klein,? we write 


k’ = k (cos (8/2), — sin (9/2), 0), 
k, = k, (siny sing, cos y sing, cos), 


where @ is the scattering angle, and make use of 
(3) — (5). It can then be shown, for example, that 
for potentials of the form 


Ca ea ee er (8) 


T (k*, t) can be analytically extended, for all real 
k?, into the t-plane cut along the real axis from 
4a* to ~ with poles of different orders at t=a@ 
and t = 4a?. 

We now write down the usual dispersion rela- 
tion for T(E,t) in the absence of bound states 
(with E =k? + m2): 


2 


T (E, i) =a eee 


P 


Ihyaat FP (0245, 72)) 
(E’ — m) (E' —- Eo) (E’ — E — ie) 


x \ dE’ | 
| sai (Ese) 
) (E92 m) (E’ = EE = E) 


_m—&é E — Eo 
als mE, Rel (Eo. t) + meee (m, t). (9) 


m 

For potentials satisfying (8) this relation was 
obtained! for —t < 4a?. But both sides of (9) are 
analytic functions of t (for Ey) >m) for all t ex- 
cept the poles and the cut mentioned above. Hence 
(9) is valid for all t. Further, since the right side 
of (9) can be extended analytically into the complex 
E plane with cuts from +m to +, this equation 
establishes the analytic properties of T(E,t) for 
complex E and complex t. 

From these results we may now write the double 
dispersion relation 


MAL’CHENKO 


E— E — Eo) 
T() ee 
sis 
C dE’ . pn (CE 2) opin 
——— (It 
x|P \ (EC Eo) (EB. — m1) (E" =- BE) a Pej d 
m (2%)2 
oo © 
! % dE \ p2 (E’, i} dt’) 
+ \ (BOE 5 (Ee) Us Ee a i 
m (2x)2 
7 i Ie: fi ts Eo 10 
+ = Ref (Eo, t) + 7— 2 T (m, 2), (10) 


where p;,.2(E’, t’) are real functions describing 
respectively, scattering of particles and anti- 
particles. 

Several results can be obtained from Eq. (10). 
First, one can establish the analytic properties of 
the partial wave amplitudes by using the formula 


=Fil 
A, (E) =~ \ P; (cos) T(E, t)d cos, 
— 
t = — 2k? (1 — cos 0). 

Further, by comparing the analytic properties 
of Im T(E,t) with those that would have been ob- 
tained for the imaginary part of the meson-nucleon 
scattering amplitude if Lehmann’s‘* procedure had 
been used, one finds (letting the nucleon mass ap- 
proach infinity) that the radius of the meson- 
nucleon interaction is p = a7! = 0.86 x 107 cm. 
We have obtained this result elsewhere’ in a some- 
what different way. 
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A number of empirical laws cannot be explained by the statistical mechanism of photonuclear 
reactions if the energy of the gamma quantum is less than or equal to 10 Mev. The facts can 
be explained only by assuming that a few single-particle states of the target nuclei contribute 
significantly to the cross section of the photonuclear reaction. The nature of these states is 


discussed. 


In the investigation of photonuclear reactions in 
heavy and medium-weight nuclei, a statistical 
model of the nucleus is usually employed, in which 
such general quantities as the level density p(E), 
the nuclear temperature T, and the average values 
of various partial widths (Ty, aes etc.) enter as 
parameters. The application of the statistical ap- 
proach physically amounts to the assertion that a 
very large number of levels of the intermediate 
nucleus take part in the reaction, so that the cross 
sections become significant in spite of the fact that 
the contribution of each single level is small (since 
the average widths I are small). 

However, another situation may also be consid- 
ered, by which the reaction goes basically only via 
a small number of levels having large widths, for 
example, single-particle levels, the widths of which 
are close to the Weisskopf values. It is well known 
that the experimental values of the integral elastic 
and inelastic cross sections (yy and Orvy’ ) for 
medium-weight and heavy nuclei seem to be of the 
order of 10 — 20 mb-Mev for energies in the inter- 
val 5—15 Mey. At the same time the integral cross 
section for elastic scattering (mT omax/2) arising 
from a single single-particle level of width T,~ I 
~ 100 ev is also equal to ~ 10 mb-Mev for gamma- 
quantum energies of the order of 10 Mev. Thus, if 
single particle levels were located at a distance 
from each other of approximately 1 Mev, then they 
alone might explain the order of magnitude of the 
observed values of the cross sections. 

There have been few experiments in which the 
interaction of gamma rays with nuclei in the energy 
range 5 — 15 Mev has been studied. These include 
measurements of the elastic scattering of gamma 
quanta, ! inelastic scattering with the formation of 
isomers,” and the first information about nuclear 
absorption.? From the data available it is possible 
to arrive at the following conclusions. 


1. For the majority of elements there are defi- 
nite peaks in the cross sections o,, and Orvyy! 
close to the thresholds for the reactions (y,n) 
and (y,p). The peak height is of the order of 
several millibarns, and its half-width T ~ 1—3 
Mev. Usually in the medium weight nuclei the 
resonance in the cross section is associated with 
the (y,p) threshold, and in heavy nuclei it is as- 
sociated with the (y,n) threshold. 

2. The height and width of the peak vary irregu- 
larly from element to element! (see also the table). 
3. A resonance in the absorption cross section 
has been observed. Data on nuclear absorption in 
the region below the threshold of (y,n) reactions 

is available only for P, S, and Ca.? 

Let us compare these results with the predic- 
tions of the statistical theory of nuclear reactions, 
which can be formulated as follows. 

1. Nuclear reaction cross sections should be 
smooth functions of the atomic weight. However, 
the work of Fuller and Hayward! (see also the 
table) shows that in the scattering of gamma rays 
the individuality of nuclei appears very distinctly 
and cannot be explained on the basis of statistical 
considerations. 

2. The cross section for elastic scattering ought 
to have the form of energy dependence schematic- 
ally represented in the diagram. At first the cross 
section increases. However, on account of the 
rapid increase of the number of inelastic channels 
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*Experimental errors in the determination of the magnitude of the cross section 
(~1 mb) and the position of the maximum (~1 Mev) are not indicated in the table. 
**Data from O. V. Bogdankevich and L. E. Lazareva. 


with the increase of energy of excitation of the 
nucleus, the ratio of the elastic radiation width to 
the total radiation width decreases, and conse- 
quently the cross section for elastic scattering, 
Oyy = Scapt ly /Y, decreases. For excitation en- 
ergies & 5 Mey,’ the order of magnitude of this 
quantity is: 


L,/P = (fw)?/6r4p (ho) ~ 1% 


[p (Aw) = pyehe/T is the level density, and T 
~ 0.9 Mev]. 

In the energy range above 5 Mev the cross sec- 
tion for elastic scattering varies approximately as 
(hw)te-hw/T (we assume that dipole absorption 
is taking place, that is,” Ogapt ~ hw) with a maxi- 
mum in the energy range ~4 Mev. The statistical 
theory is unable to explain the appearance of a 
maximum in yy" in the immediate neighborhood 
of the nucleon threshold. A rapid decrease of the 
cross section with energy, correlated with the 
threshold for the formation of photoneutrons, is 
explained by the fact that the emission of nucleons 
is far more probable than the emission of gamma 
quanta. 

3. The total cross section for inelastic scatter- 
ing Oyy’ = Cabsl'*ZTy ought to practically coin- 
cide with the absorption cross section for large 
excitation energies (below the neutron threshold), 
xT. ~T, and it ought to increase with increasing 
energy. Just above the nucleon threshold, Oyy’ 
(see reference 6) falls rapidly at the expense of 
the appearance of the competing processes involv- 
ing the ejection of nucleons. The sizes of the en- 
ergy regions AE where the cross section is de- 
creasing (refer to the figure) may be evaluated 
from the equation 


PrN) = De thresh AEs 


For neutron thresholds we obtain from this AE 

Pe (n?/2MR?)(T-y/y)? (where R is the radius of 
the nucleus, and va is the reduced width for neu- 
tron emission). If, for example, one sets vi, 

= 0.01h?/2MR2, then AE ~ 10 kev. In the case 
of proton thresholds, the maximum of the cross 
section is located above the threshold, on account 
of the Coulomb barrier. Calculations show that 
for Z = 30 the maximum of the cross section ought 
to lie approximately 1 to 2 Mev above the proton 
threshold. 

Thus, according to the statistical model, the 
maximum of the cross section for inelastic scat- 
tering ought to lie practically on the neutron 
threshold or a little above the proton threshold, 
and in any case, not below the thresholds. At 
present the accuracy in the determination of 
Emax is not great (+1 Mev), and within these 
limits Emax usually coincides with Ethresh- 
However, in certain cases a displacement of the 
maxima into the region below the threshold is ob- 
served.! For example, in Y®, Emax ~ 10.5 Mev, 
but Ethresh = 11.8 Mev. 

4, The estimates given above show that in the 
statistical model, for E 2 5 Mev, the cross sec- 
tion Jabs © 1000, y. Experiments? indicate, how- 
ever, that Oyy is only a few times (2 to 10 times) 
smaller than the total absorption cross section, 
which is estimated by means of an extrapolation 
of the results on (y,n) reactions. 

Thus, the simple statistical model is incapable 
of explaining the results on photonuclear reactions 
in the range of excitation energy 5 to 10 Mev. 

The contradiction between theory and experi- 
ment is, however, removed, if photonuclear reac- 
tions in the energy range considered are assumed 
to proceed fundamentally through only a few levels 
with large radiation widths. The strong levels 


ON THE MECHANISM OF PHOTONUCLEAR REACTIONS 


near (y,n) and (y,p) thresholds observed in the 
cross sections of elastic and inelastic scattering 
correspond most closely to the so-called ‘‘thresh- 
old states,’’ the existence of which has been pre- 
dicted by one of us.! These states ought to have a 
single particle structure, and consequently, large 
radiation widths. A few ‘‘threshold’’ states with 
different moments and parities may be located 
close to the threshold for two-particle breakup of 
the nucleus. 

This hypothesis explains in a natural manner 
a number of observations. 

1. First, the very fact of the appearance of 
peaks in the cross sections of various photonu- 
clear processes (Oyy, Oyy’, and dabs) near the 
thresholds of the reactions (y,n), (y,p), etc. 
The resonances observed? in the reactions 
zn (y,d) Cu®* and Zn® (y,d) Cu® near the 
(y,d) threshold may have such a ‘‘threshold’’ 
origin. According to reference 7, the threshold 
states may be shifted from the threshold on either 
side within an interval Ethresh +(1 to 2) Mev. 
Therefore, if further measurements confirm that 
the maxima in the cross sections are displaced 
relative to the neutron threshold, this will be a 
strong argument against the statistical model and 
for single-particle ‘‘threshold’’ states. 

2. The irregular variation of the parameters 
(Omax, I) as functions of the atomic weight. Ac- 
cording to the results given in reference 7, the 
properties of ‘‘threshold states’’ depend strongly 
on the concrete structure of the nucleus. 

3. The ratio of the magnitudes of elastic and in- 
elastic scattering. This ratio is determined by the 


quantity I, [2D ', and is, generally speaking, spe- 


cific for each single particle (threshold) level. 
Thus oyy may be of the order of oy,’ and in spe- 
cial cases may even exceed the cross section for 
inelastic scattering. (It is possible that such a 
situation, with [=Ttot, was encountered in 

(vy, y’) scattering on Bowe when inelastic scat- 
tering was not observed at all.’) 


4. The absolute magnitudes of the cross sections 


Oryy: Calculations by Kalinkin’® based on the hy- 

pothesis that elastic scattering proceeds through 
separate single nucleon levels (nuclear fluores- 
cence) led to satisfactory quantitative agreement 
with experiment. 

Thus, the hypothesis presented above explains 
at least qualitatively the experimental results 
available at present. 

The following should also be taken into con- 
sideration. The statistical model encounters dif- 
ficulties in the attempt to explain the results on 
radiative capture of thermal neutrons.'! Recently 
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the idea of direct capture of the impinging neutron 
in the final level of the intermediate nucleus has 
become more and more attractive. Only in this 
way is it possible to understand why the spectrum 
of capture gamma rays contains exclusively strong 
lines corresponding to the capture of thermal neu- 
trons in shell-model p-states in the final nucleus. 

The presence of threshold states allows one to 
give another interpretation to the results on radia- 
tive capture. If these states actually exist, then 
the reaction (n,y) would go basically through two 
stages: first the impinging neutron is captured in 
a single particle threshold state, and only after that 
a transition is made to lower levels, predominantly 
p-states. In the conception of ‘‘direct capture,’’ 
the neutron, bypassing the first stage, immediately 
goes to the lower p-state. 

The difference between these mechanisms is 
especially clear in the example of Pb?". The re- 
sults on (n,y) reactions on Pb?" can be explained 
from two points of view: either by a direct proc- 
ess,” or by the existence of a single-particle s- 
state right on the neutron threshold of Pb?°*. The 
results on yy-scattering prove directly the exist- 
ence of such a level [oy has a strong peak at the 
threshold of the reaction (jy, n)']. In the concep- 
tion of direct capture this level is absent. 

We can conclude that in the energy range 5 — 10 
Mev one statistical theory cannot explain satisfac- 
torily the results of experiment, which indicate 
that in the course of reactions in this energy range 
an important role is played by a small number of 
very strong levels of the intermediate nucleus. 
Basically these levels are concentrated close to 
the threshold and appear to be ‘‘threshold’’ states. 
For example, in the light nuclei, such states ought 
to be found in the energy range 6.5 —7.5 Mev in 
Li’, 11—11.5 Mev in B"!, 18.3—18.9 Mev in C%, 
15 —16 Mev in O*, 6 —6.4 Mev and 8—8.4 Mev 
in O!8 5 —5.6 Mev in Ne”, etc. 
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The effect of the finite size of the nucleus on the angular distribution of circularly-polarized 
bremsstrahlung emitted by a longitudinally polarized high-energy electron is considered. An 
expression for the angular distribution of external bremsstrahlung is derived by taking into 
account the mean square radius <r*> of the nuclear charge distribution and the longitudinal 
spin correlation between the initial electron state and emitted y quantum. A formula is de- 
duced for the effect of the finite nuclear size on the angular dependence of the degree of cir- 


cular polarization of the bremsstrahlung. 
1. INTRODUCTION 


Tae polarization correlation between the electron 
and the y quantum in the bremsstrahlung of an 
electron in the Coulomb field of a point nucleus was 
considered in several papers.!~" It was shown that 
the bremsstrahlung quanta from a high-energy 
electron polarized in (or opposite to) the direc- 
tion of motion have circular polarization, the de- 
gree of which may reach almost 100 percent near 
the upper limit of the spectrum.‘ It has been 
established experimentally that for a longitudinally 
polarized electron with kinetic energy ~ 2 Mev 
the degree of circular polarization of the brems- 
strahlung reaches a maximum value ~ 95 percent 
in the upper end of the spectrum." Thus, the 
theoretical results!~* on the polarization proper- 
ties of the bremsstrahlung have proved to be in 
satisfactory agreement with the experimental 
data. 

As shown by Olsen and Maximon,’ the degree 
of circular polarization of bremsstrahlung quanta 
from a polarized high-energy electron is practic- 
ally independent of the screening of the field of 
the nucleus and of the Coulomb corrections. Biel 
and Burhop” considered the bremsstrahlung of 
a relativistic electron in the Coulomb field of an 
extended nucleus without allowance for the polar- 
ized states of the incident electron and the emitted 
y quantum, in the Born approximation. They have 
shown that when the electron has high energy 
(E > mjc”) the influence of the density of nuclear 
charge distribution on the angular distribution of 
the bremsstrahlung becomes appreciable in the 
region of y-quantum emission angles 9 > 10°. An 


analysis of the influence of the finite dimensions 
of the nucleus on the polarization of the electrons 
in double scattering is the subject of a paper by 
Kerimov and Arutyunyan. 

In the present article we calculate in the Born 
approximation the angular dependence of the ex- 
ternal bremsstrahlung of a relativistic electron 
with allowance for the finite dimensions of the nu- 
cleus and for the polarized states of the initial elec- 
tron and of the emitted y quantum. Formulas are 
derived for the dependence of the ratio of the cross 
section of circularly polarized bremsstrahlung 
from an extended nucleus to the cross section for 
a point nucleus on the angle of emission of the y 
quantum and the mean square radius of the nucleus 
for a given value of energy of the longitudinally 
polarized electron. It can be expected that the ex- 
perimental investigation of the formulas for the 
cross section of bremsstrahlung from polarized 
electrons in the region of high energies and angles 
can also yield definite information on the form 
factor and on the mean square radius of the dis- 
tribution of the nuclear charge. 


2. ANGULAR DISTRIBUTION OF POLARIZED 
RADIATION WITH ALLOWANCE FOR THE 
DIMENSION OF THE NUCLEUS 


To take account of the finite dimensions of the 
nucleus, we shall use the form factor F (q) of the 
charge density distribution, for which we have, for 
not too high energies, 


co Pee Sth 
ie (q) = \ P (r) eee dr Be ] kT GP Ge, (1) 
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Here p(r) is the density, <r*> is the mean 
square radius of the nuclear charge distribution, 
and hq is the momentum transferred to the nu- 
cleus (q=k-—k’—k, kK is the photon wave vector). 
At electron energies from 20 to 100 Mev we can 
confine ourselves to the first two terms of the ex- 
pansion of F(q) (see reference 14) and obtain a 
bremsstrahlung cross section that depends only on 
the mean square of the nuclear radius. At very 
high electron energies it is necessary to take into 
account the higher moments of the nuclear charge 
density. 

The longitudinal polarization of an electron 
with momentum p = hk is described by the eigen- 
value s = +1 of the projection operator (a-p/p) # 
= sw (see references 15 and 1). When s=1 we 
have a right-hand polarized electron (the spin is 
in the direction of the motion), and when s = —-1 
the polarization is left hand (spin opposite to the 
direction of motion). Circular polarization of the 
bremsstrahlung is characterized by a photon field 
polarization vector (see references 15 and 1)* 


= TD) G+ ree. 


Here 


= [ei VI = Op, 


«° = «/« is a unit vector in the direction of emis- 
sion of the bremsstrahlung photon, j is a unit 
vector of arbitrary direction, 1 =+1 describes 
the circular polarization of the radiated y quan- 
tum; 7=1 fora y quantum with right-hand polar- 
ization and —1 for left-hand polarization. 

In the Born approximation we obtain from refer- 
ence 1, with the aid of formulas (2) — (10), the fol- 
lowing expression for the differential cross section 
of the external bremsstrahlung of the electron, with 
allowance for the form factor of the nucleus and the 
longitudinal polarizations of the electron (in the 
initial and final states) and of the emitted y quan- 
tum 
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Here E=chK, p=hk and E’ = chK’, p’ = fk’ are 
the total energy and momentum of the electron be- 


fore and after radiation, respectively; €y, = Chk 


= ch(K-—K’) and Py = hk are the energy and mo- 
mentum of the radiated y quantum; ky = myc/h is 
the rest mass of the electron; a is the fine-struc- 
ture constant; dQ and dQ’ are the solid angles of 
the direction of the electron momentum before and 
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after radiation; s’ = +1 is the eigenvalue of the 
projection operator o+p’/p’, which characterizes 
the longitudinal polarization of the electron in the 
final state. 

In Eq. (2), dop_y(@, 6’) is the known cross 
section of the unpolarized bremsstrahlung, given 
by formula (25.13) of Heitler’s book,!® the terms 
proportional to Zs and 7s’ define the longitudinal 
spin correlation between the radiated y quantum 
and the electron in the initial and final states, re- 
spectively, and the term proportional to ss’ char- 
acterizes the correlation between the longitudinal 
polarizations of the electron in the initial and final 
states. 

Summing (2) over the final spin states of the 
electron, we obtain a formula for the differential 
bremsstrahlung cross section with allowance for 
the form factor and the spin correlation between 
the electron and the y quantum (~Js): 
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Integrating (5) over the solid angle dQ’ of the 
scattered electron with allowance of (1), we obtain 
the following expression for the angular distribu- 
tion of the circularly-polarized bremsstrahlung 
from the longitudinally-polarized electron, with 
allowance for the finite dimensions of the nucleus: 
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dof (@) is the cross section of the circularly- 
polarized bremsstrahlung, emitted by the longi- 
tudinally-polarized electron in the field of the 
point nucleus, and given by formula (17) of refer- 
ence 1. The functions ®)(@) and ®,(0@), which 
are included in (8), are determined by formulas 
(18) and (19) of reference 1; dop-y(@) is the 
Bethe-Heitler bremsstrahlung cross section in- 
tegrated over the angles of the scattered electron 
[see reference 1, formula (18)]. The terms pro- 
portional to <r?> and <r’>? represent the cor- 
rections to the cross section of the bremsstrahlung 
from the longitudinally-polarized electron, due to 
the finite dimensions of the nucleus. These cor- 
rections account for the influence of the finite di- 
mensions of the nucleus on the polarization cor- 
relation (~Js) and the usual angular correlation 
[~ ,(6) and ,(6@)] between the electron and the 
y quantum in bremsstrahlung. If only one correc- 
tion term, corresponding to the region of not very 
large energies (qr <1) is taken into account in 
the form factor, it is possible to neglect the Cou- 
lomb effect in the circular polarization of the 
bremsstrahlung. 

After averaging over the polarizations of the 
incident electron and summing over the polariza- 
tions of the emitted y quantum, we obtain from (6) 


ds (6, <r2)) dQ = dsp_n(6) dQ — 4nar {<r?> ® (8) 
== <7252', (0)} dQ. (9) 
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Formula (9) describes the angular distribution of 
the unpolarized bremsstrahlung with allowance for 
the mean square radius <r’> of the distribution 
of the nuclear charge. As <r*> —0 (Coulomb 
center concentrated in a point), formula (6) goes 
into dop-y(@). Thus, the cross section (6) ob- 
tained is a generalization of the known bremsstrahl- 
ung of an electron on a point nucleus with allowance 
for the longitudinal polarization of the spins of the 
electron and of the emitted y quantum for finite 
nuclear dimensions. 


3. DEGREE OF POLARIZATION OF RADIATION 
WITH ALLOWANCE FOR THE DIMENSIONS 
OF THE NUCLEUS 


According to (6) and (8), the cross section of 
the circularly polarized bremsstrahlung emitted 
by a longitudinally-polarized electron in the field 
of a nucleus of finite dimensions is connected with 
the cross section in the field of a point nucleus 
do} ( 6) by the relation 
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In the case of unpolarized bremsstrahlung we have 
in lieu of (10) 
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If the longitudinal polarization of the electron is 
fixed (s =1 or —1), the degree of polarization 
of the bremsstrahlung, corresponding to the two 
types of circular polarization (J =+1) of the 
radiated quantum, can be determined from the 
formula 


i (9, CE) = ({dO;s}s=1 a Clee ee 
AOU s hi). 
From this, using (10), we obtain for the degree 


of circular polarization of the bremsstrahlung on 
a nucleus of finite dimensions 


a)! ({do;s}1=1 
(12) 


2 1 — <r?> ds (8) ++ <*>? ds (6) 
PB, ) = SP" Oa resratey (13) 
where 
ds (6) = ®, (6)/, (6), ds (8) may ; (8) /®, (8), 
ds (8) = OM, (8)/Dy (9), d, (9) a M, (9)/Do (8), 
P! (8) = Wx (8)/Dp (8). (14) 


Here pr 6) is the degree of circular polarization 
of the bremsstrahlung produced by a longitudinally- 
polarized electron in the Coulomb field of a point 
nucleus [see reference 1, formula (20)]. 
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Formulas (10), (11), and (13) describe, at high 
energies, the influence of the finite dimensions of 
the nucleus on the angular dependence of the cross 
section, and also the influence of the degree of 
circular polarization of the bremsstrahlung from 
a longitudinally-polarized electron in the Born ap- 
proximation. We can use here for the mean square 
radius <r*> of the nucleus the value obtained 
from experiments on the scattering of high-energy 
electrons by nuclei.‘4 In the extreme relativistic 
case (e.r.) of high energies, when E, E’ > m,c?, 
the functions ®,(@), which determine the angular 
dependence of the cross section and of the polari- 
zation, become much simpler and we obtain for 
them the following expressions 
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Here E = cp is the kinetic energy of the extreme- 
relativistic electron, €, is the energy of the 
bremsstrahlung quantum. We do not give here 

the functions $§-"-(6) and #€-T-(9) fora point- 
like center, since these are readily derived from 
(18) and (19) ot reference 1 by assuming ¢,, E 
and E’ > moc’. Do 
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To illustrate the derived formulas (10), (11), 
and (13), let us estimate the role of finite nuclear 
dimensions in the case of bremsstrahlung of both 
a polarized and an unpolarized electron on the 
nucleus of INN The mean-square radius of 
Nag hs determined from electron-scattering ex- 
periments, is (see reference 14) 


<r?) = 19,594.10-2 em?, 


It was observed experimentally that the left- 
polarized electron of high energy (s = —1) from 
B emitters radiates predominantly bremsstrahlung 
quanta with left-hand circular polarization (J = -1, 
quantum spin opposite to quantum direction ).°-1!! 
For a right-polarized high-energy electron (s = 1) 
the emitted bremsstrahlung quanta should have 
right-hand circular polarization (J = 1, quantum 
spin parallel to the direction of motion). 

Figure 1 shows the dependence of the cross sec- 
tion ratios 


? 


I, = do;; (9, <r®))/da}, (8) 


I, =do (8, <7*>)/dep—n(0) (15) 


on the angle of emission 6 of the bremsstrahlung 
quanta for the incident-electron and radiated-photon 
energies E = 50 Mev and ¢€, = 25 Mev, and for 
s=1and/J=1 (or s=-1, /=-1). Figure 2 
shows the dependence of the degree of circular 
polarization of the bremsstrahlung for an extended 
nucleus, P(6, <r*>) and fora point nucleus 


[ 
/ 


FIG. 1. Dependence of 
the cross-section ratios (15) 
on the angle of emission 0 
of the bremsstrahlung quanta, 
for Ag’ with E = 50 Mev, 
Ey =25 Mev, s=1, and 1=1. 


FIG. 2. Dependence of 
the degree of circular polar- 
ization of radiation, P, on 
the angle of emission 0 of 
bremsstrahlung quanta with 
E =50 Mev, &y = 25 Mev, 
and s = 1: curve 1—P(6,r’) 
for Ag’™, curve 2 — PT(@). 


PT(@) on the angle of emission @ of the brems- 
strahlung quanta with E = 50 Mev, €y = 25 Mev, 
and s=1. 

It is seen from Fig. 1 that allowance for the 
finite dimensions of the nucleus exerts a greater 
influence on the angular distribution of the circu- 
larly-polarized bremsstrahlung (curve I,) than 
on the angular distribution of unpolarized brems- 
strahlung (curve I,). For small values of the 
angle, 6 < 10°, the cross section of the brems- 
strahlung on an extended nucleus, dojg (0, <r?>), 
coincides with the cross section for a point-like 
center dof (6). When the angle 6 exceeds 10°, 
the cross section ratio for the extended and point- 
like centers is greatly reduced. 

As can be seen from Fig. 2, allowance for the 
finite dimensions of the nucleus leads to a notice- 
able reduction in the degree of circular polariza- 
tion of the bremsstrahlung. In the range of larger 
angles of emission of the bremsstrahlung quanta 
(@ > 10°) the deviations of the polarization 
P(6, <r*>) for an extended nucleus from the 
polarization PT(6) for a point-like nucleus are 
quite noticeable. In view of the lack of experi- 
mental data on bremsstrahlung of polarized high- 
energy electrons, we cannot as yet estimate the 
accuracy of the resultant formulas. However, 
the result obtained can serve as an indication 
that the effects of the finite dimensions of the 
nucleus may contribute greatly to the cross sec- 
tion and to the circular polarization of the brems- 
strahlung produced by longitudinally-polarized 
high-energy electrons. 

In conclusion, we thank Prof. A. A. Sokolov 
for continuous interest in this work. 


1B. K. Kerimov and I. M. Nadzhafov, Izv. Akad. 
Nauk SSSR, Ser. Fiz. 22, 886 (1958), Columbia 
Tech. Transl, p. 879: 

2K. W. MeVoy, Phys. Rev. 110, 1484 (1958) and 
Vii 1333 (1953). 

3H. Banerjee, Phys. Rev. 111, 532 (1958). 

4C. Fronsdal and H. Uberall, Phys. Rev. 111, 
580 (1958). 

>H. Olsen and L. C. Maximon, Phys. Rev. 110, 
589 (1958) and 114, 887 (1959). 

6A. A. Kresin, JETP 37, 872 (1959), Soviet 
Phys. JETP 10, 621 (1960). 

’Vysotskii, Kresin, and Rozentsveig, JETP 382, 
1078 (1957), Soviet Phys. JETP 5, 883 (1957). 

8 Goldhaber, Grodzins, and Sunyar, Phys. Rev. 
106, 826 (1957). 

99. Galster and H. Schopper, Phys. Rev. Lett. 
1, 330 (1958). 


391 


392 B. K. KERIMOW and Fies; SADYKEOWV 


104. Bisi and L. Zappa, Phys. Rev. Lett. 1, 332 15.4. A. Sokolov, Bsegexve B KBaHTOBY10 31eKTpO- 
(1958); Nucl. Phys. 10, 331 (1959). aunamuKy, (Introduction to Quantum Electrodynam - 
Bile Page, Revs. Modern Phys. 31, 759 (1959). ics), Fizmatgiz, 1958, Secs. 20 anGgezae 
12¢. J. Biel and E. H. Burhop, Proc. Phys. Soc. 16 W. Heitler, The Quantum Theory of Radiation, 
A68, 165 (1955). Oxford, 1954, Sec. 25. 
138. K. Kerimov and V. M. Arutyunyan, JETP 
38, 1798 (1960), Soviet Phys. JETP 11, 1294 (1960). 
14, Hofstadter, Revs. Modern Phys. 28, 214 Translated by J. G. Adashko 
(1956). Ann. Rev. Nucl. Sci. 7, 231 (1957). 86 


SOV EPH yY StOsS i fT Pp 


VOLUME 13, NUMBER 2 


AUGUST; .9:Ge 


THE DOPPLER WIDTH OF EMISSION AND ABSORPTION LINES 


M. I. PODGORETSKII and A. V. STEPANOV 


Joint Institute for Nuclear Research and P. N. Lebedev Physics Institute, 


Academy of Sciences, U.S.S.R. 
Submitted to JETP editor, August 3, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 561-566 (February, 1961) 


We give a classical and quantum mechanical treatment of the influence of the Doppler effect 
on line shape. We consider the possibility of experimental observation of resonance absorp- 


tion of y rays in liquids. 


‘la purpose of the present work is to discuss 
certain features of the resonance absorption of 
y rays and slow neutrons in liquids, where, since 
we have as our purpose only the formulation of 
the problems, we consider a highly idealized model 
of the liquid. 

For a more pictorial description of the funda- 
mental features of the phenomenon, it is logical 
to begin the treatment from the classical point of 
view. Let us assume that a certain system (an 
atom, nucleus, or other object) is part of a mac- 
roscopic system, and that it radiates electromag- 
netic waves of frequency wy. Then if the projec- 
tion of its radius vector on the direction of emis- 
sion changes as x = x(t), the electromagnetic field 
can be written as 


A ~ exp [— i@ot — At/2 + ixx (t)], (1) 


where 1/A is the mean life, and x is the wave 
number. Here it is assumed that a collision of the 
radiating atom with other atoms does not change 
its internal state, i.e., does not lead to collision 
broadening. 

The corresponding Fourier component is 


co 


B ~| dt exp [ iat + ixx (t) —+] ; 
0 
where Q = w—w,, and the spectral intensity is 


J (Q) ~\ (ae dt’ exp {ia (f—=1 


o 0 


oe s- t’)} exp {ixlx (t) — x ())}. 


The quantity exp {ix [x(t) — x(t’)]} is given by 
exp {im [(x () — x (t’)]} = 1 + & [x() — x (2) 


Ge 712 ie <= ae 
Assuming that the stochastic quantity x (t)-—x(t’) 
has a Gaussian distribution, we obtain 


exp(m x —x()} =1-S fe ®— + OE 
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For the spectral intensity, we have the expres- 
sion 


J (Q) ~\ a dt’ exp {iQ Ci 


ove) t 
— 7-0 ((¢— "ph, 
which, after some simple transformations, can be 
written as 


J (2) ~Re\ drexp {—i@r—4 ae —4 x80" ()}. (2) 
: 


This relation describes the shape of the absorption 
line. In the classical case in which we are inter- 
ested, it also follows immediately from Kirchhoff’s 
theorem.* Relations like (2) can not only be used 
for the emission, absorption and scattering of pho- 
tons, but also are applicable to particles, for ex- 
ample neutrons. However at this point it is more 
appropriate to go over to a quantum treatment, 
which we shall carry through for the case of ab- 
sorption. t 

It is well known! that the probability, per nu- 
cleus, for resonance absorption of a neutron (or 
y quantum) can be written in the following form: 


*In the quantum treatment one must take into account the 
fact that the emission of a photon, in general, results in a re- 
coil which changes the state of motion of the radiating system 
and thus destroys the thermodynamic equilibrium (cf. later on 
Pp. 395). Under these conditions Kirschhoff’s theorem is no 
longer valid. 

tEmission can be treated analogously. 
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Here E = p?/2m is the energy of the incident neu- 
tron; E) and I are the energy and width of the 
resonance level of the absorbing nucleus; V 
= V(rn—rn) is the operator for the interaction 
between the neutron and the nucleus, and depends 
on the difference rp —Yrpy between the radius vec- 
tors of the neutron and nucleus; «/ and Ey + «™ 
are the initial and final energies of the absorbing 
system. The summation over i corresponds to 
an averaging over initial states, each of which is 
taken with weight qj. 

Assuming that the motion of the incident neu- 
tron is described by the plane wave 


Wna(ra) co exp (ipr,/h) 


and using the standard representation of the 6 


function 
co 


\ edt, 
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we can transform the expression for W(E) as 
follows: 
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where k =p/h, My is the matrix element of the 
interaction of the neutron with an isolated nucleus, 
and the functions gj(r) and yyp,(r) determine the 
‘‘molecular’’ states of the absorbing system. 

Writing the operator for the coordinate of the 
nucleus in the Heisenberg representation, and 
carrying out the summation over m, we obtain 

+o0 +co0 
W(E) ~ \ dt \ 
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where 
Foe (Sak ts >} gi (t| exp {— ixRy (0)} exp {ixRy(T)} | i). 


The quantity Fo(k,7) can be expressed in 
terms of the function introduced by Van Hove:? 


G,(r, t) = <j dr’ 8 (r — Ry(0) —r') 8(r’ — Ryle))>, 


which has the significance of a self-diffusion func- 
tion.* Namely 


*We should remind the reader that the argument of the 5 
function contains the quantum mechanical operator Ry(T) in 
the Heisenberg representation; since these are taken at differ- 
ent times, they do not commute with one another. 
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For the majority of isotropic dynamical systems, 
the function Gg(r,7) has a Gaussian shape with a 
dispersion which depends on the time.’ Then 
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Calculating the integral over p, and using the 
relation? o*(t) =a(—T), which guarantees the 
reality of the expression for W(E), we finally 
obtain 


W (£) Rel dv exp {i os - oO) (4) 
0 


For I = 0, the expression analogous to (4) deter- 
mines the angular and energy distribution of neu- 
trons in incoherent scattering. Computing W(E) 
in the semiclassical approximation, i.e., treating 
the motion of the atoms of the material classically, 
one can show that formula (4) is identical with the 
result (2) of the consistently classical computation. 

The information concerning the nature of the 
motion of the absorbing nuclei is contained in the 
quantity o*(7), which can, in particular, be de- 
termined from experimental data on potential scat- 
tering of neutrons and from the shape of the reso- 
nance absorption line for neutrons and y quanta. 

It is also not difficult to compute o(T) for cer- 
tain simple models of the material.*»4 Thus for 
an ideal gas, 


o? (v) = up (t? — iht/kT), (5) 


where v3 = 2kT/M, where M is the mass of the 
atom, k is the Boltzmann constant and T is the 
temperature. 

For a harmonic oscillator of frequency Q, 


o (1) = 2h fexe {hQ/RT} + 4 


M@ exp caayery 1 (b — 008 Gx) — Ein Qx)| (6) 


and finally, for an atom in a crystal lattice with 
cubic symmetry, 


one 
Go (1) = an 
0 
— isin’ Ql, (7) 
where v(&) is the normalized spectrum of eigen- 
frequencies of the crystal. Formulas (5) — (7) 
were obtained quantum mechanically. 
The classical calculation’ gives a somewhat 
different result in each of these cases: 


v (2) dQ jean {hQ/kT} +4 


Q exp (iQ/ETy —1 (! — cos ©) 


THE DOPPLER WIDTH OF EMISSION AND ABSORPTION LINES 


Cyc) age (5’) 


Top t— (20,/Q7) (1 — eos 21), (6’) 
es (2) = 205 | icon iay (77) 
0 

The main difference between the quantum mechan- 
ical and classical formulas is the appearance in 
the former of an imaginary part, which arises as 
a result of the noncommutativity of the operators. 
Physically, as it is not difficult to show for the 
example of the ideal gas, the imaginary part takes 
account of the recoil of the atom, i.e., the back re- 
action of the radiation on the matter. From their 
physical meaning, the classical expressions must 
be real (a2) (7) ~ |v(7) — r(0)[?). 

It is not difficult to show that at high tempera- 
tures and after long times (tT > h/kT in the case 
of a gas, and T > 1/Qay for the case of a crystal ) 
the imaginary part is small. It should be men- 
tioned that in the case of the oscillator and the 
crystal, the quantum effects do not disappear com- 
pletely for T—«, since formulas (6) and (7) con- 
tain the effective temperature 


AQ exp {hQ/kT} + 1 
2k exp {hQ/kT} — 1° 


T eff (Q) = 


At short times, the imaginary part dominates in 
cen 

Substituting in (4) the values of o*(7T) for the 
gas and the crystal, we arrive at the well known 
expressions for the probability of absorption of 
slow neutrons which were obtained by Bethe and 
Placzek® and Lamb.® These same formulas are 
also suitable for describing the resonance absorp- 
tion of y quanta in gaseous and crystalline sam- 
ples.!.8 

Let us now consider an absorbing system which 
is diffusing inside a compressed gas or a liquid 
(which for simplicity we treat as a highly com- 
pressed gas). Because of the complexity of a 
consistent quantum mechanical approach, we shall 
compute the quantity o*(T) classically, using the 
Langevin equation 

far = f, 
where f is the random force, 7 = kT/MD, and D 
is the diffusion coefficient. Then, as shown by 
Chandrasekhar,’ 
6? (t) = 4D [t —(1 — e-*)/n]. (8) 


Substituting (8) in (2), we get 


J(Q)~9 Rel dr exp {ix hI ep ki 7 tet Serial 


0 
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If collisions are not important, formula (9) leads 
to the usual formula, which is valid for an ideal gas. 
In the opposite limiting case, the condition 


REMI (ADL) Ss | (10) 


is satisfied, where A is the wave length and L is 
the mean free path. Then (9) goes over into 


J (Q) cs Re\ drexp {iQx —(5 +xD) th, 
é cs x 


which leads to* 


J (Q) oo [22 + (A/2 + %2D)2]-1, (11) 

If the damping is weak, the width of the line is 
of the order of k*D, which differs from the usual 
Doppler width x (kT/M) by the small factor L/A. 

Under conditions where collisions are unimpor- 
tant, the absorbing atom can be assumed to be free, 
and the absorption of the y quantum is accompa- 
nied by a recoil 


Aw = haz/2Me. (12) 


If the absorption takes place in the presence of an 
interaction between the absorbing system and some 
other body, the recoil momentum is distributed 
over the two bodies, which results in an increase 
of the effective mass and a consequent reduction 
of the shift Aw. 

As the ratio L/A decreases, the collisions be- 
come more important, and the absorbed photon in- 
teracts effectively with more and more of the 
atoms in the material, which results in a further 
increase in the effective mass Moff. The latter 
in turn is associated with a reduction in the Dop- 
pler width, which is of order M2. , and witha 
much more rapid drop in the shift due to recoil, 
which is of order Mete- One may therefore expect 
that when condition (10) is satisfied the recoil leads 
to practically no shift of the center of the line. 

For soft y rays, condition (10) may be satisfied 
in liquids, if we assume that the diffusion model of 
the liquid gives any sort of description of the situ- 
ation.!* It then follows that it may be possible to 
observe resonance absorption of y rays when 
working with a liquid source and absorber. We 
may expect that the conditions for observing reso- 
nance absorption in this case will be much more 
favorable than in a gas, disregarding for the mo- 
ment the fact that it will be possible to use much 
stronger sources. First of all, in working with 
gases one must somehow compensate the recoil, 


*For the case of \ = 0 this formula was given in the paper 
of Wittke and Dicke,’° A more detailed analysis of the limiting 
cases of formula (9) was given by Podgoretskii and Stepanov.”* 
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which makes the experiment more difficult. This 
is not necessary in liquids. Secondly the intensity 
of resonance absorption in liquids should be con- 
siderably stronger than in gases, since the line 
width is much smaller. 

The resonance absorption of y quanta and neu- 
trons can be used to study the mechanism of trans- 
fer in the liquid. Of particular interest in this 
connection are experiments of the type of reso- 
nance absorption of y quanta in Kr® (Ey = 9.3 
kev, Ne/Ny ~ 10, Tp = —151°C, Ty = -—157°C). 
The fact that the boiling point is close to the melt- 
ing point enables us to eliminate temperature ef- 
fects and to investigate the dependence of reso- 
nance absorption on the state of aggregation. 

The authors thank F. L. Shapiro for many stim- 
ulating discussions, and also M. V. Kazarnovskii 
and I. I. Sobel’man for help in this work. 

Note added in proof (January 16, 1961). After 
this paper was sent to press, we Saw a preprint 
of the paper of Singwi and Sjolander, which con- 
tains similar results. [See Phys. Rev. 120, 1093 
(1960); transl. note.] 
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We consider inelastic one-phonon scattering of neutrons by solid solutions or by crystals 
containing defects. Phonon scattering by static inhomogeneities in a crystal results in 
broadening of the peaks in the energy distribution of coherently scattered neutrons. This 
broadening depends strongly on the degree of order in the arrangement of the atoms of the 
solution and becomes anomalously large near critical points on the decomposition curve 
and near points of second-order phase transitions. We consider the peculiarities of 

the broadening in the scattering by vibrations corresponding to extrema of the vibration 
spectrum. It is shown that including the effects of defects and correlations in the solution 
results in the appearance of an angular dependence of the intensity of incoherent scattering, 
and that imperfection of the crystal leads to a smearing out of singularities in the energy 
Spectrum of this scattering and in the distribution function of the vibration frequencies. 
The incoherent scattering increases sharply near critical points on the decomposition 
curve. We consider the scattering of neutrons by local vibrations. 


Ir is known that in the elastic scattering of neu- 
trons by imperfect crystals (where the imperfec- 
tion of the crystal may be related to the presence 
of atoms of different sorts, or of defects at the 
sites of some sublattice, or of distortions of the 
crystal), in addition to the allowed Bragg reflec- 
tions which are characteristic of the ideal crystal, 
there appears a diffuse scattering. The fact that 
the crystal is not ideal should also lead to impor- 
tant peculiarities in the inelastic scattering of 
neutrons by the thermal vibrations of the atoms, 
resulting in a change not only in the angular dis- 
tribution but also in the energy distribution after 
scattering. The scattering of neutrons by vibra- 
tions of an ideal crystal have been studied in de- 
tail, for the harmonic approximation, in many 
papers (cf., for example, references 1—3, where 
references are given to other work). It was found 
that, in addition to a smooth distribution, the en- 
ergy spectrum of the scattered neutrons contains 
terms proportional to 6 functions which corre- 
spond to the case where the energy and momentum 
conservation laws are satisfied in the processes 
of absorption or emission of a phonon during the 
scattering. The investigation of the location of 
these peaks in the energy distribution at various 
scattering angles is the basis of the widely used 
method for determining the energy distribution of 
the crystal vibrations. 

It is obvious that the 6 functions are associ- 


ated with perfectly monochromatic waves propagat- 
ing in an ideal crystal. The presence of inhomo- 
geneities in the crystal, or interaction of phonons 
with one another or with other elementary excita- 
tions, leads to scattering and damping of the waves 
and to a smearing of the 6 function distribution in 
the energy spectrum. Since the determination of 
the vibration spectrum is possible only when the 
distribution is sufficiently sharp, it is of interest 
to investigate theoretically the width and shape 

of the distribution (for the scattering of neutrons 
by superfluid He, this problem was studied in 
references 4 and 5). 

Moreover, the study of the broadening may 
give new and valuable information concerning the 
interaction of phonons with crystal inhomogeneities 
and with one another, concerning their relaxation 
times, concerning singularities in the vibration 
spectrum, concerning order in the arrangement 
of atoms in solution, etc. In addition to a broad- 
ening of the peaks, corresponding to one-phonon 
coherent scattering, imperfection of the crystal 
may also cause a smearing out of the singularities 
in the spectrum of incoherent scattering and the 
appearance of an angular dependence of this scat- 
tering. We shall also consider these questions. 

In this paper we consider effects associated 
with the influence of the interaction of phonons 
with static inhomogeneities in the crystal on the 
nuclear scattering of neutrons (effects associated 
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with anharmonicity and with phonon-magnon inter- 
action in ferromagnets will be discussed else- 
where®). Nonideal crystals include solid solu- 
tions (including solutions of isotopes) and crys- 
tals containing vacancies, interstitial atoms, etc. 
Since the scattering depends strongly on the order 
in the arrangement of the atoms of different types, 
we shall not assume that the solutions are ideal, 
and will explicitly include correlations. In par- 
ticular, we shall investigate the important special 
phenomena which must occur near critical points 
on the decomposition curve and near points of 
second order phase transition. In most cases the 
interaction of phonons with static inhomogeneities 
will be assumed to be small, which permits us to 
use perturbation theory and to disregard local 
vibrations. We shall consider separately the case 
where defects have a strong influence on the vibra- 
tions and lead to the appearance of new local fre- 
quencies. 


1. GENERAL FORMULAS FOR THE DIFFEREN- 
TIAL SCATTERING CROSS SECTION 


For simplicity of presentation, we shall carry 
through the treatment for the case of a binary so- 
lution A-B. The differential cross section, 
d*x/dQdE =o (q,;, w), for the nuclear scattering 
of monochromatic neutrons by a single crystal, 
per unit solid angle and per unit energy, is given 
by the expression:?*4 

23 2 
aoe = 0. (qi, @) oe sane SP | >, (AsyAsy 7 OeOy yx) 


ss’ yy" 


<exp (iq1, Rey — Rew) exp (idi, Rey — dRe-y’) 


x 


je 


dt e—iet exp [iqi, Usy (t)] exp [— iq,, us (Oe 


SK (Sp Cageyots (1) 


Here m is the neutron mass; q, is the difference 
of the wave vectors k, and k, of the scattered and 
incident waves; q =q,—27Ky, where Ky is the 
vector of the reciprocal lattice which is closest to 
the end of the vector q,;/27; s is the number label- 
ling the elementary cell; y is the number of the 
site in the lattice; Roy is the radius vector to a 
site in the ‘‘average’’ periodic lattice; ORsy is 
the static displacement of the atom from this site; 
Agy and Bg, are constants in the expression for 
the interaction of the neutron with the nucleus at 
the site labelled sy: 


Voy (r) = {Asy + 2Bsy (SSsy) [Ssy (Ssy + Like} 5 (r) 


(s and Ssy are the operators for the spin of the 
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neutron and the spin of the nucleus sy); Asy and 
Bgy take on the values Aj, Ay, By, By, depending 
on the sort of atom which is located at the sy site; 


E = ho = hi? (kz — &{)/2m 


is the change in energy ot the neutron in the scat- 
tering; A = (kT) !; H is the Hamiltonian for the 
vibrations of the atoms; 


u;,(¢) = exp (iHt/h) us, (0) exp (— iHt/h) 


is the operator for the thermal displacement of 
the sy atom, in the Heisenberg representation. 
In taking the trace in (1), it is understood that we 
also average over all configurations correspond- 
ing to the given values of the order and correla- 
tion parameters. 

In the case of a nonideal crystal, the normal 
vibrations are no longer described by plane waves, 
which complicates the computation of the trace in 
(1). Making use of the fact that the imperfection 
is small, we can carry out the computation in two 
ways. First, by using perturbation theory we can 
find the approximate normal coordinates of the 
problem, as was done by I. Lifshitz’ in treating 
the problem of the absorption of light by imperfect 
crystals, and then evaluate the trace in these co- 
ordinates. However it is more convenient to solve 
the problem by expanding the displacements, not 
in the normal coordinates of the nonideal crystal, 
but rather in plane waves, and to use perturbation 
theory directly for computing the trace. This 
method is more general, and is also applicable, 
for example, to the treatment of anharmonicity. 

We expand the thermal displacement vector in 
plane waves describing the normal vibrations in 
the zero’th approximation, which corresponds to 
an ideal crystal consisting of atoms with the av- 
erage (for sites of the particular type) reciprocal 
masses and force constants: 


h ‘ 
Usy = SI Saar Cxjy EXP ({KRsy) (Qk; — Atk), 


* 
C_kjy ees Ckjy> 


(6) O,; ; 
ah y; M, = Cxjy EXP ((KRsy) (Qj + @*x;), 


Ss y; 


[ax; (0) ak;(0)] = 8x4; ;. a 


Here p is the density of the crystal, N the number 
of elementary cells, v the volume of a cell; Wij 

is the vibration frequency for the j-th branch with 
wave number k; the values k/2m lie inside a unit 
cell of the reciprocal lattice; €kjy are polariza- 
tion vectors satisfying the normalization condition 
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Dd) Cee My exp (i(k — k’), Rey) = MN 8x43); 
SY 
My, are the masses of the atoms at the y sites, 
and M is the mass of a cell. 
The Hamiltonian for the vibrations of the non- 
ideal crystal has the following form, when ex- 
pressed in terms of the operators aj and aug; sy 


Hi > ROK ;AK Ax; + SS) Vici Qian 
kj ree 
{ V. ae att fe re 
aes > (Vici er Qkj Query + Vic jeri Qnes") (3) 
kjk’j’ 


The quantities V and V’, which characterize the 
probability of scattering of phonons by static in- 
homogeneities, are determined by the values of 
the differences in masses of the atoms, by the 
force constants of the interaction and by the static 
imperfections. Explicit expressions for these 
quantities were obtained earlier® and are given 
below for various cases. Here we mention only 
that Vkjk’j’ = Vig’ jkkj’> that Vjkj’ = 9, and that 
the average of Vkjk’j’ over the configurations of 
the atoms is also equal to zero. 

The thermal vibrations result in a weakening 
of the intensity of the allowed Bragg reflections 
and the appearance of inelastic diffuse scattering. 
The reduction in intensity of allowed reflections 
and the multiphonon diffuse scattering by nonideal 
crystals will be treated elsewhere. Here we shall 
consider only processes which are accompanied 
by the absorption or emission of one (real or 
virtual) phonon, so that in the expansion of 
exp (iq;*Usy) we need keep only the linear terms. 
In addition we shall treat the case when there are 
no static imperfections present (6R, = 0) or when 
both 6Rg and A,—A, can be treated as small quan- 
tities, and we can neglect cubic terms in these 
quantities. We split the quantities Ba sy and Agy 
= A et (Cgy — Cy )( Ay — A,) into an average Prine 
(for the particular sublattice ), Ay = = CyAy 
+(1l-e y) Aa and a fluctuating part, (Cgy _ Cy) x 
(Ay = ie) (where cg, take on the values one or 
zero, depending on whether the atom at the sy site 
is of type A or type B; cy is the concentration of 
atoms A at the y sites). Expanding in 6Rgy and 
Ugy, we find the expression for the differential in- 
elastic scattering of neutrons 


o (qi, ®) = 9% (Gh, @) + 62 (qi, ©) +95 (Gi, o), (4) 


Q;, 
0; (qi, ®) = CN 2 i 2 ye = = Pajai’ (o), (5) 
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xj kj" (@)}, 6 
ne, V 4) Oy; ee | (6) 
kg (k) 
63 (qi, ©) = C= | —* jj (0) 
ky 2 Daren 1K) ( 
5 ‘5 (4, ei) (4 ep77) 2 
See s5)) SS iki 1~k’j’y/ “k—k’y qa lle is) 
a V 9% OQ; ik’ ( ) 
We have introduced the notation 
m2 al : 
Cz Srhtpy ’ Chie Sap >) (Cs — Cr) exp (ZKRsy); 
Ruy = —37 ORs, exp (ikRsy), 
Qia = | Ay Gigi EXP (200i KnRsy), 
Siq, (K) = DI (Ai — Ay) Capen 
LF 
= Av Ratky] Qiekjy EXP (207 KnRsy), 
bjjrq, (kK) = Ee (qu€kj~) (qe; 1) 
oY 
PusK'’ (©) = P'ejK7(@) + Pxie7(), 

Privy (0) = oe a dt e-t!Sp [e—Hay, (£) ati (0)] (Spe), 
” et \ at —iet Sp fe—rHgt 0)] (Sp e—'4)-1 
Puiu = Dae e p (eax; (t) axe (0)] (Sp e**) ( 

—oo 8 


In expressions (5) — 


tered neutrons has been reduced to the computa- 


(7) it is understood that we 

average over all configurations of the atoms. 
As we see from these formulas, the problem 

of determining the energy distribution of the scat- 


tion of the spectral representations @kjk’j’(w) 
for the product of two single-particle operators. 
These quantities are most simply found by using 


the method of temperature Green’s functions. 


9 


In the following we shall use a variant of this 


method, based on the use of spectral representa- 
tions of two-time retarded and advanced Green’s 


functions’® G(w). For a system with the Hamil- 


tonian (3), these functions are given in the Appen- 
dix. Remembering that (cf. reference 9e): 


Pir j () = 


—G 


kjk’j’ 


Pike” () 


= Peja (— 0) eo, 


i (eae — 1) lim. [Gyre (@ + #2) 


(o 


— ie)], 
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and also using the relation (x + ie y= px 
—iné(x) (where P denotes the principal value), 
we can obtain the expressions for the functions 
gy’ and o” from formulas (A.4) — (A.7) of the 
Appendix: 


n(@) 


Viki (o) = xj (0) = Px; ( ) n(@)+1 


i Dy; (@) n (@) 
© |o— O49 — Pio) Pe, (@) ’ 


Pujj Pj’ (@) 
@ — OK; 


Pijrtj () = Pj" () aap 


1 Vj (@) @ — Oj — Py (for © x;’), 
y 2 12 
Cate Ie Or Pa hay (10) 
, Vickey? 7 1 
Parjkj (Oo) = = Purr (@) P © — Oy; (for oo), (11) 
where 
n (w) = [ero — 1]74, 


gf yt 7 
Veer: 
’ 


4 al if Vie Vieni? 
I 


(== Opry 
= 1 
Pair (0) = ge Dy Wiener VerrrnyS (© — O77") 
eae 


= Vanes Vier S(O ar Orr) 3 (12) 
From (9) and (12) we see that, in the second approx- 
imation of perturbation theory, the quantity Pj 

= Pkij determines the displacement of the (kj) 
vibration frequency associated with the imperfec- 
tion of the crystal, while [yj = [,jj determines 

the damping. 

In the limiting transition to the ideal crystal, 
when V and V’ — 0, kj (w) goes over into the 
6 function, while the other functions Okjk’j’() 
vanish. At the same time, the expression (5) for 
0, goes over into the usual formula for coherent 
inelastic scattering, and the expressions (6) and 
(7) for o, and o3 into the formulas for incoherent 
scattering. We shall continue to use the conven- 
tion, even for the case of nonideal crystals, of 
calling the scattering corresponding to o, coher- 
ent scattering, and the scattering corresponding 
to the sum 0, + 03, incoherent scattering. Let us 
now separately consider the coherent and inco- 
herent scattering. 


2. COHERENT INELASTIC SCATTERING 


As we see from (5), (9) and (10), the main con- 
tribution to the coherent scattering comes from 
the diagonal terms 04jj in the sum (5), which cor- 
respond to absorption of a phonon, 
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Bie sa ae Tq; (@) 2 (@) 4h 
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For each q;, these terms determine the inten- 
sity of the series of peaks in the energy distribu- 
tion of the scattered neutrons whose maxima lie 
at +wW © wqj + Pqj, and which correspond to the 
different branches of the vibration spectrum. The 
peak intensities are proportional to the squares 
of the ‘‘structure amplitudes’’ Qa [cf. Eq. (8)], 
which are different for the different peaks, and 
depend on the temperature through the factors 
n(w) and n(w)+1. The peak widths I'gj, ac- 
cording to (12), do not depend explicitly on the 
temperature, and are essentially determined by 
the magnitude of the inhomogeneities and the 
amount of order in the arrangement of the atoms. 
The temperature dependence of Ig; shows itself 
when we include the effects of anharmonicity.® If 
the peaks are sufficiently narrow, and I (w) does 
not depend very strongly on frequency, so that 
dI'gj /dw « 1, the shape of each peak is described 
by a symmetric Lorentz curve. In the general 
case, because of the dependence of I on w, the 
shape of the curve is more complicated. 

The nondiagonal terms in (5) correspond to 
more complicated scattering processes, in which 
phonons belonging to two different zones partici- 
pate. As we see from (10), they are also most 
important when +w ® Wqj + Pqj’> and vanish for 
V=V’=0. These terms lead to a slight change 
in the peak intensities [the first term in Eq. (10)] 
and to the appearance of an asymmetry of the dis- 
tribution, which is associated with the second term 
in (10). (Analogous effects also occur in the ex- 
citon absorption spectrum.’°), The degree of asym- 
metry is of order ['gjj/(wqj —wgj)7' (if all the 
Qiq are of the same order) and increases rapidly 
when the vibration frequencies of different branches 
approach one another. For sufficiently small values 
of | waj’ — Wqj |, the expression (10) ceases to be 
applicable to the most important part of the fre- 
quency range, around w & wq;'. In this case the 
function Pajqj’( w) can be gotten by starting from 
the more exact expression (A.8) for the Green’s 
function. Without giving the resulting very com- 
plicated formulas, we merely remark that the 
values of the displacements and broadenings of the 
levels are determined in this case not only by Pqj 
and T'gj; but also by Pqjj’ and Vgjj’, and depend 
strongly on the frequency difference w — wgj 


THEORY OF INELASTIC SCATTERING OF NEUTRONS 


(since the energy bands begin to “‘interact’’ 
strongly as they approach one another ). 

Now let us compute the P gj: To do this we 
must have explicit expressions for the Vikjk’j’: 
We shall assume that quantities like the density 
of the crystal and the elastic moduli depend lin- 
early on the concentrations Cy. Then the Vkjk’j’ 
will depend linearly on the Fourier components of 
the fluctuations of these concentrations. In the fol- 
lowing we shall, for the most part, treat solutions 
in which the atoms of the two types can only be at 
the sites of one of the sublattices, while there are 
identical atoms at the sites of the other sublat- 
tices (for example, crystals with one site per 
unit cell, solutions like NaKCl with two sites per 
unit cell, etc). In this case the quantity Ck’-k,y 
= Ck/_, is different from zero for only one value 
of y (so that we can drop the index y), and 


Vacine = Myjnryeee—1y Vicinrje = Aicinej Cee (14) 


(the expressions for h are given below). Substi- 
tuting (14) in formula (12) for the T'gj; dropping 
the second term in this formula (which is impor- 
tant only for negative w, when the scattering is 
very small), and going over from a sum to a sur- 
face integral over the surfaces Sj’ on which the 
conditions w= Wkj’ are satisfied, we get 


uN ( Si reese 
Sl j 2 2 
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(15) 


Pg; (@) = 


If the Cky are different from zero for several sub- 
lattices, we must replace h&jkj’| ck-q|’ in (15) by 


2 
24 byjki’ Sk-a,y | - 

The average values of the |cy_g|°, and conse- 
quently Igj, are essentially related to the degree 
of order of the atomic arrangement. We shall 
therefore treat separately the cases of different 
types of correlation in the solid solution. 

Ideal solutions. In ideal solutions there is no 
correlation, and the atoms of different types are 
distributed completely at random over the sites 
of the particular sublattice. Then the |ck|? are 
given by the simple formula: 


lc, |? = c (1 —o)/N 


2 


(16) 


(where c is the concentration in the particular 
sublattice). As we see from (16), in this case 
|ck |? does not depend on k, which greatly sim- 
plifies the integration in (15). The integral (15) 
can be calculated explicitly for the long wave 
acoustical and optical vibrations. 

In the case of the acoustic vibrations, in the 
approximation of an elastic isotropic continuum, 
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the quantities hkjk’j’ and w,j, according to ref- 
erence 8a, are given by the formulas 


h 
——— 
2p Vox, 


Ayer? = 


\ 


x fexien o4j0n:70' + (exjk) (€x7jk’) (K Meg 4 h’) 

+ [(exjex’j) (kk) ++ (key) (k’ex,)] p’ | 

np yi K+ 48 te 
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Here j = 1 corresponds to longitudinal vibrations 
(€k, l|K), while j = 2,3 correspond to transverse 
vibrations (e,j 1k); K and py are the bulk and 
shear moduli; p’, K’ and w’ are the derivatives 
of the corresponding unprimed quantities with re- 
spect to c; cj is the velocity of propagation of the 
vibrations. Substituting (16) and (17) in (15) and 
carrying out the integration, for j = 1 and j = 2, 
over the surfaces of the three spheres Sj (for 
the three vibration branches ), we find the widths 
lq, and eb of the energy distributions for the 
longitudinal and transverse acoustic vibrations: 


TONE sae (2 [a | 2x3) (e y 


45K’? + 8 (2 + 3x>) wu’? 
! ma | 8 


= 10( ) weze (1), 


q 
ae (18) 
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(19) 


m 


ZS lee J" wete( —€). 


Here k = ¢;/Cy; Wq is the frequency of the q-th 
vibration (and, if we can neglect the dependence 

of IT on w, w/ Wa ~1); Gm is the maximum value 
of the phonon wave vector; €, is the largest of the 
quantities p’/p, K’/K, p’/u; the last equalities in 
(18) and (19) determine the order of magnitude of 
Iq. For frequencies of longitudinal vibrations 
which are greater than the maximum frequency 

of transverse vibration w| max, those scattering 
processes are excluded in which a longitudinal 
phonon is annihilated and a transverse phonon is 
created, and we must replace the square bracket 
in (18) by the expression (p’/p)? + (45K"? + 16y/?)/ 
15x4p2 [ and also drop the factor 10 in the estimate 
given in Eq. (18)]. 

It is obvious that, except for singular points in 
the vibration spectrum, (cf. below) formulas (18) 
and (19) give the correct order of the widths Iq 
of the distribution for ideal solutions. As we see 
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from these formulas, for large q (q ~ dm), for 
components which differ markedly in their proper- 
ties (€, ~ 1), and for high concentrations (c ~ fp 
Ig is of the same order of magnitude as w, i.e., 
the peak in the energy distribution is almost com- 
pletely smeared out. In solutions of isotopes (ex- 
cept for the lightest elements) usually €; < Whee 
and the broadening of the peaks due to the presence 
of different isotopes is usually small (Tg < ei) 
and less than the broadening due to anharmonicity. 
Since for low frequencies Ig ~ ate for the scatter- 
ing by the low frequency vibrations, one should in 
all cases observe sharp peaks. 

A different dependence of Pg on q is obtained 
for the case of long-wave optical vibrations. To 
avoid giving very involved formulas, we shall re- 
strict ourselves to the usually occurring case 
where the effects due to the mass difference of 
the atoms of the solution are considerably greater 
than the effects due to differences in force con- 
stants and to imperfections. We then have for all 
the vibration branches and all k and k’ (cf. ref- 
erence 8b): 

SWS Ws 


kG M 


1 ae 
Agi = h V Oj}? Ckj€urjrr® 


(20) 


(where M;, M, and M are the masses of the com- 
ponent atoms and the average mass per cell). 

Let us consider the case when there is an ana- 
lytic minimum or maximum of Wj (k) at the point 
k = 0 andthe other branches have no vibrations 
with this frequency. Then for cubic crystals 
Wj (K) = wo + Dp wk? (we neglect retardation ef- 
fects, which are important only for very small k) 
and, according to (15), (16) and (20), Pg and Tqi 
for the longitudinal and transverse optical vibra- 
tions are equal to: 

VM_wq () @ g 


Tqy (@) Sea bane © (l—od ~ ye at —), 


Perla) = pee tee (1— 9), (21) 
where the quantity n = nj is equal to the length of 
the polarization vector ekjy (k—0) for the particu- 
lar sublattice (in which the atoms are arranged at 
random), q(w) is the wave vector corresponding 
to the frequency w (for narrow peaks w ® wg, 
q(w)*=q), Aw ~ %|w.|q2, is the width of the 
particular frequency band. According to (12), ex- 
pressions for the Tqjj'(~), for frequencies w 
corresponding to optical vibrations can be obtained 
from (21) by replacing wan} by WgjWqj’ Djdj’ 

f Jy? 

if the two branches j and j’ both describe longi- 
tudinal or transverse (optical or acoustical) vi- 
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brations. If one of the branches is longitudinal 
and the other transverse, then I'gjj’(w) = 0. 

As we see from (21), now as q decreases the 
quantity Tg falls off not like q* but like q, i.e., 
the broadening may be sizable even for small q. 
For a given ¢€, the broadening is especially large 
for narrow zones (small Aw), for example for 
optical vibrations in molecular crystals. The 
same type of formula for the T'g(w) is also valid 
for other minima and maxima in the dependence of 
Wj (k) (including the case of the maximum fre- 
quency of acoustic vibration), so long as only this 
one branch occurs near the frequency w. Then q 
in (21) denotes the distance to the extremal point 
in k space. If other branches have this same fre- 
quency, then in evaluating Ig for small q the 
terms corresponding to these branches are very 
important. Their order of magnitude is given by 
formulas (18) or (19). 

As Van Hove?! has shown, for each vibration 
branch there must exist critical points (c.p.) of 
the vibration spectrum, i.e., minima, maxima and 
saddle points, at which Vewy = 0. As follows from 
(15), the occurrence of such an analytic c.p. for 
one of the branches at the frequency w, leads to 
the appearance of a singularity in the dependence 
of T on w of the form |w—w,|¥”? for all the 
other vibration branches (whose frequencies co- 
incide with w,). Here the term proportional to 
|w—w,|”? appears only for those frequencies w 
which lie on that side of the point w, for which 
new poles appear on the surface Wj (k) =w. The 
same kind of singularity also occurs if a non- 
analytic c.p. is a minimum or maximum for not 
one but two vibration branches, and VxEw, = 0 at 
the point. If however the c.p. is singular, i.e., 
if some of the components Vkwk do not vanish 
at it but instead have discontinuities, then the 
singularity of the function T'q(w) is weaker. 

It should be emphasized that the singularity of 
I'q(w) was found only in this particular approxi- 
mation of perturbation theory. The next approxi- 
mation leads to a smearing out of the singularity 
over a frequency interval ~ Tq, analogous to the 
smearing of the singularity in the spectrum of in- 
coherently scattered neutrons (cf. Sec. So INoKe 
small values of Ig, the singularity will still 
manifest itself in experimental studies of the de- 
pendence of Pg (w ), which can be used as an in- 
dependent method for locating the frequencies of 
CiDs Se 

It is easy to show that for multicomponent ideal 
solutions we should make the following replace- 
ments in formulas (18), (19), and (21): 
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where c,, is the concentration of the p-th compo- 
nent, whose atoms have mass M,,. 

Nonideal solutions. In nonideal solutions the 
correlation between positions of atoms is impor- 
tant. In this case the expression for | cx |? be- 
comes more complicated, and its dependence on 
k becomes important. A simple formula for | c, |? 
can be given only for small values of k. In this 
case, as it follows from the thermodynamic theory 
of fluctuations, for disordered solutions 


Ice |? = RT/ND (co + BR). (22) 


Here k is the Boltzmann constant, T is the tem- 
perature at which short range order is established 
in the solution (and is not necessarily the same 
as the temperature at which the experiment is 
done), Yee = 09 / dc? is the second derivative of 
the thermodynamic shag per unit volume, 6 

is a quantity of order kTr?/v (where ry is the 
interatomic separation). From a comparison of 
(16) and (22), we see that in the case of long wave 
acoustical or optical vibrations, when fq? « Yeo 
the formulas obtained above for Tg can also be 
applied to nonideal solutions, if we replace c(1—-—c) 
by kT/v@ce. Since gee is usually greater for or- 
dering nonideal solutions (which go over into the 
ordered state at low temperatures ) than for ideal 
solutions, whereas it is smaller in dissociating 
solutions, the establishment of short range order 
leads to a reduction of Iq in the first case and to 
its increase in the second case.* 

A marked decrease in the value of Ig should 
occur when a high degree of long range order is 
established in the solution. In almost completely 
ordered solutions having two types of sites, just 
as in ideal solutions, the atoms are distributed 
chaotically over the sites of each sublattice, and 


*A very sharp increase in I‘g should be observed when 
large groups of impurity atoms are formed, for example when 
particles of a new phase separate out in the crystal. According 
to reference 8b, when n atoms are joined into a group, then for 
long wave oscillations whose wavelength A, > r (where r is 
the linear size of the particles), Ig increases by a factor ~n, 
i.e., it may increase by several orders of magnitude. For short- 
er waves, for which A, <r and (er/A «<1, Ig increases by 
a factor ~n hae a) compared to the case of individual impu- 
rity atoms. Finally, for vibrations of such short wave length 
that Ayr and (er/A,)? > 1, Iq changes by a factor 
~(qm/@)'n-’ and falls off with increasing n. The transition 
from the I'g ~ q’ law to the q’ law (or to Tq ~ q°) for Ao~r 
may make it possible to determine experimentally the dimen- 
sions of the particles which separate out. 
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in the expressions for |c, |? and Ig we must 
simply replace c(1—c) by c(1-—c) — v(1-v)7’, 
where v is the ratio of the number of sites of the 
first type to the total number of sites and 7 is the 
long range order parameter, which is equal to 
unity in an alloy having stoichiometric composi- 
tion and complete order. In particular, for this 
composition (c =v), Tq~ (2), She Ig 
actually falls off rapidly in the transition from a 
disordered to an almost completely ordered solu- 
tion. 

Solutions near a critical point on the decompo- 
sition curve. Characteristic features of the energy 
distribution of the scattered neutrons should appear 
near a critical point on the decomposition curve 
(d.p.), i.e., a point at which the decomposition 
curve has a maximum. It is known” that gece = 0 
ata d.p. Therefore, near such a point, as we see 
from (22), the probability for scattering of phonons 
with a small change in momentum increases mark- 
edly, so that Iq should decrease markedly. It fol- 
lows from (15), (17) and (22) that for long wave 
acoustical vibrations, in the case where K’ = py’ 
= 0, the Tq are equal to: 


Tn 0) = $25 *JIn = +m (1 +x) 
Sa es a ana a we? Ine (23) 
coq? kT pene Ltt (x%?—1)? ut 
Vqz (©) = Son *|In een ee ie = 
~ - we? In — (24) 


Here e is the base of the natural logarithms, and 


a = (Pe +8 [q — q (@)]?}/28qq (o), 


q(w) is the wave vector for the same branch that 
contains q corresponding to the frequency w, and 
we have used the fact that w © wg, Yec/fa? « 1. 
(For w > wW| max, only the first term in the square 
brackets in (23) should be kept. ) 

Comparison of (23), (24) and (18), (19) shows 
that the transition from the ideal solution to the 
solution in the neighborhood of the d.p. leads to a 
considerable increase in Tg (by a factor of 
~ (dm /q)? In a-!). This effect makes itself felt 
more strongly for long waves, since then, as q 
deereeeen: Iq falls off not like q*, but almost 
like q?.- For a given q, and for w = wgq, the value 
of Ig goes to infinity logarithmically as we ap- 
proach the d.p. (while gcc — 0). 

An especially sharp rise in I'g near the d.p. 
should occur for values of q which are in the 
neighborhood of a c.p. For example, for the mini- 


(25) 
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mum or maximum points of long wave optical vi- 
brations, we obtain from (15), (20) and (22) the 
following expressions in place of (21): 
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Aw q a 
From (26) we see that for w = wg and for very 
small q, when a> 1 (@ee > fq?), just as in 
ideal solutions, ['q is proportional to q, but the 
coefficient of proportionality is increased by a 
factor ~ Baz, /Yec, and tends to infinity as we 
approach the d.p. Thus, even for small ¢, near 
the d.p. the peaks in the energy distribution which 
correspond to values of q in the neighborhood of 
the c.p. are smeared out badly. For somewhat 
larger values of q (but still small compared with 
dm), when a <1, Ig varies inversely with q 
instead of being proportional to it. 

As we see from (26) and (25), in this case Tq 
depends strongly on w, i.e., the curve describing 
the energy distribution may differ markedly from 
the Lorentz shape. Since Iqjj’, just as for for- 
mula (21), differs from I'gj’ only by the replace- 
ment of n’wqj’ by Vwgj@qj’ njnj’, the value of 
I'gjj’ Should also increase sharply, i.e., the role 
of two-zone processes becomes more important, 
leading to an asymmetry in the energy distribution. 

Near a d.p. there should also be a considerable 
shift of the vibration frequencies (or of the energy 
levels of conduction electrons). In the case of 
minimum or maximum points of long wave longi- 
tudinal optical vibrations, the value of the shift 
Py) (wo) as given by (12), (14), (20) and (22), is 


os @)  kTnt OF V ia 
| Tino. Vo.8 AadV 29," 
(and twice this for transverse vibrations), and in- 
creases like OP as we approach the d.p. It should 
be emphasized that near the d.p. the perturbation 
expansion is actually not in powers of the small 
quantity ¢, but in the quantity «?VkT/v@ee ; i.e., 
right near the d.p. the method we are using, which 
is based on the application of perturbation theory, 


Po (Wo) (26a) 
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ceases to be valid. In the case of small €, we can 
however approach sufficiently close to the d.p. 

The same type of expression for T'g(w) is ob- 
tained for any analytic minimum or maximum 
point (at which Vkwk = 0), where q denotes the 
distance from this point in the reciprocal lattice 
space, and an additional factor of order unity ap- 
pears in the expression for Ig for the case of 
nonspherical isofrequency surfaces. In the case 
of analytic c.p.’s which are saddle points, again 
Vkwk = 0, and Ig increases sharply near the d.p. 
In the two limiting cases a < 1 and a > 1, the 
formulas for Ig then have the form 


w?RT ne” a ; 
w2DkT &2 
= =. for ahs (27) 
1” 320? VBR, C= 
Here wWq = |Vqwq|/q; ¥ is the angle between 
Vq&q and q; ¢~ 1; the constant D ~ fee is de- 


fined by the relation 


Dik = \(eqr: eur) oo 
where the integral extends over the belt on the 
surface S which is cut out by two spheres with 
radii k and k+dk. Thus, in this case, for very 
small q (8q* <@cq) Ty increases like g¥Z as 
we approach the d.p. 

As one can show by using the formula which 
relates the mean square fluctuations at high tem- 
peratures to the corresponding susceptibility at 
zero frequency (see Chap. XIII of reference 13), 
the integral of the coherent scattering intensity 
over frequency near the d.p. has a singularity of 
the type V@Ycc . 

Solutions near a point of second-order phase 
transition. A marked increase in Ig for certain 
values of q may also occur near points where 
there is a second-order phase transition (t.p.). 
To be specific, we shall consider processes of 
ordering in solutions which in the disordered state 
have one sublattice, while in the ordered state 
there are two sublattices with the same number 
of sites (for example solutions of the type of B- 
brass). Effects of anomalously large scattering 
of phonons are related to the anomalously large 
fluctuations of the degree of long range order, n, 
near the t.p. 

First let us treat disordered solutions. In the 
neighborhood of values k’ = 27K,, where K, isa 
vector of the reciprocal lattice of the ordered 
crystal which is absent in the disordered crystal, 
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according to references 14 and 15, 


[ul = pays (on ta (hk? — 2rKa)*1+, 

where rm = 8y/dn*?. Since n— 0 at the t.p.,” 
| Ch |? increases markedly near these values of 
k’. As we see from (14) and (15), such a marked 
increase in lCh_g 2 manifests itself in the value 
of Ig if vibrations with vectors q and k, such 
that q—k = 27K,, have the same energy. Such a 
Situation can occur in two cases: first, if the vec- 
tor q/27 lies near the surface of a new Brillouin 
zone which appears when ordering occurs, and 
secondly if the optical and acoustical vibration 
branches, which are obtained in the reduction of 
the vibration spectrum to the cell of the recipro- 
cal lattice of the ordered solution, intersect, and 
q lies near the surface of intersection of these 
branches. In both cases, after integration we ob- 
tain for Ig an estimate of the type of (23) and 
(24): 


- : ait g’? 
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where ¢ and ¢’ ~ 1, and q’ is the distance to the 
surface of the new Brillouin zone or the surface 
of intersection of the branches. If there is a c.p. 
near such a surface, then in the neighborhood of 
such a point there occurs an even greater broad- 
ening as we approach the t.p., and Ig is given by 
formulas like (26). The expression (28) is also 
valid for certain points and lines in the reciprocal 
lattice space which lie on isofrequency surfaces 
and are connected by the vector 27K,; however, 
in contrast to the case of a d.p., there will not be 
a sizable increase of Ig at arbitrary points of 
the reciprocal lattice. 

A similar picture exists near a t.p. in an or- 
dered solution. Since in this case the ratio 
lekjy|:|ekjy’ | for different y and y’ is not ane 
to unity, but differs from it by an amount ~€ 272 ; 
the probability of scattering of a phonon will con- 
tain a term proportional to [@yy + a (4 Se 
not just when the momentum change q—k is 27K, 


but in general (for example, for k ~q). How- 
ever this term contains a factor em 2 which is 
small in just that region where Can is large. 


Therefore, in this case, when ordering occurs Ig 
changes only somewhat, without changing its order 
of magnitude. In the case of a second-order phase 
eon near a critical point on the curve of 

el e)e ioe n? can already take on sizable values when 
Pnn is still small,!® and there may be a consider- 
able increase in Ig, especially near a c.p., if the 
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factor 7? which appears in formulas (26) (in which 
Pec is replaced by yy) is not small. 

As Landau has shows 16 at the critical point, at 
which the curve of t.p.’s changes into the decom- 
position curve, we have gcc = 0 and 7 = 9 for 
the ordered phase, while for the disordered phase 
only yn = 9. Therefore in this case, in the or- 
dered phase, as we approach the critical point 
there should occur a sharp rise in Ig, just as in 
the case of an ordinary d.p. In the disordered 
phase, the rise in I'g, as it occurs in the neigh- 
borhood of an ordinary t.p., will occur only near 
the surfaces of new Brillouin zones and the sur- 
faces of intersection of the acoustical and optical 
branches. We also note that in certain cases, for 
example in Rochelle salt crystals, near a t.p. the 
frequencies of certain vibration branches (the 
transverse optical branches ) become extremely 
small.‘”,484 Then, as we see from formulas (5) — 
(7), the intensity of inelastic scattering of neu- 
trons by these frequencies increases sharply. 


3. INCOHERENT INELASTIC SCATTERING 


The cross section o, + o3 for incoherent scat- 
tering of neutrons is given by expressions (6) and 
(7). These expressions contain terms of zeroth, 
first, and second order in the constant V of inter- 
action of the phonons with inhomogeneities. Here 
we Shall consider only the leading terms of zeroth 
order (Since the first and second order correc- 
tions can easily be obtained from the formulas 
given). As we see from formulas (A.4) — (A.7) of 
the Appendix, we may retain in the sums of (6) and 
(7) only those terms which contain functions Pkjk"j 
with k =k’, j =j’. The expressions for 0», 03 
simplify considerably in this case, and take the 
form 


6, (qi; ©) = CNe > OK [A, —A, — A (q:Bx+4)]? 
Us 


x (qrexs)? | Ck-+a ?Pxy (©), (29) 


ko Fy Sl 
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where we have used the assumption that the lattice 
constant is linearly dependent on composition, i.e., 
that Ry depends linearly on cy: Ry = Bercy. Ex- 
plicit expressions for the By were obtained ear- 
lier. In particular, in the approximation of an 
isotropic elastic continuum, 

b 1+<6 1 dv 


~ 3(L—s) v dc 


k 
B. =o, 


(where o is the Poisson ratio). 
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The inclusion of defects and imperfections of 
the solution and the scattering of phonons by in- 
homogeneities leads to two effects which were not 
previously considered in treating incoherent scat- 
tering. First of all, imperfection of the solution 
and defects lead to a change in the value of o, and 
to the appearance of a dependence on q. Secondly, 
the broadening of the levels results in a smearing 
out of the singularities which, according to Placzek 
and Van Hove,” should be present in the energy dis- 
tribution of o» + 03. 

Let us begin by treating the first effect for ideal 
solutions, where | cx |? is given by formula (16). 
For sufficiently small Vijk’j’ and Ig, the func- 
tions Ykjk’j’ and Ykjk’j’ can, according to (9), 
be replaced by 6 functions (except at the singular 
points of the frequency distribution function). We 
shall further restrict ourselves to treating a cubic 
crystal in the isotropic continuum approximation. 
We denote by gj(w) the distribution function for 
the vibration frequencies of the j-th branch (nor- 
malized to 3), and by dwj the length of the wave 
vector of the j-th branch which corresponds to the 
frequency w. The expression for o, simplifies in 
the two limiting cases when gq > Gwj and q< Wwj- 
Then for processes in which a phonon is absorbed, 


52 (qr, ©) = CN BEE) gre (1 — 0) Dg; (0) 
x [A1— Ae —Ab 8], 
ims 
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where xj = % for longitudinal vibrations and Xj 
= ¥, for transverse vibrations. For arbitrary q, 
the expression for o3 has the form 


05 (1,0) =CN 2"! g (@) @3B*, — g(o) = Yigj(). (32) 


a) 


In the case of processes in which a phonon is 
emitted, one should replace n(w) by n(w) +1 
in (31) and (32). 

Thus, inclusion of defects leads to the result 
that o, depends not only on the vibration frequency 
but also on q. The effects associated with defects 
are especially large if the change in energy of the 
neutron, hw, in the scattering is very small or 
close to the energy of the long wave optical vibra- 
tions, and if the end of the vector q,/2m lies near 
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a point of the reciprocal lattice. Then, if q and 
and q,,; are sufficiently small, even in slightly 
distorted crystals (small b) the terms in (31) 
caused by defects become dominant, and as 

d,4wj 7 0 the value of o, goes to infinity like 

q ? or qa}: This characteristic dependence of 0, 
on q and w can be used for the experimental de- 
termination of the limiting frequencies of optical 
vibrations. As we see from (32), 03 is independ- 
ent of defects. 

It follows from a comparison of (16) and (22), 
and from (29), that for small q and dwj the for- 
mulas (31) for o, can also be applied to nonideal 
solutions, if we replace c(1—c) by kT/vg@ge. 
Thus, in this range of values of q and qy)j, 9% 
changes when short range order is established in 
the solution, increasing in solutions which decom- 
pose and decreasing in solutions which become 
ordered. When long-range order is established 
in an almost completely ordered solution, we must 
replace c(1—c) in (31) by e(1=c) — v(1-v)7?, 
i.e., GO, decreases sharply. In the case of solu- 
tions, close to a d.p. we must keep the second term 
in the denominator of (22) even for small k’. It 
follows from (29) and (22) that we have (for the 
case of absorption of the phonon ) 


O02 (q; ’ @) 
ks . kT 
=CN 2 go) gi 


o 10 (@,. + Bq?) gf 
q > oj 
kon (@) _. kT 
62 (qi, ©) =CN — g? So, (@) = 
Ht go 12 : PARTE 
A. q 
x| —A,)? + %,A°b? al , 
Veoj 
I< oj: (33) 


From (33) we see that for small q and Aw} the 
cross section o, increases markedly when we ap- 
proach the d.p., when gee — 0. From the results 
obtained above it follows that anomalous changes 
should occur not only in the intensity distribution 
of the elastic scattering of x-rays and neutrons 
near t.p.’s!415518 and d.p.’s,!5»!8 and in the mag- 
netic scattering of neutrons near the Curie and 
Neel points,’ but one should also observe singu- 
larities in the energy distribution of neutrons co- 
herently scattered by thermal vibrations near 
d.p.’s and t.p.’s, and in the energy and angular 
distributions of incoherent scattering near a d.p. 
Now let us consider the smearing out of singu- 
larities in the energy spectrum of the incoherent 
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scattering by ideal solutions. If we replace the 
Pkj(w) in (29) and (30) by 6 functions, then for 
frequencies w, corresponding to c.p.’s, at which 
Vkk = 0, the quantities g(w), o, and o3 will, 
according to the results of Placzek and Van Hove,’ 
have singularities of the type |w—w,|”?. The 
change from the 6 functions to the smoothed func- 
tions (9) obviously leads to a smearing out of these 
Singularities. Except for cases where there are 
no vibrations of other branches at the frequency 
W, corresponding to the minimum or maximum 
for a particular branch, we can neglect the change 
in Tg () over the narrow frequency range w 
=Wg Ig. Integrating with respect to k in (29) 
and (30), and using (9), we find that the term 
A(w— wy, we which describes the singularity near 
a minimum, must when we include damping be re- 
placed by 


A (@ — a1)” — AT,/2 [(@ — 1)? +7 


: 
it _—" 


@— 0,’ 


Oe Giz2 1. (34)* 
Here w, is the frequency at the particular c.p. 
when we include the shift by an amount p(w,) and 
drop terms of the form P(w,)/w,. For w-w, > 
Ig the expression (34) goes over into A(w See 
i.e., the damping is unimportant. For w—w, = 0, 
the right side is however equal to AVTq/2, and 
does not vanish. For negative w—w,, when 
w,—w >Tq, the right side of (34) is equal to 
AT q/2vV w,;—w, i.e., it falls off like (a,—w)¥?. 
Thus the singularity in g(w) and in the spectrum 
of incoherent scattering is smeared out over an 
interval of frequencies ~[q. Obviously such a 
smearing may also be associated with anharmon- 
icity, electron-phonon interaction, etc. If other 
branches have no vibrations at the frequency of 
the minimum or maximum w,, then according to 
(21), [q(w) —0 for w—w,, and in this approxi- 
mation g(w) has a singularity of the type 
|w— wy [1/2 

In the discussion given above it was assumed 
that no local oscillations occur in the crystal. For 
small ¢, local vibrations in the neighborhood of 
impurity atoms actually do not occur.”? However, 
no matter how small ¢, if a sufficiently large 
group of impurity atoms is formed which are lo- 
cated close to one another, such levels must nec- 
essarily appear. As a result of the concentration 
fluctuations in the large crystal, there is a finite 
(though small) probability of formation of large 
groups of impurity atoms. Since the groups differ 
from one another in the number and location of the 


*tg = tan 
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impurity atoms, and since the local vibrations of 
the different groups interacting with one another 


_are split up in a very complicated way, the local 


levels associated with the different groups will 
give a resultant continuous spectrum which lies 
either below or above the point of minimum or 
maximum frequency w, (and has a very rapidly 
decreasing level density). Thus, in concentrated 
solutions the smearing out of extremal points oc- 
curs because of fluctuational deviations from the 
average concentration, and because of the local 
levels which appear in regions where there are 
such concentration changes. It can be shown that 
the smearing associated with this effect in ideal 
solutions leads to a smearing out of the singular- 
ity |w—w,|/* over a very narrow range (for 
small ¢«) of frequencies ~)’w,, where 


N= (1 aan c)P es (@;/9q?,)°. 


As we move away from the point w,, at large 
distances the level density first falls off exponen- 
tially according to the law exp[-(w-a, ?/r2wt i 
and then even faster. This level density goes to 
zero only at the frequency w’ which is equal to the 
frequency of vibration of a crystal containing only 
the atoms of the heavier element (in the case of a 
minimum frequency ) or of the lighter element 
(in the case of a maximum frequency). The same 
argument is obviously equally applicable to the 
energy levels of conduction electrons in a crystal. 


4. SCATTERING OF NEUTRONS BY LOCAL 
VIBRATIONS 


Now let us consider the case when the impurity 
atoms (or other defects) strongly perturb the 
crystal vibrations and lead to the appearance of 
local levels.’»?° We shall assume that the concen- 
tration of defects is small. For determining the 
scattering cross section from formula (1), it is 
more convenient in this case to expand not in 
plane waves but in exact normal coordinates. We 
shall denote by 


V fl2 pt@,ys (a. —at,) 
the term in the expansion of the displacement of 
the sy atom corresponding to the local vibration 


kK. Then the cross section for scattering with ab- 
sorption or emission of a phonon x is equal to 
ke 1 ; x 2 
0, (qi, ®) = Cea | >) Asy exp (iq,ORsy) exp (tq: Rsy)exsqi 
SY 
alm > Bey (Cxsv)*| Pux (®), (35) 
SY 


where Agy and Bgy are now fixed, Op AO) is 
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given by formula (8) with aj replaced by a,, and 
we have dropped the small terms corresponding to 
Pxnr(w) with kK =k’. In the harmonic approxima- 
tion, the Hamiltonian is diagonal in the variables 
ax, ag, so that yx,(w) reduces to 6 (+wW—W,) 
(and go) = (0). However, because.of anharmon- 
icity, there is an interaction between the vibrations 
which leads to a broadening of the distribution. We 
shall assume that the frequency w, is such that 
processes are possible in which a local phonon k 
is annihilated and two phonons kj and k’j’ are 
created. The Hamiltonian describing such proc- 
esses can be written in the form 

H = ho Gy Ay - D) Vocejn’ ie A477" +-Voeajnr alae) 


kjk’j’ 


+ >) hoya). (36) 
kj 

Setting up the equations for the Green’s function 

corresponding to this Hamiltonian and breaking 

off the chain of equations in the second approxi- 

mation of perturbation theory, as is done in the 

Appendix for the Hamiltonian (3), we find that 

Oxx(w) is given by a formula of the type of (9), 

in which I',j and P,_j must be replaced by I, 

and P,, where 


ee 
C 


: 
[Vania P 8 (@ = Ox; — x7) 


kjk’j’ 
x[1 + 1 (oj) +7 (@x;")], 
2 


| Vsctejheri? 
FO Oh Ory 


[+n (om) +n (oe; (37) 


From (35), (9), and (37), it follows that the width 
of the distribution in this case depends on tempera- 
ture (and is proportional to T for high tempera- 
tures). It can be shown that as wx approaches the 
edge of the frequency band, [, increases rapidly 
and the distribution is smeared out. On the other 
hand, with increasing w, the processes treated 
here, in which one local vibration is changed into 
two crystal vibrations, cease to be possible, and 
broadening can occur only because of multiphonon 
thermal transitions, whose probability is small and 
very strongly dependent on temperature (cf., for 
example, reference 21). The essential point is that 
when the scattering angle changes the position of 
the coherent scattering peaks changes in general, 
while the position of peaks associated with local 
vibrations remains unchanged. 


APPENDIX 


According to reference 9e, the retarded Green’s 
function for the operators Aj, Af j/ is given by 


M. A. KRIVOGLAZ 


the expression 
Guru (t, 0) = — 68.) Spfe™ Lauy (0) ax (0) 


— ae; (0) ay; (t)]} (Spe 7) (A.1) 


(where 6(t) =1 for t>0O and @(t) =0 for t< 0), 
while the advanced Green’s function differs in sign 
and has —t in place of t. Similarly we can intro- 
duce a Green’s function F_jk’j’ for alk j and ake’ j’- 
If the Hamiltonian is given by formula (3), the 
equations of motion for these functions have the 
form 


di == (0) (2) OKO ;;” + OK; Gkjk’;’ 


Lee i 
= ier ar Vicjnne Garp —Vicinry Purine’), 
ky” 


GF vier | Ral 
* kjk’/ Ss eae ym Le 
i On Pee Soy 2 Vie gers 


k"j 


(A.2) 


— Vin). 


For the Fourier components we get the integral 
equations 


1 ; 
(© — ox) Gujur (©) = se Ds Wainer Guerin (0) 
k”"j” 
— Vier Fue (@)) = a Sin 'dji", 
1 : 
(@ +- kj) Pigey (@) + yt > VarjricsP rj ej” (@) 
kaj% 
— Vicjurn Grerprry (0)] = 0. (A.3) 
These equations can be solved by the method of 


successive approximations, assuming that V and 
V’ are small quantities. The result is 


Vinee 


Cig) h (@ — @,;) Gey (@), Kas A) 
Ry jr (@) : 4 
Gujni (0) = Guy (0) = EG Gur 0), FEI, OROn/, 
(A.5) 
Gxjxj (©) = Gx; (@) = 1/20 [o — ox; — Rj (0)], (A.6) 
where 
{ VenerV irra. | Vise Vcr 
Role a jk’j i"kj kik’j cree | Ne 
we (O pe Die ge ee real 


If the levels wx} and Wj’ are close to one an- 
other, perturbation theory is no longer applicable. 
The convergence can be improved in the same way 
as one does in ordinary perturbation theory when 
there are two close levels, by treating both Gj 
and Gkjj’ 48 zeroth order quantities. We then obtain 


i © — Oj Re 
2 — 0,;— > = = = 
HT (© — Oy; Ry jj) (@ My; Ry jer) Ry Rjrj 


Gui (@) = RujirGuj (@) | (@ — Oj — Rujj)- — (A.8) 
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The resonance absorption of ultrasonic energy is found for paramagnetic metals, brought 
about by the interaction of acoustic vibrations of the lattice with the characteristic magnetic 


moments of the conduction electrons. 


ib In a paramagnetic metal placed in a constant 
magnetic field Hy and subjected to the action of 
ultrasonic vibrations of frequency fw = guHy, 
resonance transitions will take place between two 
spin sub-levels (+uH) and —yHy) as a result of 
the interaction of the spin magnetic moments of 

the conduction electrons with the acoustic vibra- 
tions of the lattice. Such a resonance phenomenon 
in the rare earth metals and in paramagnetic salts 
was first investigated by Al’tshuler.! In these sub- 
stances, particles possessing a characteristic mag- 
netic moment were fixed at certain points in the 
crystalline lattice, and the breadth of the resonance 
was therefore determined only by the time of para- 
magnetic relaxation. 

In the case of a metal, it is natural to expect a 
broadening of the resonance line as a consequence 
of the high mobility of the conduction electrons. 
Primary interest in this phenomenon was aroused 
by the existence of the effect of polarization of the 
nuclei which accompanies paramagnetic resonance 
in metals (the Overhauser effect).? It should be 
expected that in spin-acoustic resonance such po- 
larization of nuclei will take place that it would be 
possible to create polarized nuclear targets of ar- 
bitrary dimensions.’ However, as will be seen 
from what follows, for those conditions for which 
resonance exists, polarization of nuclei is absent. 
It is shown below under what conditions spin- 
acoustic resonance is possible and the order of 
magnitude of the resonance magnetization of the 
metal is estimated; the absorption coefficient of 
ultrasonic energy is also computed. 

2. It is evident that the mechanism of interac- 
tion of the spin magnetic moments of the electrons 
with the sound vibrations of the lattice, which 
leads to resonance, is the same as the mechanism 
of paramagnetic relaxation which is caused by the 
thermal vibrations of the lattice. Investigations 
have shown that among relaxation mechanisms, 


the most important is the mechanism which takes 
into account the spin orbit coupling of the electrons 
with the field of the lattice.?*4 

In order to estimate the magnitude of the mag- 
netic interaction of the conduction electrons with 
the acoustic vibrations, it is necessary to know the 
wave function of the electron in the lattice with ac- 
count of spin-lattice interaction. For the case of 
alkali metals, to which we limit our considerations, 
such functions were found by Yaffet:° 


1,2 = CTT (k, iF). 
Uy = {Up (r) + tkru, (r) Cy [kr], (1)} Xp, -1% 


+ Cy [kr] xriylls (1) X17, yr 


where the indices 1 and 2 refer to the electron 
whose spin is directed along and against the con- 
stant magnetic field Hp, respectively; the direction 
of the field is taken as the z axis; u,(r) ~ uy (r) 
~ u3(r); Cy ~ Cy ~ Ag, where Ag is the differ- 
ence between the g factors of the electron in the 
lattice and the free electron; k is the wave vector 
of the electron; yy. and x_,/. are the eigenfunc- 
tions of the Pauli operator 6z; the expression for 
u(k, r) is reduced to a single cell. 

It is clear that in turning on the interaction of 
the electron with the sound 


U = > WV (r — Rn) Aexp {iqRn + iat} 


1 


(15 


(2) 


there will occur transitions between states 1 and 2. 
The state of the electron gas described by the one- 
particle density operator f satisfying the equation 


of / dt — (4 + U, fl + (Of/ 00) cone = 0, 


can, if we use the function (1) in the transition to 
the matrix representation, determine the resonance 
magnetization of the electron gas. 
We note that in place of the interaction potential 
*kr)=kxr. 
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(2) we can use another potential U’, which is so 
defined that the matrix elements of the commutator 
[U’, f in the plane wave representation (V4.9 

= eiker X1/2,-1/2) are identical with the matrix ele- 
ments of the previous representation. It is not 
difficult to show that 


U" = AC, AGnk Gil mi j€imn exp {iqr + it}, 


Ini = ‘a tis (1) 1 (7) fm DY (Ra— 1) VV (Ra—t), (8) 


where €lmn is the asymmetric unit tensor, A the 
amplitude of the sound wave, e the polarization 
vector of the sound, q = w/s the wave vector of 
the sound, s the sound velocity, and A a quantity 
of the order of the product of the lattice constant 
by the mean energy of the electron in the lattice; 
the integral is taken over the volume of the ele- 
mentary cell. It is clear from (3) that the contri- 
bution to resonance will be made both by longitudi- 
nal and transverse components of the sound wave. 
As will be shown from what follows, inasmuch as 
the resonance will exist only in weak fields Hp, 
when one can neglect the quantization of the elec- 
tron orbits for the determination of the resonance 
magnetization of the metal, one can use the den- 
sity operator which is quantized only in the spin 
of the electrons. 

3. The kinetic equation which f satisfies is then 
written in the form® 


Of /dt +vV.f +pVpf + (eo (Ho +H), fl 


+ (Of / 02) conia = 0, (4) 
where the effective magnetic field H is introduced 
with the components determined from (3) (since 
we can write formally U’,= ya" H): 

i, (£, t) = 4,A exp {ign =|-10}, 
(5) 


The collision integral, as_in reference 6, will be 
assumed to be equal to Ce f)/7 + fr ees fy)/T¢¢, 
where T is the time of free flight of the electron 
in the lattice, Trp is the paramagnetic relaxation 


i Au *CokigiAmij€j€imne 


time, f is the average of the operator f over the 
bounding Fermi surface and 
n i 0 + e+pH,—eé al 
‘b= (ges d eae toieal  eaees a 
0 


The magnetization is determined by the expression 


M = » (2xh)-*\ dp Sp (s/). 


Decomposing f over the complete set of mat- 
rices consisting of the matrices @ and the unit 
matrix 1(f = fil +f+@) and making the substitu- 
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tion f = — pHofj(e)(n—-w), 
equation 


Ww -- vV.w + (e/c) [VHo] Vpw -- w/t* =w/t-+[(n — w) (Q, + Q)], 


we get for w the 


M = XH, (n—w). (6) 


Here as = 1/7 1/Tee, B= Hy / Hy. lpn cow: 
Q=h !guH(r, t), and x is the paramagnetic sus- 
ceptibility of the metal. 

We can neglect the term (e/c)[v x Hy] Vpw in 
Eq. (6) since in weak fields Hp (when the radius of 
the Larmor orbit is much greater than the mean 
free path of the electron) the character of the mo- 
tion of the electron is determined only by the colli- 
sions. Transforming to the combinations w = wx 
+ iwy and 2 = Qy + iQy, we get from (6) 


(7) 
(8) 


If the resonance is far from saturation, then wz 
< 1, and, consequently, we can neglect the value of 
wz in Eq. (7). The solution of Eq. (7) is sought in 
the form w(r, t)=wexp{iq-r+iwt}. Here wz 
is obviously independent of r and t. We then get 
from (7) and (8) 


w+vVe + w/t — iQw = w/t 4 


iQ (1 Wz), 


wz +vVw, + #,/v = w/t — Im (w*Q) 


Se Vile . Sac ' iw a \ 
i \ 1+ iqvti1\ 1, ° 1 +iqvty } p AQT 1+ iqvt,’ (9) 
= iQt v 1 ae 
ote 4 +- iqvty ( TH 1 + iqvt, ? (10) 


Wz = Tre Im (w*Q), I/t, = W/t + 1/T ge +7 (o — Q)). 


(11) 


The bar denotes averaging over the bounding 
Fermi surface. 

It is obvious that the resonance will exist only 
under the condition q:- vr « 1 (we note that 7, 
=~ T, since AwtT K 1). Here 


(1 + iqvt) = 1 — + (qvt)? and iQr (1 + iqvt,) 


= Qt (qvt) 


since 2 = MO by virtue of the linear dependence 
of 2 on the momentum of the electron). Thus, 
by neglecting the nonresonant term in (9), we get 


= [Qqvr/(iAw +T)] [1 + iqvt]-, (12) 
wo = Qqvt/(iAw +1), (13) 
w, = | Qqv ? TeV / (Ao? + I%). af) 


Here TI = 1/T gp + 4 (q-v)?7 = width of the reso- 
nance line. 

The resonance will be significant if [ «< w or 
1/wT ¢e +w (v/s)*7 « 1 (since (q-v)? Tt ~ w? (v/s )*7) 
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i.e., the resonant frequencies should satisfy the 
equation 


Te a ey (50) 


It then follows that we need as large a Trg aS pos- 
sible and as small a T as possible for the existence 
of resonance. For example, in lithium and beryl- 
lium, where Tgp depends only on the presence of 
impurities, for proper purity of the metal one can 
obtain Trp 2 10 ' sec. At higher temperatures 
(when 7 ~ 1078 — 10-!4 sec) a resonance in these 
metals will be observed in a region of frequencies 
w~ 10°—10° sec", 

From what has been said, the impossibility of 
polarization of nuclei in spin acoustic resonance 
immediately follows, inasmuch as strong magnetic 
fields and low temperatures are required for the 
existence of polarization, which contradicts the 
conditions of resonance. Moreover, as is easily 
established by numerical estimation, wz « 1 al- 
ways, while it is necessary that wg ~ 1 to achieve 
appreciable polarization. 

4. The coefficient of absorption of ultrasonic 
energy in spin acoustic resonance is determined 
in the usual way: 


its ans let / SE go> 


where T is the temperature of the specimen; Ego 
= Y pwA is the energy of the sound wave; 


S = (2nh)-*\ dp Sp (1 — fp nd —f) +Finfj 


is the entropy of the electron gas. In order to 
carry out the operation Sp, we transform to the 
diagonal representation of the matrix of the oper- 


ator f: 
(SE ata 


2 


ieee {\™ - foo ve (2 5 is) ae he e]"t 
Noting f = fl +f-o, we obtain the result that f,, 

+ foo = 20], f14-fy2 = 2fz and fy, =f + ify. There- 
fore, fj, =f; +f, where f=|f|. Solution of the 
equation for fy is usually sought in the form fy 

+ f’, where f’ is the addition to the equilibrium 
distribution function. Taking this fact into account, 
we get 
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TS =T (2nh)*\ dp ‘(i —fjpa= 


Sheey, (pewal 
Ho eek) Inga |: 
Thence, after expansion in f and f’, we have for 
the spin part of the dissipation function 


. a ofl i — a if 0 
(TS) gg = 27 (ont)? dp ff [7S 4 4%). 


Close to the bounding Fermi surface, In fy 
~In(1— f)). Noting that T7!(1 — fp) fy = df) /8€, 
we get [after substitution f = — wHofy (n — w) IL 


. o(%2—l#P | -|\wP—loP 
(75) q = 21m 2-yeg (2 4 dealer ) 

x cn 
where Wz, w and w are the solutions of Eqs. (7) 
and (8). 

Making use of Eqs. (12) — (14), we obtain the 
following expression for the coefficient of absorp- 
tion of ultrasonic energy at spin acoustic reso- 
nance: 

| aqv |? 
Aw? -+T? ? 


Oy xx? (av) 
w? ps 


y = 12 In2. 


where a is determined by Eq. (5). In order of 
magnitude, aq-v ~ 471 Agq’kaev (a is the lattice 
constant, € and v are the energy and velocity of 
the electron on the bounding Fermi surface, Ag 
alge ce 107‘). Numerical estimates under condi- 
tions in which there is resonance lead to values 

y £107°cm™! close to resonance. 
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A formal theory of nuclear reactions is developed which is more adequate for treating nuclear 
problems than the Wigner R-matrix theory. The approximate orthogonality between the wave 
functions of the compound nucleus and the unexcited ground state functions is used to separate 
the compound nucleus resonances. The theoretical treatment leads to specific dispersion 
formulas which take into account the overlapping levels and the interaction between the par- 


ticles and the optical potential of the nucleus. 


le A large number of articles have appeared re- 
cently in which it is attempted to describe, within 
the framework of a single mathematical scheme, 
nuclear reactions involving the production of a 
compound nucleus, direct nuclear reactions, and 
optical scattering. Previously,'? we developed a 
variant of a formal theory in which the compound 
nucleus resonances were isolated by separation 
of the polar part of the wave function and the S 
matrix for complex energies. 

It turned out that such a method separates cor- 
rectly only those levels whose width is consider- 
ably less than the distance to the nearest threshold 
of a nuclear reaction. Undoubtedly, the approach 
suggested by Feshbach? is more successful. Fesh- 
bach’s formalism, however, does not describe nu- 
clear collisions accompanied by a redistribution of 


the particles (nuclear reactions in a narrow sense) 


Moreover, the dispersion formulas obtained by 
Feshbach were left in very general form, and their 
application was not discussed. Feshbach’s theory 
is improved and developed in the present article 
as regards these two aspects. 

It is shown in Sec. 2 that the smallness of the 
parameter (1) (see below) suggested by us! makes 
it possible to establish the property of approximate 
orthogonality of the wave functions of the compound 
nucleus to the functions of the reaction channels. 
This property permits the extension of the proced- 
ure suggested by Feshbach for the separation of 
compound nucleus resonances to nuclear reactions 
accompanied by a redistribution of particles (Secs. 
3 and 4). 

It is suggested in Sec. 5 that direct nuclear in- 
teractions play a minor role, and that the optical 
potential is energy independent. Under these as- 
sumptions, the resonance half-widths split into the 
products of the penetration factors, which take into 


account the optical interaction and the amplitudes 
depending only on the level. The dispersion for- 
mula (22) describing the compound nucleus reso- 
nances is found for the energy region in which the 
influences of the optical interaction and nuclear 
reaction thresholds are important. In Sec. 6, the 
general formula is applied to the special case in 
which only one of the compound nucleus levels 
makes an essential contribution. 

2. It is known that optical interactions and 
direct nuclear reactions take place without a re- 
arrangement of the internal structure of the nu- 
cleus. In contrast to these processes, the produc- 
tion of a compound nucleus is accompanied by the 
transfer of excitation to all or, at least, several 
nucleons. The physical difference between these 
states requires that the wave functions of the com- 
pound nucleus be (at least, approximately ) or- 
thogonal to the wave functions of the channels open 
at medium energies. It is convenient to introduce 
numerical criteria which make it possible to con- 
sider the accuracy to which this orthogonality is 
fulfilled. 

Let x, denote the wave function of a compound 
nucleus and c;,...,c¢p the indices for the channels 
open at medium energies. We shall consider the 
ratio n of the mean square of the wave function of 
the compound nucleus on parts of the hypersurface 
corresponding to channels c,,...,Cp which can 
be open at medium energies to the mean over the 


volume. This ratio can be written in the form 
P 
Dd Kelme? 
y= _ é (1) 
1 Eg re 2 
=e \i% es 2 ee 


Here T is that part of configuration space in which 
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the nucleus is situated, R is the radius of the nu- 
cleus in channel c. The integrals over the internal 
variable <c|y,> taken for r =R are related to 
the amplitudes of the reduced half-widths y,,. The 
energy Ep, which is equal to h2/2mR, varies from 
0.1 to 1 Mev for different nuclei. 

It was shown by the present author! that the pa- 
rameter 7 is the ratio of the mean time of free 
flight of the particles from the space in which the 
unstable compound nucleus is situated to the life- 
time of the compound nucleus. We now note that 
at the same time, relation (1) indicates what part 
of the wave function x, lies in the functional sub- 
space which is filled by the wave functions of the 
channels. The smallness of 7 means that, ina 
first approximation, the subspace P of the wave 
functions c,,...,c¢p is orthogonal to the subspace 
{x2} of the wave functions describing the states 
of the compound nucleus. The property of approxi- 
mate orthogonality of the functions |c> and ot 
permits us to exclude formally the intermediate 
nucleus states and introduce an effective interac- 
tion whose smooth part describes the direct and 
optical processes. 

3. We denote by P and P, the projection op- 
erators in subspace P and in subspace P; com- 
plementary to it; P,; is equal to 1—P, where by 
the symbol 1 we have in mind the entire configura- 
tion space of the coordinates of the nucleons of 
the system. Schrddinger’s equation with infinitesi- 
mal imaginary additional terms which automatic- 
ally separate the outgoing wave solution at infinity 
has the form 


(E — H + ie) pl = ieg. (2) 


Here ¢ is the incident plane wave, pi) is the so- 
lution, and « —+0. 
For brevity, we introduce the notation: 


=P HP, T= PHP), H, = PHP. (3) 


The projections of Eq. (2) in the subspaces P and 
P, have the form 


(E — PHP + ie) Py) = iep + Php, 
(Ed ete te) Pp TA?) (4) 


from which we obtain the equation in subspace P 
equivalent to (2): 


(E — Hp + ie) Py'*) = ieg, (5) 
where the ‘‘effective Hamiltonian’’ is 
Bow PHP ae (Eo yt (6) 


The subscript 1 after the parenthesis in (6) denotes 
that the inverse operator acts in the complementary 
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space. The quantity ie is omitted, since the oper- 
ator H, has only discrete, real eigenvalues in the 
energy region under consideration. 

The eigenfunctions of H; describe stationary 
states of the compound nucleus whose decay is 
artificially forbidden. The part PHP of the total 
Hamiltonian Hp corresponds to processes not 
connected with the rearrangement of the internal 
structure of the nucleus and which occur within a 
relatively small time interval. The second term 
of the right-hand part of (6) describes the produc- 
tion and decay of the compound system. We de- 
note by x, the eigenfunctions of the Hamiltonian 
H, corresponding to the eigenvalue E,. In the 
medium energy region, the operator H, does not 
have a continuous spectrum; therefore the energy 
E, is real and the wave functions x, satisfy the 
generalized condition of realness: 


i =e) On 1 (7) 


where O is the time-reversal operator (spin 
matrix) and M is the quantum number character- 
izing the projection of the total angular momentum 
J. The minus sign in the parenthesis following 
xx denotes that the projection of the total angular 
momentum in the state x, (—M) has the opposite 
sign. 

We write the Green’s function in relation (6) in 
the form of a spectral expansion 


| X> <X>, | 


(ED eee ee (8) 


r 
in which case the effective Hamiltonian takes the 
form 


ee Sy 
SELES als (9) 


Hp = H+ > 
x 
It is clear that all difficulties connected with the 
singularities in the behavior close to the thresholds 
do not involve Hp. The expansion (9) is fundamen- 
tal to the present theory. Further transformations 
are of a formal character, and, in many ways, are 
analogous to those presented by Lane and Thomas.° 
4. Let yf? denote the solution of Schrédinger’s 
equation (5) in which the Hamiltonian Hp is re- 
placed by the resonanceless operator H4. Let H 
=H) + V, Hb = Hy + v°, where Hy is the Hamilto- 
nian of free motion described by the wave functions 
gy, while V and V° are interaction operators in 
the corresponding channels. It is known‘ that the 
amplitude for transition from the state g into 
some other state gy’ is expressed by a matrix 
element of the form <g’|V’|y%>. Using Eq. 


(2) for the functions y“ and y, we find, after 
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simple algebraic transformations (similar to 
those given by Feshbach’): 


<p’ lV’ | pos = <q’ | Vo" yes 


E—E, (10) 


-y Co LPT Lyd <ua IP Lp» 
K 
The first term of the right-hand part of (10) gives 
the amplitude of optical scattering and of the direct 
processes. 

The matrix element for transition into the state 
pe” is a smooth function of the energy, the matrix 
element for transition into the state yp can be 
expressed in terms of quantities that are smooth 
functions of the energy by means of the following 
system of equations: 


<x LE | pO 


a. Sle: >» (11) 


> [Ona Ey) Kral 
a 


where 


Kin = [P(E — HE + ie) Et o>. (12) 


Feshbach assumed that, in first approximation, the 
matrix element for transition to the state yf’ and 
the quantity Kur do not depend on the energy. This 
enables one to construct readily the solution (11) 

by means of an expansion in eigenvectors of a homo- 
geneous equation. Of course, it is assume here that 
io and Ky, vary little over energy intervals of the 
order of the width of the compound nucleus levels. 
If the levels overlap with the nuclear reaction 
thresholds, this method of treatment is known to 

be inapplicable. 

In Eq. (11), it is easy to go over to the matrix 
elements of the S matrix. To do this, it is suffi- 
cient to use the formulas given in the appendix to 
reference 1. In place of the functions »™ and yf, 
we use the functions u*) and ug*) describing the 
motion with the initial quantum numbers aslJM. 
Schrédinger’s equation for the functions u+) has 


the form 
(pe) Dy a) = 0, (13) 


where in the external region, in which there is no 
interaction, 


ne 
eel) > ou: Toy = SocO ol 
| Uc le y Vey! | Ho) 
al 
- ge St On 
Gis ) | = a (9 sae c éc! | (14) 


c’ 


Here, the functions Ig and Og are the same as 
those given by Lane and Thomas.® The matrix 
element S76 describes processes occurring with- 
out the formation of a compound nucleus. 
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5. We shall consider in detail the low-energy 
case, where the kinetic energy of the incident (or 
emitted) particles does not exceed 5—10 Mev. 
At these energies, the optical potential has only 
a real part, and the direct nuclear processes do 
not play an important role. It will be assumed 
that the Hamiltonian Hb and the wave functions 
yi) describe scattering on an optical potential. 

In the approximation E,j, < 40 Mev, the be- 
havior of the optical wave functions inside the 
potential well does not depend on the energy, and 
the functions uX*) split into the product of two 
factors, one of which depends only on the energy 
(normalizing factor) and the other, only on the 
coordinates. We can then write 


Us ee (E) Gali), “ey =k. (Ee, (ells) 


These relations do not hold close to the boundary 
of the potential well, and therefore the coefficients 
ke (E) cannot be found directly from the boundary 
conditions. We differentiate Schrodinger’s equa- 
tion for the function ud with respect to the en- 
ergy and write the conjugate equation for u-*: 


(E— Hp) dw JOE + (1 — OV°/0E) uc = 0, 


(Ee a Oy (16) 


Here V° is the optical potential in the channel c. 
We multiply these equations by u%* and ud 
respectively, subtract one from the other, and 
integrate over the internal part of the potential 
well. We now apply Green’s theorem and, using 
the boundary conditions (14) for the functions 


eee ), we obtain 


( ut i) ie 2, oe) | ue = 2mPO 
0 


Here Le denotes, as usual, the logarithmic deriva- 
tive of the function O taken at the point R and 
multiplied by R; similarly, fe denotes the log- 
arithmic derivative of the optical wave functions 
uX for r=R, multiplied by R. The quantities 
P, and &, are defined in the review article of 
Lane and Thomas.° 

At small energies, it can be assumed that the 
optical potential does not depend on the energy, 
and the derivative in the left-hand part of (17) can 
be dropped. We normalize the real functions g,(r) 
to unity, so that the right-hand part of (17) is equal 
to [ke(E )]?. For convenience of notation, we in- 
troduce the energy-independent amplitudes b)<¢: 


(18) 


OL OE 
Cale 


o CET) 


bre = Er” <x, |P cg,» = Er" <c8,| Tx). 


From relation (7) for x and from similar rela- 
tions for the functions |c> resulting from the 
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properties of the time-reversal operator, it fol- 
lows that by, is real. 

We note that the logarithmic derivative Poin 
the minus first degree is an R function (for the 
definition and properties of R functions, see Lane 
and Thomas,° p.272). This means, in particular, 
that the quantity aL, /0E is always less than zero. 

We introduce the auxiliary quantity ve 

yo= + V—(@L2/ 0B), (19) 
whose physical sense will be explained below. It 
can be shown that the quantity en weakly depends 
on the energy; the characteristic interval over 
which vy}, changes is equal in order of magnitude 
to ER. 

We define the positive penetration factors 


pee te) ee be (20) 


and the matrix oe whose square gives the diagonal 
of the S matrix for optical scattering. From the 
adjointness conditions at the boundary we readily 
find 

(Q2)? = SePE = QF (Le—L,) / (Le —L,). (21) 


The dispersion expansion (10) taking into account 
resonances of the compound nucleus and optical 
processes takes the form 


Sr 6rS; —2i > OlIfb, ,O'lAx,,. (22) 
x 


The energy dependence of the resonance is con- 
tained in the quantities x, @ for which the equation 


> [Sa (E — 2a) — Kyal Xac = Ope (23) 
A 
is valid. 

It is seen that the contribution of one resonance 
in (22) does not satisfy the reciprocity theorem. 


The coefficients Ky in (23) are determined by (12). 


The imaginary part of Ky, contains a 6 function 
of the energy and is readily expressed by the quan- 
tities II, and byg. From the completeness rela- 
tion for the functions Ge we find 


1 
6(E— Hb) = — 35 Dil ued”? > <u |, 


c 


Im ey =i yy Tb cbre- (24) 
c 
The summation in (24) includes only channels 
open at a given energy. 
In order to find also the real part of Kyy, we 
employ the analytical character of the dependence 
of the quantity Ag on the energy. Let 


(Ue) ple) Se (25) 
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It is readily shown that 
P 
Kun = — DyAcdycbre- 


c 


(26) 


As a matter of fact, both parts of relation (26) rep- 
resent functions which are analytical in the princi- 
pal plane. The imaginary parts of (26) coincide, 
since Im Ag is equal to Ig. AS E>, the ex- 
pression for Kur in (12) tends to zero as does 
the quantity Ag. At points for which sept tends 
to infinity, both parts have poles, but the values 
at the poles coincide. 

Far away from the optical resonances | LQ | 
> 1, 2% goes over into Qe, the product 1X? bac 
goes over into P¥y,9, where yc = ERY bac/ 
y,| L4—L.|, and we obtain the same results as 
in R-matrix theory. 

The optical resonances usually lie sufficiently 
far away from one another and it is necessary to 
take into account only one resonance. For the 
resonance energy Ey, the logarithmic derivative 
ibn vanishes. Close to the resonance, we expand 
L?, in powers of the difference E—Ey. Substitu- 
tion of the expansion into (21) leads to the usual 
formula for the optical resonance with the width 
T% equal to 2P¢(y%,)?. It is seen that the square 
of y?, has the sense of a reduced width of optical 
resonance. The quantity Ac and the penetration 
factor IIg take the form 


Ep 
ios aoe 
EB Ee + L, (Grae 
JE ae 
(ill = - # = — aes . (27) 
(EE, + SOR 


6. We consider the special case in which one of 
the compound nucleus levels lies close to the 
threshold in channel c’. Let the width [) and the 
shift A) contain no contribution from channel c’: 

P 
r= 22>) Nae Ac 2 =D) Reng. 


c 


(28) 


where the summation in the expression for T}) is 
carried out only over the open channels. It is clear 
that these quantities vary little close to the thresh- 
old. The dispersion formula takes on the form 


1 & 1, 
= Qe by nQ2T by. 
E—E,—A,+i9)/2+A,02 


Soo RS ey (29) 
The reaction cross section in the region below 
the threshold of channel c’ displays an interesting 
behavior. If the optical interaction is of such a 
type that capture on a single-particle level is pos- 
sible, then, at an energy corresponding to the bind- 
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ing energy, the quantity Ag’ in the denominator has 


a pole and the reaction cross section Oo” c vanishes. 


In conclusion, I wish to thank Professor Na SS 
Davydov for his attention to this work. 
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An exact solution has been found for the equation that describes photoproduction of pions on 
pions at low energies. The condition for a unique solution is formulated. The solution is de- 
termined by the high-energy singularities of the amplitude. It has a resonant character if 
resonance occurs in the scattering of pions on pions in a state with J=I1I=1. 


1. INTRODUCTION 


The photoproduction of pions on pions 
Ga Ml ea te I (1) 


must be taken into account if photoproduction of 
pions on nucleons is studied with the aid of the 
Mandel’stam representation,! just as scattering 
of pions on pions must be taken into considera- 
tion in an investigation of pion-nucleon scattering. 

In the analysis of pion-pion scattering we intro- 
duce in the theory a new pion-pion interaction con- 
stant. Should a similar constant be introduced in 
the analysis of the photoproduction of pions on 
pions? Perturbation theory answers this question 
in the negative. In fact, whereas a four-pion ver- 
tex with four internal nucleon lines diverges, so 
that it becomes necessary to introduce into the 
Lagrangian a corresponding counterterm and a 
pion-pion interaction constant (see, for example, 
reference 3), an analogous vertex with one photon 
and three pion external lines converges, so that 
there is no need for new counterterms and a new 
constant. Furthermore, such photon—three-pion 
counterterms cannot be introduced simply from 
considerations of covariance and renormalizabil- 
ity. Thus, from the point of view of perturbation 
theory, the photoproduction amplitude should be 
expressed in terms of the ‘‘old’’ constants (say, 
the electromagnetic, pion-pion, and pion-nucleon 
interaction constants). 

If furthermore, after taking the electromag- 
netic interaction once into account on inclusion of 
the photon, we consider only strong interactions 
and disregard the mKK interaction (which cannot 
be stronger than the electromagnetic interaction! ) 
then any diagram of process (1) should contain a 
nucleon or nucleon-hyperon loop (Fig. 1). Thus, 
the process (1) is connected in an essential man- 
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ner with baryons in intermediate states and should 
vanish in the limits of infinitely large baryon 
masses. 

It will be shown later on that these results of 
perturbation theory follow also from the theory 
of dispersion relations. 

The process (1) was analyzed by Gourdin and 
Martin,® who used the double dispersion relations. 
They obtained a homogeneous equation for the am- 
plitudes of this process, and obtained its solution 
in the approximation of sharp pion resonance. 
This solution depends on an indeterminate constant 
and has a resonant character in the limit, when 
the width of the pion resonance (of finite height) 
vanishes. From the physical point of view it is 
clear, however, that if the pion scattering ampli- 
tude vanishes everywhere except at one point, 
where it is finite, then the scattering process 
should not appear anywhere. 

We start from the usual (one-dimensional ) 
dispersion relations in the observable region, as- 
suming that it is valid without subtractions. In 
Sec. 3 we give physical considerations from which 
it follows that if the dispersion relations with one 
subtraction are valid for scattering (as in refer- 
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ence 2), then the dispersion relations are valid 
without subtractions for photoproduction, by virtue 
of the gauge invariance. In order to obtain from 
the dispersion relations an inhomogeneous equa- 
tion with a non-trivial solution, it is necessary 

to take into account the far singularities, primarily 
the singularity corresponding to the nucleon-anti- 
nucleon pair in the intermediate state in the uni- 
tarity condition. * 

In Sec. 4 we obtain in explicit form a solution 
of the equation derived from the dispersion rela- 
tions. This solution is unique if the pion phase 
shift tends to zero at infinity. On the other hand, 
if the phase shift tends to 7, then the solution is 
not unique. However, one of the solutions at in- 
finity tends to the inhomogeneous term faster than 
all others. Only this solution has the property that 
the entire contribution of the pion scattering van- 
ishes from it if the width of the pion resonance 
(of finite height) tends to zero. We choose pre- 
cisely this solution as the physical one. The dia- 
grams of the solution are constructed for two 
models of pion resonance, which differ in the be- 
havior of the phase shift at infinity. 


2. KINEMATICS 


Let k and e, be the momentum and the vector 
of polarization of the photon, q,, a, and also qp», B 
and q3, y, are the momenta and charge numbers 
of the initial and final pions respectively. The 
matrix element of the process (1) has the follow- 
ing form? 


<nx | S| y> 


Mieth tS 
E mnrs41 Yo 93°, 


ae Bapyl S, s, t), 
aV qigegee ; 


(2) 
where ¢€ is a completely antisymmetrical tensor, 


and F is a completely symmetrical function of the 
invariants 


= (2n)*6(kRK+% Jo — 4s) 


$= (go +q3)?, S=(41—4%)’, 


t=(4.—g)?; s +s +t = 3p’. (3) 


In the center-of-mass system (c.m.s.) we have 
, [ak = 
(ase |S | ny) = (2m) (& 4.41 — 2 — 48) oa (5, 5 8), 
P Vilae (4)t 


s = p2—2kw,—2kq cos 9, 


t = p?— 2ko,+ 2k¢q cos 9, (5) 

*A similar allowance for the far singularities (for 7K scat- 
tering with charge exchange) was made by A. A. Ansel’m and 
V. M. Shekhter and reported at the Conference on Dispersion 
Relations in Dubna (May 1960). 


tlqk] = qxk. 
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where yp is the pion mass, k= |k|, q=q3, wx 
=vk2+yu2, cos 6=k-q/kq, and 


F (s, cos 8) = >) farsa (8) Parts (cos 9). 


i=0 


(6) 


From the unitarity condition it follows that at low 
energies 


f=lfilet, (7) 


where 6} is the pion-pion scattering phase shift in 
a state with angular momentum 7 and isotropic 
spin 1. The differential cross section is 


ds /dQ = —kq sin? 0| F/ 4n[?. (8) 


3. DISPERSION RELATION 


We now postulate the rate of growth of the func- 
tion F for fixed t and s—o. It follows from (8) 
that for fixed t and s—~o we have 


ds | dQ\yy = const- | VsF |?. (9) 


Were this equation to pertain to an elastic process, 
it would follow from it that, Im F behaves as the 
total cross section of this process for fixed t and 
at s—o. There are theoretical grounds for as- 
suming that the total cross section should decrease 
at infinity as 1/In?s. Consequently, Im F should 
decrease at the same rate in (9) for an elastic proc- 
ess. Let us assume that this takes place also for 
the process considered here. 

If it is assumed in general that the differential 
cross section forward for photoproduction and 
scattering of pions at infinity have the same rate 
of growth, then the invariant amplitudes for photo- 
production should decrease more rapidly than 
those for scattering, since gauge invariance calls 
for an energy factor to stand between the invariant 
amplitude and the matrix photoproduction element, 
a factor which is absent in the case of scattering. 
Furthermore, if the dispersion relations are valid 
with one subtraction for scattering, they are valid 
without subtractions for photoproduction. We thus 
assume that the one-dimensional dispersion rela- 
tions for this process, which are rigorously proved 
in reference 6, are valid without subtractions: 

4 \ Mae (S752) 


s‘—s —lé 


F(s,t) = (sess): (10) 


wT 
Ape 
If we confine ourselves to the examination of the 
nearest singularities in this relation, i.e., if we 
consider in the unitarity condition only a two-pion 
intermediate state, then we obtain for the photo- 
production amplitude a homogeneous equation 
which should have a trivial solution (the unique- 
ness requirement is formulated in Sec. 4). Thus, 
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the process under consideration depends substan- 
tially on the far singularities. 

Allowance for the next singularities, correspond- 
ing to four, six, etc. pions in the intermediate state, 
introduces into relation (10) the photoproduction 
amplitudes of many pions. At the present time we 
cannot write down a system of equations for these 
amplitudes. It is clear, however, that since all 
these amplitudes have no pole singularities, such 
a system should be homogeneous and its solution 
trivial. 

The next singularity corresponds to the kaon- 
antikaon pair (KK). If we disregard weak inter- 
actions, then the amplitude of the process y7 
— KK also has no pole singularities. It is easy 
to write down for it a dispersion relation [without 
subtraction, like (10)], which has a trivial solution 
if the amplitude of the pion photoproduction van- 
ishes. 

The next singularity, which introduces inhomo- 
geneity into (10), corresponds to a nucleon-anti- 
nucleon pair (NN) in the intermediate state, 
since the dispersion relations for the amplitude 
of the process yz — NN have an inhomogeneous 
pole term. Once the inhomogeneity is introduced 
in the equations, we can neglect the amplitudes of 
photoproductions of four etc. pions in the low- 
energy region under consideration. 

Thus, the Im F term of (10) has two parts 


lin (an) on oe (lim) (11) 


NN? 
where (Im F),, is expressed in terms of the am- 
plitudes of the processes ya — am and a1 — 17 
(7), while (Im F) yw is expressed in terms of the 
amplitudes of the processes ya — NN and m7 
— NN. 

The term (Im F),, in (10) contains, generally 
speaking, a region of unobservable angles at low 
energies. There is no unobservable region when 


f= —p?/ 2, (12) 
and in this case relation (10) has the form 
ea 4 e (Im F (s’, cos§=q'/k’)). ,, 
F(s, cos 6 + )= . \ Tee ds 
4p? 
4 (lm -F (s’, cos§'= g’ /B’)) . 
a5 1 s’—s ds 
4m? 
(s 2$= 5 yp? s); (13) 


here m is the nucleon mass. It is obvious that in 
the integrals whose lower limit is 4m? we can put 
cos 6=1 and neglect s and s compared with s’. 


Lo DD. 7SOLIOV AEN, 


4. THE INTEGRAL EQUATION AND ITS SOLUTION | 


At low energies in the observable region, it is 
sufficient to include in the expansion (6) the lower 
partial waves. Neglecting F and the higher waves, 
we have 


F (s, cos 8) = f, (s) = f(s), (14) 


where f is the amplitude of the P wave. Putting 
vy = q?/p” we obtain from (13) 


1c ! : if 
fo) =A +—( Imf) (=== | eee oe Se 
5 (15) 


Here 
9 08 (Cieie (SG SN ; 
IN == = = ds’, (16) 
4m? 
flv) fvy eg hes Oe (17) 


Equation (15) has crossing symmetry (under the 
substitution vy -- —v—*%4) and we can write for it 
an exact solution (see references 7 and 8). 

1) Assume that when v — © 


Sv) +0 (6(v)-sev", a > 0). (18) 


We put 


1 1 


Poe 2k qs) 


\dv. 


This function with crossing symmetry is holomor- 
phic in the entire z plane with a cut from —~©— to 
—% and from 0 to ~. Its limiting values on the 
cut from above (+) and from below (—) are 


A* (v) = p(v) + i8(v), (20) 
where 
1 1 1 
p= Pla (— + oh a)dx. 21) 
0 
When z — 
Ni(2) Oh (22) 
Let us consider the function 
on ; Al: 
¥ (2 ==\ et sin 6 (v) (< += 4 per, ev. (23) 


0 
It has the same symmetry, the same holomor- 
phism region, and the same cuts as A (z), and its 
jump on the cut is 


Yt — W- = ier sind = (e4)* — (e4)-. (24) 


Therefore the function W(z) should coincide with 


eA(Z), apart from a polynomial. Since the function 
W(z) —0 and eX(Z)_-1 as z—o@ this polyno- 


Le 
mial is equal to unity: 
W (2) =e4@ —1, (25) 
It follows from (23), (25), and (20) that 
f (v) =Aexp {p (v) + 16 (v)} (26) 


is the solution of Eq. (15). This solution is unique, 
since the general solution of the corresponding 
homogeneous equation is of the form PeP*1, 
where P is a polynomial (which has crossing 
symmetry ); it should tend to zero at infinity, i.e., 
iP Oy 

2) Assume now that as pvp — © 


d(v) =n, (6(v) >a—cv “*, a>0). (27) 
We put 
Zz -E %i16 iv d(v) / L it 
a _ ca \ Vv sare ne See cae (28) 


This function has the same properties as the func- 
tion in (19), but as z ~~ 

A (z) — const — 2In (z + 9/16), (29) 
(30) 


As in the preceding case, we can readily show that 
the solution of (15) will be 


e4 (2) —, const (z + %/16)-? 


Ff (v) = AA71 (vw + %/i6)” exp {p(v) + 6 (v)}, (31) 
where 
nile, eee 8 (x) 1 1 
S| ee ety 
0 
A = [vert] (33) 


This solution, however, is not unique since it is 
possible to add to it the general solution of the 
homogeneous equation, which in this case is 


Cexp {p(v) + 16 (v)}, (34) 


where C is an arbitrary constant (C cannot be a 
polynomial of first degree in view of the crossing 
symmetry requirement). 

Thus, all the solutions of Eq. (15) have in this 
case the form 


fD (v) +Cexp {p(v) + 44 (v)}. 
They all tend at infinity to A as 1/v, since as 


i —— Ce 


joy =A[1 +S (1-989) + +---], 


(35) 


erti® — “2 (1 —9/8v) + et. (36) 
And the only unique solution for which 
Op (37) 


tends to A as 1/y* at infinity. 
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We shall regard as physical that solution of 
Eq. (15), which tends to the inhomogeneous term 
at infinity more rapidly than any solution of the 
corresponding homogeneous equation tends to 
zero. From (31) and (35) — (37) we obtain an ex- 
pression for this solution 


f(v) = AA [(w +. 8/16)? — Aa] ert, (38) 
where A is given by formula (33) and 
A, = [v? (A*(v + %/16)? e° +8 — 1)] 000 (39) 


At high energies the contribution from the disper- 
sion integral vanishes rapidly from this solution, 
and consequently, of all the solutions (35), it is the 
least sensitive to the details of the behavior of the 
phase shift 6 at infinity. Only this solution gives 
a physically true result when the width of the pion 
resonance contracts to zero. In fact, when 


: Ss (Vy 1/16)? 
— (Cs 
By | & (Vv, — ¥) (vz + v + 9/8) (40) 
we have 
_ (v + %16)? 
PWS esc eo CE SUA. val 
whereas in (38) 
i) =A, (42) 


Let us give an expression for the photoproduction 
amplitude for two models of pion resonance (vy, 
and b are certain parameters ) 


0, VV, —0) Viv. 
1S Oras 0) 20) 4-0 9) Vp Oa, (43) 
(16/26) (v, + 6 — v), Vi <n le 


The expression (26) gives in this case 


F(v) = Ae? Mg (v), 


(v — v,)? SYR BP Vigra Wns 
BES ecep=vieeso =e) vFo—%% | | 
fy + = ye 9/9). (44) 
i V<iv,—0 
I]. 6 =? (m/26) (v + 6—v,), V,—-b<v<v,+6. (45) 
OU; vy, tb<v 


The expression (38) gives in this case 
fv) = Ae®  (v), 
p (v) = [(vn — ¥) (va + V+ 9/s) + 07/3) 
i e Pe a ee 
x [Tye oaal ee 


j 


a ys 


These phase shifts and solutions are shown in 
Figs. 2 and 3 for the resonance parameters (taken 
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FIG. 2 


from reference 9) vy, = 1.5 and b= 0.4. In both 
cases the amplitude of photoproduction has a reso- 
nant character, and its resonance is shifted some- 
what relative to the pion resonance. In the first 
model (43) the photoproduction resonance is much 
sharper. In the second model (45) the photopro- 
duction amplitude vanishes near the energy of 
pion resonance. 

The author is grateful to G. Byalkovskii, A. 
Yurevich, P. S. Isaev, and M. I. Shirokov for use- 
ful discussions. 
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A complete set of experiments for determination of the relations between the amplitudes for 
pion production by nucleons in various isotopic spin states is considered. The number of 
experiments so far performed with nucleons in the 600-Mev energy region is not sufficient 

to determine all the relations among the amplitudes. One of the discussed experiments may 
provide a sensitive test of the validity of the resonance theory of pion production by nucleons. 


INTRODUCTION 


Tae attempts at constructing a theory for pion 
production by nucleons, carried out by a number 
of authors, have usually consisted of phenomeno- 
logical considerations which would give quantita- 
tive explanations of available experimental data. 
Thus, for example, Watson and Brueckner! gave 
a partial analysis of the meson production process 
by nucleons. They supposed that only a small 
number of states with definite orbital angular mo- 
mentum participate in the process. The matrix 
elements for the processes were taken to be con- 
stant, the principle of charge independence was 
taken into account as well as other conservation 
laws, and the attractive final state interaction of 
the nucleons was also included. On the basis of 
such a phenomenological approach threshold data 
were analyzed by Rosenfeld? and Gell-Mann and 
Watson.’ In the analysis they have made use of 

a hypothesis proposed by Brueckner,‘* namely 
that at nucleon energies close to the threshold 
one of the secondary nucleons and the produced 
pion are predominantly in the resonant (%, %) 
state. 

Mandelstam® has extended this phenomeno- 
logical theory to higher energies, from 400 to 600 
Mey. In his considerations the matrix elements 
were assumed constant, the 7N resonant (2; 1) 
interaction was introduced, all kinematic factors 
were taken into account, as well as the rules of 
composition of angular momentum and spin of the 
particles. According to this model, which gives 
the best explanation of all experimental data ob- 
tained by proton beams, there should be no signifi- 


cant production of pions by nucleons in isotopic 
spin state zero (Tyn = 0). However, recent ex- 
perimental data on pion production in neutron- 
proton collisions®»’ indicate that this prediction 
of the resonant theory of Mandelstam is in dis- 
agreement with experiment. 

Can one therefore conclude that the resonant 
model of Mandelstam is inconsistent? In order 
to answer this question it is necessary to take 
into account not only the resonant mN interaction 
in the isotopic spin T = ) state, but also in the 
isotopic spin T = u, state. Doubtlessly both reso- 
nances should make themselves felt in the general 
case. However the resonant Mandelstam model 
is consistent only with an overwhelming prepon- 
derance of the T7;y = YE resonance. Thus the 
resonant theory can be directly tested if the ratio 
of the probabilities of the two resonant interac- 
tions could be determined. However the experi- 
ments performed so far are not sufficient to yield 
the desired relation. All these reasons have stim- 
ulated us anew to discuss in more detail a com- 
plete set of experiments, necessary to establish 
relations among the amplitudes for pion production 
by nucleons in various isotopic spin states. 


1. REACTION CROSS SECTIONS 


As is well known, in the isotopic spin space the 
phenomenological description of pion production 
by nucleons requires the introduction of three in- 
dependent amplitudes. The probability of an ar- 
bitrary pion production process by a two-nucleon 
system can be explicitly expressed in terms of 
three independent amplitudes. If the amplitude 
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for pion production in the collision of two nucleons 
N, and N, be denoted by M (N,N, — N{Nj7), where 
Nj and Nj are the secondary nucleons, then this 
amplitude will change under the exchange of nu- 
cleons N,, N, or Nj, Nj. When charge symmetry 
is taken into account the number of different pion 
production processes reduces to seven.® 

The differential cross sections for these proc- 
esses may be written as follows:*»? 


I. do (pp—npzt) = | Fy |/?+ = | Fir |? 
==) Ara), 
4 


AY 372) Faal \Fio|cos © 


10,11 


Liao (pp = pnt) = a Fi |? +—|Fy lg 
—V 1/2 | Ful |Fro{cos®,, = + [4 [Ais +2|Au? 
—V 2|Ars| [Ai |cosPis| , 
III. do (pp > ppm) = +| Fu P= [+] Ais? +) An P 
4V 2|Ars| [An |cosisl 
IV. do (pn — nnn*) = —| Fy |? +2 [Ful 
—V 1/6| For | (in cos Oe — 4 [| Ais? +/An/? 


+ |Aoi F Sa 2A |Ay1| Cos@y3 


—2|An| [Agi |eospo --V2|Ars| | Aor] cos os] 

V. do (np > ann*) =—| Fou? +4] Ful 
+V 1/6| Fo| Eni|.cos Des, ie [| Ais? +] Au? 
+A |? +V2|Ais| |Aulcosqis +2|Ar| | Aor! cos Po 
+V 2|Ajs| | Aoi | cos @os| “ 

Viedo (ip — > np) = | For fearaleo 
—2Y 1/3| For| |Fio [cos Dor,10 = oo [ | Ais 5 Spey Aan |e 
+—|Ao?—V 2|Ais| | Ai1| COS Pig 
Sey OU Ar Med on | COS@ag fetal Aan Aan | COS Dor! , 

VII. do (np > pnx) = =| Fu? ++ | Pio P 
+2V 1/3| For| [Fro| cos... = = [| Aw? +—|Ay/? 
+=-|Ao ? eV. 2iArs | | Ai, | Cos @13 


+ V 2|Aj3| | Ao1 | cos Pos — | Ass | | Aor | cos or] - (1) 


Here Fj; stand for the three reaction amplitudes 
in the representation in which in the final state the 
subsystem is formed out of the two nucleons; i 
stands for the isotopic spin of the two nucleons in 
the initial state, j —in the final state; Ajj stand 
for the reaction amplitudes in the representation 
in which in the final state the subsystem is formed 
out of the pion and a nucleon, / = 2T;N, where 
TrN Vvefers to the isotopic spin of the mN sub- 
system. 
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2. METHODS FOR MEASUREMENT OF INTER- 
FERENCE EFFECTS 


In Eq. (1) the processes I and II, IV and V, as 
well as VI and VII differ from each other because 
of interference between two amplitudes. The es- 
tablishment of a difference between two such proc- 
esses will provide us with valuable additional data. 
Let us consider various methods by which this dif- 
ference can be observed experimentally. 

A. If the proton and neutron are exchanged in 
the initial state (processes IV and V), then the 
difference between these two processes may be 
determined, because of charge symmetry, by com- 
parison of the processes pn — nna” and pn — ppt 
at the same pion emission angle. 

B. If instead we exchange the neutron and pro- 
ton in the final state (processes I and II or VI and 
VII), then it is necessary to observe simultane- 
ously two particles, for example the pion and one 
of the nucleons, in order to detect the difference 
between the probabilities for the two processes. 
Here it becomes necessary to agree which nu- 
cleon will be referred to as the first one. We 
shall use the definition given by Fermi,!” accord- 
ing to which the first nucleon is the one whose mo- 
mentum, when projected along the direction of the 
pion momentum in the c.m.s. of the two colliding 
nucleons, is algebraically larger. 

Since at this point we are interested only in 
relations among the amplitudes F (or A) and 
not in their spin and angular dependence, it is suf- 
ficient to observe the total cross sections for the 
appropriate processes. 

If only the pion is detected in the experiment, 
then processes I and II, and also VI and VII, cannot 
be distinguished since only the sums of the proba- 
bilities of each pair of processes is measured. 

The corresponding total cross sections are given 
by 

+ ds 
o(pp—> 1") = \ & (pp > npa*) dQ) + 


e 


\o (pp — pnx*) dQ, 


6(np—> n°) = Vane — npn) dQ + \m (np — pnx) dQ. 
(2) 

In order to distinguish between process I and II, 
and also VI and VU, it is necessary to measure the 
total cross section of each of the two processes 
separately: processes, when the first nucleon is a 
proton and when the first nucleon is a neutron. 

In the general case each of the spin components 
of the wave functions describing the final state of 
the process NN — NN’7 is a function of the pion 
momentum, the pion angle of emission (6,, Ox): 
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and also the nucleon angle of emission (O49, P42). 
The angles 64), @4, are here measured from the 
direction of the momentum of the pion in the bary- 
centric frame of the two final state nucleons. 
When discussing the total cross sections it is suf- 
ficient to consider the differential cross sections 
averaged over the azimuth angles gy, and P12: 

If we consider only contributions due to s and p 
waves of the pion and nucleons then the averaged 
cross sections may be written 


dOnpx+ (9%, 912; Px) ~ do (Px) + G1 (Pn)COS 849 COS 85 


+ Qe (Px) COS"012 + as (Px) cos? 6, 

+ (Px) COS? 845 cos?6,, 
dopnx+ (9x, 919; Pz) ~ Qo (Px) — 41 (Px) COS 92 cos 8, 

++ dz (Pr) COS? D149 + dg (Px) Cos* O5 

“+ Gy (Px) COS*8,. cos*6., (3) 
where aj(p,) are some functions of the pion mo- 
mentum. 

It is seen from Eq. (3) that a measure of the 
difference between the probabilities for the proc- 
ess pp —npz* and the process pp — pnm” is pro- 
vided by the coefficient a,. However the total 
cross section for either of these processes is in- 
dependent of a, since the difference of the differ- 
ential cross sections changes sign under the trans- 
formations 6, — (7-67) and 64. — (7-649). 
Hence it follows that the difference in the differ- 
ential cross sections for these processes must be 
measured only for angles lying in the regions 
0 < 6_ < 1/2, 0 < 64. < 7/2; furthermore, one may 
average over relative azimuthal angles which 
enter into the cross section in the form?! 


cos (Pp; — Piz) and cos 2 (px — Piz). 


In this way the defined below difference of cross 
sections Ao corresponds to the difference of prob- 
abilities of the processes I and II: 


Moron =4 \ | Ldo%n+ (92,912) 


o 0 


eo (Oe) 042) 1d 2 (02) dO(G,,), (4) 
and, analogously, for processes VI and VII: 
Te w/e 
AOo1,10 = 4 \ \ [doppasie=, 019) 
o © 
— dope.» (82, 912)]d2 (0) dQ (O12). (5) 


The difference of cross sections for processes IV 
and V may be written in a simpler form 
7/2 
Adour, = 2 \ (doy (0.) dO nna (02) 1d (9;,) 
m2 


=9 \ [dopp _ (04) — done.+ (8n)]dQ-(G). (6) 


ppr 
0 
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As in the previous two cases, the cross section 
(6) is a measure of the coefficient b in the angular 


distribution of the pions 


do (np >x) =a + bcos 6, +€¢ cos? 9, 


which, naturally, does not contribute to the usual 


total cross section. 


3. RELATIONS AMONG AMPLITUDES WITH 


VARIOUS ISOTOPIC SPIN 


Any six independent equations out of the follow- 


ing seven possible ones 


C(pp eo) = | Fi6\/ +3 


Pal’, 
| 


6 (np — 1°) =F | Fol + $1 Fil’, 


o (pp ~ 1) =5|Fuf, o (np ont) = > | Fox |? + 5 


AGio11 = V2 Qio, AOo, 1 = V 2/3 Qo1,11, 
Aoo,10 = V 1/3 Qo1,10, 


Ful? 


(7) 


may be used to determine the three amplitudes Fij 
or A;; —i.e., the three absolute magnitudes and 
three relative phases (three-dimensional case! ). 


Here 


Qi; m = | Fi|| Fre| cos Di, as. 


One of the equations relating the usual total 
cross sections is not independent in view of the 
existence of the following relation among total 


cross sections: 
o (pp +x*) +o (np + x*) +0 (no > 0°) 


= 2 [o (pp + =°) + o(np>m)). 


The amplitudes Fjj are obtained from experi- 
mentally observable quantities with the help of 


the following relations 
| Fro? = 0 (pp > n*) —o (pp — x), 


Qiu = V/2 Adyo,11, 
(Fao pp. = 1), Qu101= V */2 Aoi, 


| Fo? = 3lo (np +2*) +0 (np +n) —s (pp > 2°), 


Qiou = V 3A0j5.01- 


(8) 


Given the Fjj, the Ajj may be determined by 


making use of the following relations: 
Ay = V7/sF 10 +V "4s Pi, 


2 2 2, al 2 2 > 
i ae a V2 Qi 


An = —4/5Fip + V 7/3 Fas 


= -Fo +> Fu 2 V2 Qioi Aor = Foi, 


OOS ee : V2 Fi — = V2 Fro +> Goa 


Oo = — V5 Qio,01 +V%As Quo 
@o03 = Vie: a Ys Quijo1 


2 om 
An = Fo 


(9) 
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or, explicitly in terms of the observable quantities 
| Ais? = 20 (pp > a) +3 Adiga, 
|Au |? =o (pp > 0°) +59 (pp > 1*) — Adios 11, 
[Aj /? = 3[o (np > n°) +0 (np > wv) —o (pp > m)], 
13 =} V2 [80 (pp > n°) — 9 (pp > a*)] + = V2 Adygs11, 


@y1 = AOqr, 91 — APigso1, os = V2 AG4,01 + V2 Aro, 
(10) 
where ij = | Aqi || Ajr | cos ij. 


4, EXPERIMENTS WITH A NEUTRON BEAM 


From a study of the reactions np — ppm and 
np — nnz* induced by 600 Mev neutrons,’ one may 
conclude that | F9,| = 0. From the same data it 
follows that Aoo; 4, is very nearly zero in this en- 
ergy region. This means that the amplitudes Fo; 
and Fy, are nearly orthogonal to each other. With 
the neutron beam it is essential to measure the 
cross section Ad; 49. This would permit a deter- 
mination of the relative phase, as well as produce 
a substantially more reliable value for | Fo; |. 


5. EXPERIMENTS WITH A PROTON BEAM 


The cross sections o(pp — 7*)" and 
o (pp — 7) were measured using 600 Mev pro- 
tons. From these data | Fy)| and | F,,| may be 
determined. Of greatest interest are the values 
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of |Ay3| and | A4,| for 600 Mev protons, i.e., in 
the (%, %) resonance region where | Ay3| should 
dominate. However the relation between | Aj; | 
and |A4,| can be found, if Aoy) 9; is measured. 

According to the resonant model of Mandel- 
stam, | A,,| = 0, from which follows the well 
known relation o,/0)=5. Experimentally one 
observes the value o,/d) = 3.4, and this is ex- 
plained theoretically by introducing a somewhat 
artificial assumption. In fact, the explanation is 
simply that | A,,| = 0. 

In order to discuss in more detail the possible 
values of | Aj3| and | A,,| it is convenient to in- 
troduce the following notation: a = 0,/dp, 

k = | Ay3|/| Ay, |. In Fig. 1 is shown the region 
of permissible values of @ and k, which is filled 
by the family of curves 


a = (4 + 5k? — V8 k cos Qys)/((2+ kK? +V8& cos Gis) 


(11) 
with cos y43 as aparameter. This region is 
bounded from below by the curve 

deo = (4 + 5k? —V 8k) / (2 +4 +V 8k), (12) 


which has the horizontal asymptotes @ = 2 (k — 0) 
and a=5 (k—o) and the minimum a =1 at 
kyo) 

From above the region is bounded by the two 
branches of the curve 


Coen (fF Oke V6 RI ee See eee ee) 


FIG. 1. Region of possible values of @ = o(pp > 2*)/ 
o(pp + 7°) and k = |A,,|/|A,,|. Curve 1 corresponds to 9,, = 0 
curve 2— 4, = 7/2, curve 3—9,, = 7, curve 4— Rove a Os 


, 


100 4 
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which has two horizontal asymptotes a = 2 (k—0) 
and a =5 (k—») and one common vertical asym- 


ptote at k = V2. 


The curves a = a (k, cos 43) have an extre- 
mum at 


a = (5k* + k® — 4)/ (k* — k? — 9), 


except for the monotonic curve 


(14) 


axa= 5—6/(k® +2), 


which corresponds to 913 = 1/2. 
It is seen from Fig. 1 that for a =o, /o) = 3.4 
the possible values of k? lie in the interval 


120 2 kh? =. 64. (15) 


If o, /o9 = @ = 5 then the possible values of k* lie 
in the interval We <k?< ©. Therefore the equality 
o,/0) = 5 can under no circumstances be taken as 
proof of validity of the resonant theory. 

It should also be noted that if k is constant but 
the relative phase of Ay; and Aj, changes for 
some reason, then the quantity a will change. In 
the opinion of the authors such a process may take 
place in pion production on bound nucleons in a nu- 
cleus, for example in a deuteron. 

In Fig. 1 we also show the curve corresponding 
to Adin.11 = 9 [a= 3k*/(2—k*)], i.e., to the case 
of emission of the proton and the neutron symmet- 
rically relative to the 7” meson. 

It is interesting to note that for a very large 


(~ 10 and larger), as is the case for energies near 


threshold, one has | Ay3| ~ 1.5 | Ay,| and the phase 


difference (up to 7) is very small. Precisely such 
a picture would follow from the assumption that for 


pion energies close to zero the phases of A,3 and 
Ai, should be small, and consequently their differ- 
ence must be small. 


FIG. 2. Possible val- 
ues of |A,,|?, |A,,|* and 
Q, , Cin 10°” cm?) as func- 
tions of the difference of 
cross sections Adj. 11, 
for 660 Mev protons 
(a = 3.4). 
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In Fig. 2 are shown the possible values of | Aj3 |’, 
| Ay, |? and Q3 , as a function of the difference of 
cross sections Ady) 4;. It is seen from Fig. 2 that 
| Ajs ie x | Agi ie and the amplitudes are nearly or- 
thogonal, if Adio 14 = 0. For 660 Mev protons the 


maximum possible value of Aoyg 4; is 9.9 x 10727 


cm?, 


CONCLUSION 


Thus, in order to settle the question of the 
validity of the resonant theory of pion production 
by nucleons in the 600 Mev region it is necessary 
and sufficient to measure the difference of total 
cross sections Ady 4;, which is related to the 
asymmetry in the emission of protons and neu- 
trons relative to the direction of flight of the 1* 
meson. 

The authors express their gratitude to L. I. 
Lapidus for interest in this work and discussions. 
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The cross section for large angle scattering of high energy electrons is calculated in the 


double logarithmic approximation. 


Inasmucu as in the scattering of electrons by 
the electrons of a target at rest the energy of the 
colliding electrons in the center-of-mass system 


(C.m.s:)sistequal tolEc m.g. = /2¥ 2El.6.mec* (ior 
maximum energy achieved at the present time 


E].s. = 1.2 Bev, Ee.m.s. = 17 Mev), in consequence 


of the noted smallness of the energy in the c.m.s. 
one could limit oneself in the calculation of the 
scattering cross section (with high degree of ac- 
curacy ) to the lower orders of perturbation the- 
ory (see, for example, reference 1). 

At the present time experiments are set up on 
the scattering of electrons in colliding beams with 
the purpose of testing quantum electrodynamics at 
small distances (see, for example, reference 2), 
wherein the energy of the colliding electrons will 
be several hundred million electron volts in the 
c.m.s. As is well known, the principal terms 
arising in the account of higher approximations 
of perturbation theory contain the square of a 
large logarithm, for example,? In? (E/m) for 
each power of e?, by virtue of which it is not 
possible in the calculation of cross sections of 
electromagnetic processes to limit oneself to the 
lower orders of perturbation theory. At the same 
time it is necessary to have sufficiently correctly 
computed cross sections to establish any violation 
of quantum electrodynamics at small distances. 

A method of calculation of the cross sections 
of electromagnetic processes at high energies 
was suggested by Abrikosov.® Within the frame- 
work of this method, only those contributions are 
retained which contain the maximum power of the 
large logarithm. We shall use this method to de- 
termine the scattering cross section of electrons 


by electrons for c.m.s. scattering angles 6 > m/E. 


An arbitrary diagram of order 2(n+1) of per- 
turbation theory (see the drawing) contains: s+1 
virtual photon lines which connect the different 
electron lines (‘‘staircase’’ lines); m, lines of 
virtual photons emitted and absorbed by the same 
electron (‘‘overlapping’’ lines); similarly, My, 
overlapping lines for another electron line while 
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s+m,+m,+1=n+1, where n+ 1 is the total 
number of lines of virtual photons. 

The matrix element will contain the maximum 
power of the logarithm (e? In?(E/m))" under the 
satisfaction of two conditions: a) one of the stair- 
case lines transfers a large momentum /? ~ (qy 
= p72, while the momenta of the remaining stair- 
case lines k* ~ 0; b) the staircase line with the 
large momentum lies within all the enveloping 
lines. In what follows we shall consider only the 
class of such diagrams. 

If the staircase line with the large momentum 
joins the r; and ry staircase vertices, then the 
corresponding matrix element is equal to 
Mof" 


: . 1 
where My is the matrix element of second amen 


: e= ( du du 
il 


Te Ay a we” 


u and v are introduced in the papers of Abrikosov.? 


Here we have used the condition that for not too 
small angles all the scalar problems (qiP1), (pipe), 
(pyd2) are of the same order (the difference be- 
tween them is less than the limits of accuracy of 
the method). 

All diagrams with different topology of photon 
lines but with fixed s, rj, r,, m,, and mM, make 
the same contribution. As is easy to see, the num- 
ber of such diagrams is equal to 


428 


(r1 + my)! (ro + Mme)! (s + my — 14)! (S + m2 — ra)! y 
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Nee ce ar a) (ty + 5 — S (me 4 ) ce ees 


| m1! 51 
im, Pe ees oe ) my! ms! sl. 


(2) 


Thus the matrix element of order 2 (n+1) is equal 
to 


Moa) = > (— Pye: 
SP yro™M,Mz 
s+m,t+m=n 
Mf"N 
(ry + 11)! (r2 + me)! (s + my — re)! (s + mz — ro)! 
a iL He 


=(-}) 


M,. (3) 
Evidently this sum differs from zero only for s = 0 
(one staircase line); thus the contributions of the 
staircase photons are preserved and it would have 
been sufficient to consider only overlapping lines to 
obtain the cross section. 

The scattering cross section of the electrons is 
then obtained by summation over n, which gives 
do = doy exp(—4f). It is of practical interest to 
know the total cross section of elastic and inelastic 
processes with given maximum energy of emitted 
quanta. Consideration of the radiation of real 
quanta, in view of the analogue character of the 
generalized diagram? relative to those considered 
above, can be carried out in the same fashion. To 
eliminate the infrared divergence, we limit our- 
selves to consideration of real quanta with momen- 
tum k, satisfying the condition (p, ok) > (p4,ok) 
~m?*. In the c.m.s., this momentum will be the 
same for all ends of electron lines. As a result 
we obtain an exponent whose index is added with 
the index of the exponent of the virtual photons. If 
the maximum energy of the radiated photons is 
equal to w, then the total cross section is shown 
to be equal to 


n! 


(4) 


where E is the initial energy of the electrons. If 
the recording apparatus records all the scattered 
electrons independent of their loss in energy, then 
«w = E andthe cross section do is identical with 
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the cross section of M¢gller scattering.* The de- 
parture from Mégller scattering is illustrated in 
the table for energies of 100 and 500 Mev. 


do/do, 
oa, Mev 
E = 100 Mev E =500 Mev 
(0). 5) 0.59 0.41 
5) 0.74 0,55 
10 0,79 0.60 
50 0,95 0,74 


In view of the classical character of the radia- 
tion of real quanta, the distribution of the latter 
over angle and energy does not depend on their 
number. Taking this into account, and integrating 
over the angles of emission of the photons, we ob- 
tain the energy distribution of the radiated photons: 


8e? dw 13, 
in 
st 1G) m 


dn (@) = (5) 


The probability of energy loss by the electron 
in the range € to €+de is then equal to 


E de f 8e2 


8e* 
= In exp | 


of m 6 


dN (e) in In =|. (6) 
In conclusion, the authors thank A. A. Abrikosov 
for discussions. 
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We consider the reflection and absorption of electromagnetic radiation incident perpendicular 
to a plane surface bounding an electron plasma with relativistic particle-momentum distribu- 
tion. The surface impedance of the plasma is calculated both for relativistic and nonrelativ- 
istic temperatures. Specular and diffuse reflection of the electrons from the surface of the 


plasma is considered. 


ik The question of the transverse field in a semi- 
bounded Maxwellian plasma, and also of the reflec- 
tion and absorption of electromagnetic waves by 
such a plasma, were considered in references 1 — 3. 
For the case of a degenerate electron gas in a metal, 
such a problem was considered in references 4—7. 
In the present communication we show that the 
methods used by Reuter and Sondheimer’ can be 
applied directly to a plasma with relativistic elec- 
tron distribution. This enables us to consider for 

a high temperature plasma not only the case of 
specular reflection, to which references 1—3 were 
confined, but also to the case of diffuse reflection 

of electrons from the surface of the plasma. 

Under the assumption of a plane wave incident 
perpendicular to the surface bounding the plasma, 
we derive here expressions for the surface imped- 
ance for both relativistic and nonrelativistic elec- 
tron temperatures. For an ultrarelativistic plasma 
we determine the asymptotic behavior of waves at 
large distances and depths from the surface of the 
plasma. 

2. In order to describe the reflection and ab- 
sorption of electromagnetic waves by the plasma, 
it is necessary to know the complex coefficient of 
reflection r, which represents the ratio of the 
complex amplitudes of the incident and reflected 
monochromatic waves (~ e-iwt), This coefficient 
can be written in the form® 

(c / 4st) Z (w) —4 
(c/ 4x) Z (w) +1? 


(1) 


where the surface impedance Z(w) is determined 
by the ratio of the electric and magnetic fields on 
the surface of the plasma filling the half-space 
Zien 

— 4m E,) nia ~—-=E, (0) 

foam Garon mecuaar cnr 


Here Ex (+0) denotes the derivative of the elec- 
tric field with respect to the coordinate z on the 


(2) 


surface of the plasma, corresponding to the transi- 
tion to the limit from the region occupied by the 
plasma. 

We shall use instead of the surface impedance 
the effective complex depth of penetration of the 
magnetic field’ 


E,, (0) 
\ dzB,(z) = 


y | E.(+ 0) 


i 
Xx = =r o rr, 
B, (0) 


ZL, (@). (3) 


4M 


The ratio of the energy flux reflected from the 
surface of the plasma to the energy flux incident 
on the plasma is equal to |r|?. Therefore the 
energy absorbed by the plasma is characterized 
by the quantity 


AS i rye (4) 


It is clear that to determine this quantity, or in gen- 
eral to determine the complex reflection coefficient, 
it is necessary to know the impedance. We shall 
therefore derive expressions for the effective depth 
of penetration of the field, which according to (3) is 
equivalent to determining the surface impedance. 

3. To describe the electrons we use the kinetic 
equation 


ad} 
at 


oéf 
or 


a (5) 


Ofo 
+ eE anions — vdf. 
Here fy is the equilibrium distribution function, 
of the non-equilibrium addition, v the collision 
frequency, and E the electric field. The assumed 
equilibrium distribution function is® 


N 


i= - 


Amt (tc) 


exp (—c mc? + p? / xT) 
(xT, | mc*) Ky (mc? /%T,)  ’ 


(6) 


where Ne is the number of electrons per unit vol- 
ume and K», is the MacDonald function. 
Assuming the field to be incident perpendicular 
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to the surface of the plasma, and aligning the x 
axis with the direction of the vector of the electric 
field, we can readily solve Eq. (5). Inasmuch as 
the time dependence for a monochromatic wave is 
~ e-lwt, only the dependence of Ex on the coordi- 
nate z is unknown. 

Depending on the boundary conditions satisfied 
by the distribution function on the surface of the 
plasma, we obtain different laws for the absorption 
and reflection of the electromagnetic radiation. 
Thus, in the case of specular reflection of the elec- 
trons from the plasma surface, we obtain in full 
analogy with reference 4, 


+oo 


E, (+ 0) 


\ efh2 dp 
uv 2 2) 
2. (o/c) 


EO) : 
«(2) ef (@, k) — k 


(7) 


We have left out here the periodic dependence of 
the field on the time. The transverse dielectric 
constant eff (w,k) has the form 
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It must be noted that the Cauchy integral, which 
determines the transverse dielectric constant, 
yields a function which is analytic in the entire 
plane of complex variable k, made discontinuous 
by cuts that begin at the point +(w + iv )/e and go 
to infinity. We note that the case of nonrelativistic 
distribution is to some extent more complicated 

in this respect, for when c = ~ the cut lines join 
together, bisecting the entire complex variable 
plane. 

This important property of the transverse di- 
electric constant permits, in the case of diffuse 
reflection of electrons from the plasma surface, 
the use of the results of references 4 and 6, ac- 
cording to which we can write the following expres- 
sion for the field in the plasma 


| Oe aby 
ES (2) = a \ ye 
—ids—co 
Se 2 eee 9 
eee ea \ poe yee (oH) i?) 


—oo 
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According to (7) and (9) (see also references 4 
and 6), we have for the effective depth of penetra- 
tion of the field, in the specular and diffuse cases 
respectively, the following formulas: 


= (10) 


(11) 


dine {= \ ae In [! = ee (a, ay 


4. We consider first a case in which the effec- 
tive depth of penetration of the field is much greater 
than both the mean free path and the average dis- 
tance traversed by the particle during each cycle 
of oscillation of the field, the latter being propor- 
tional to vp /w, where v7 is the thermal velocity 
of the particle. Under these conditions the spatial 
dispersion of the dielectric constant is a small 
effect. 

Neglecting the spatial dispersion, formula (8) 
assumes the form 


e” (w, 0) = e (o) = 1 — ow? /o (o + i), (12) 
where 
: 4me*N ,c* ,- (me? 1% 4 . mc2 
Po a eet: | Ke( Sr) | ‘S z Ke (Fr ie 2). Ge) 
: \ 


For nonrelativistic temperatures (mc? > KTe), 


@2 = w?, = 4neN,/m, (14) 


0 
and in the opposite case of ultrarelativistic tem- 
peratures’? (mc? « kTe) 


== Ae CIN ela. (5) 
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Formula (12) yields for the effective depth of 
penetration the following expression 


A = ic/oVe (@) (16) 


The root in the denominator is extracted in such a 
way that its imaginary part is positive. 

For frequencies considerably greater than the 
collision frequency we have from (12) and (16) 


= te fo? = of + ofiv/ol / (17) 


However, formula (17) cannot be employed for 
relativistic temperatures (vp~c). The point is 
that expression (16) came about as the result of 
the pole of the integrand of (10): 


(18) 


gti Aotay, 


In the nonrelativistic case, the expansion of the 
transverse dielectric constant in powers of 

(kv p/w)? yields aterm ~ k?, which for small k 
is small compared with the right half of (18). This 
is caused by the presence of the small parameter 
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(vp/c)?. At relativistic temperatures this is no 
longer so, and therefore even in the limit as 

k — 0 the role of the spatial dispersion of the 
dielectric constant cannot be regarded as negli- 
gibly small. 

To derive a formula that generalizes (17) and 
is applicable to the relativistic case, let us obtain 
a more exact solution of (18). For this purpose 
we make use of the more accurate expression for 
the transverse dielectric constant, which differs 
from (12) in the terms ~k? (w > v): 


et (0, b) = 8 (0) ~a Se = 1-1 — id) 9S, 
(19 
where ) 

o] : a “T 

Page) EE NOI ai ee _#T p> —3 
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0 
mc? 1 1 

Yhap seers (20) 


In the case of nonrelativistic temperatures (mc? 
> KTe) 


xT 4 


One = 0? (21) 
and for ultrarelativistic temperatures (mc? << Kies) 
Cs = OF For. (22) 
In the latter case Eq. (18) assumes the form?” 
o? = wo? (1 — ivio) +2 R?, (23) 


and the term containing k? is changed by re com- 
pared with the case in which the spatial dispersion 
is completely neglected. 

Using (19) we obtain from (10) and (11) 


1 1 ic 1 
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In order for (24) and (25) to be applicable it is nec- 
essary that we be able to confine ourselves in (19) 
to terms ~k* only. This is possible if kvp/w is 
small compared with unity. In this case the cor- 
rections to formulas (24) and (25), due to the zeros 
of (18) are small. For nonrelativistic temperatures 
this takes place if 


le (@) |<< me7/xT ,, wo? > 07, (me?/xT.). (26) 


On the other hand, in the case of relativistic tem- 


peratures (vT ~ c) the following inequality should 
be satisfied 
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If inequalities (26) and (27) are violated, the dis- 
tance covered by the particle during one period of 
field oscillation is no longer small compared with 
the effective depth of penetration of the field. 

On the other hand, we assume in this section the 
mean free path to be sufficiently small. This leads 
to the following limitations: 


(v/@)? S> |e (w) | xT./mc? for me? S>xT., 


(v/@)7 = |e (@)h| for me == tle: (28) 


which are more stringent than (26) and (27). 

5. Let us turn now to a case in which the dis- 
tance covered by the particle during one period of 
oscillation of the field is still small compared 
with the effective depth of penetration, but the 
mean free path is greater than the depth of pene- 
tration. In this case, in addition to the contribution 
of the zero of (18) to expressions (10) and (11), the 
form of which is given in (24) and (25), it is neces- 
sary to take into account also the contribution due 
to the branching of «f. The latter is given by the 
formulas 
ahaa Se”) 
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The symbol P in (31) denotes that the singularity 
1/(x’—x) must be taken in the sense of the prin- 
cipal value. 

In the ultrarelativistic case with w* = w?, for- 
mulas (29) and (30) yield (v « w) 
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in eS) (2 meg) 
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For nonrelativistic temperatures we can expand 


in (29) and (30) in powers of (we /w*)(me2/KTe)7}. 


We obtain here 
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Formulas (33) — (36) together with (24) and (25) 
determine the effective depth of penetration of the 
field subject to the satisfaction of inequalities (26) 
eke a CAO 

For the case of nonrelativistic temperatures, 
in particular, we obtain from these formulas when 


wie >w* (with was —w* >» p*) 
Ae) — = Ee, 8 Js / nal. 3/o 
| Ol, a. (=) ; (37) 
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The dissipation, for which these formulas stand 
and which is independent of the collisions between 
particles, can be obtained, following reference 5 
(see also reference 8), by considering the work 
performed by the field on a particle which collides 
with the surface of the plasma. In this case, by 
virtue of condition (26), the spatial dispersion of 
the dielectric constant is weak, and consequently 
we can use for the field in the plasma the follow- 
ing expression 


Eee) ee? EXP 4 le Ve (w) o/c}, 
where it can be readily verified that when ¢€ (w) 


< 0 the average energy acquired by one electron 
is in the case of specular reflection 
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and in the case of diffuse reflection 
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Accordingly, the total energy acquired per unit 


time by the plasma electrons, referred to unit 
surface, is 


9 CPN ne xT, of, — 0 xT, 1 . 

mo? / 2mm \° 2 me ! (1p) 4 E (9) Ex (0), 
(40) 

where p is the fraction of the electrons specularly 

reflected from the surface of the plasma. 

In order to obtain a formula similar to (37) and 
(38), expression (40) must be divided by the aver- 
age flux of the electromagnetic energy of the inci- 
dent wave, the value of which is (c/87) Ex (-@) 

x E¥(-—«), where Ex(-—«) is the amplitude of the 
incident wave. Recognizing that by the boundary 
condition Ex, (0) =(1+r)E,(-—@), and also that 


when Wt 6 > w* we have 


io + V @&, 2 
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we obtain 
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which is analogous to the parts of (37) and (38) in- 
dependent of the collision frequency. 

Since w > v, we should use in this case for the 
collision frequency* 


4 V 20 
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Therefore the dissipation characterized by formula 
(41) is greater in the case of specular reflection 
than the dissipation due to the collisions 
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if the following condition is satisfied 


In a real plasma this inequality can be realized 
only when w « We» where it assumes the form 


“T, \ V2 / uT,\'F 
o < ow}, ( en} ( ) ; . 
It must be recalled that inequality (26) should be 
simultaneously satisfied. 

In the case of diffuse reflection A, is small 
compared with the corresponding expression due 
to the collisions with the surface of the plasma, 
provided that 


*In the ultrarelativistic limit veg¢ ~ 13ce*NL/15(x T)’. 
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(e2N/uT)? (me?/xT) L? <1 — w/o ,« 


It is easy to see that this inequality is valid over 
a relatively wide range. Actually, for frequencies 
which are not too close to Wy ¢, this relation has 
the form 25NgL? < T4, where Tg is in degrees 
Kelvin and Ne is the number of electrons per em’, 

We obtain now an expression for A(G) in the 
absence of collisions when w >We. We note that 
formula (39) is independent of whether «(w) is 
positive or negative. We can therefore use formula 
(40), setting p = 0, and use for r the ratio 


ee 1— Ve(o) -_ 1 i — o7,,/w? 
1+Ve@) 14V1—e, Jo 
We then obtain 


ay “Rap wo? 
A@ V 8 e Le 
ot tt mc? Vow Bi 
(o + V o?—o7;,) 


In particular for w > wy,e we obtain from this 


(42) 


eee fame 9 
4 xT, Le 


A@ = (43) 


V 20 mez @ * 


6. Let us consider the case of strong spatial 
dispersion, when the effective depth of penetration 
is small compared with the mean free path, as well 
as with the average distance covered by the particle 
during one period of field oscillations. This is the 
case of anomalous skin effect. Under such condi- 
tions we can use in formulas (10) and (11) the fol- 
lowing approximate expression for the transverse 


dielectric constant 
ef (wo, k) = 4niC/w|k|. (44) 


Here C, according to formula (8), has the form 


_ 5 eN, (XT, exp (— mc?/xT ,) 
Ce 2 °m (a Kz (me?/xT , ) (45) 
In the case of nonrelativistic temperatures 
is weNey / im 
Cor V3 m V inane (46) 
and in the opposite ultrarelativistic case 
me? Nc 
Cu = Tet, (47) 


Substituting expression (34) in formulas (10) and 
(11) we obtain 
alee 


3 (1+ 7a) Gace) > (48) 


n= E (1+ fs) (ata 


It should be noted that the last two formulas are 
quite analogous to those obtained by Reuter and 
Sondheimer‘ for a degenerate electronic plasma. 


(49) 
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Formula (48) in the nonrelativistic case is similar 
to that obtained by Stepanov.? 

The condition that the effective depth of penetra- 
tion be small compared with the average distance 
covered by the electron during one field oscillation 
cycle has, according to (46) — (49), the form w” 

«K we (mc*/xkTe)~! in the nonrelativistic case, 
and the form w? « w} in the relativistic case 
(vt ~ c), which naturally is the opposite of con- 
ditions (26) and (27). 

I express my indebtedness to L. V. Pariiskaya, 
who calculated the integrals in formulas (33) and 
(34). 


APPENDIX 


ASYMPTOTIC BEHAVIOR OF THE FIELD FOR 
LARGE z IN THE CASE OF AN ULTRARELA- 
TIVISTIC PLASMA 


We now consider briefly the asymptotic behavior 
of the integral (7) for large z in the case of an ul- 
trarelativistic plasma. In this case the transverse 
dielectric constant has the form 


e’ (@, k) = 1 


et ae oem 


wo +iv—ck 
Ga ecea| ; 
For the asymptotic behavior of the integral (7), 
the zeros of Eq. (18), located in the upper half- 
plane k are of importance, since they cause the 
field to fall off exponentially with increasing z. 
The decrement of this damping is determined 
here by the imaginary part of the root of Eq. (18). 
Near such a root, the denominator of the integral 
(7) can be represented in the form 


/ Oetr 
(Se 7 26 he 


—1 


(2 — k,)| 


Here ky is the root of Eq. (18). The contribution 
made by such a pole to the asymptotic value of 
our integral has the form 


— 2k) elle 
R= 


e detr 
ey 


In particular, for frequencies close to wor we ob- 
tain, according to (23), 
ysl c 


24 ere OH 1/, 
[o Or go FOG V i o| : 


EXD Zen | Os 2 iw? : 
pt [ wo, + Ho? v/a). 


When extracting the square root it is necessary to 
choose the value with the positive imaginary part. 


ELECTROMAGNETIC PROPERTIES 


At frequencies w << wop the contribution to the 
asymptotic value from the pole has the form 


US Ae DESO ae 
eye Vela) ts) 


3ho 2 
and finally, in the region w > woy we get 


ee Z cloez/c. 


2 @ 

The asymptotic value is also influenced by the 
singular points of the dielectric constant. Our ex- 
pression for «2 (w,k) has in the upper half plane 
a branch point k = (w+iv)/c. Near such a singu- 


lar point the singular part of the integral (7) has 
the form 


3. [k—(@+iv)/c]In[k— (+ iv) fel 


2@+iv? o [_@ +4 iv)?/o2+1— 30? / 2 (@ + iv)? 


Accordingly, the following contribution is made 
to the asymptotic value 


PA 


S o5 (os { 
2 (o + iv)? 


2 v2 3 0p 
2i \ 


Sais 
_ z 2e(ta—v)2/c 
o @? 2) (oF itv)? | 


We note that in the original problem the pres- 
ence of a branch point of the dielectric constant 
leads to a unique dependence on the time for a 
field with specified k, namely, a dependence of 
the form ~t~2e7ickt along with the purely expo- 
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nential dependence corresponding to the damped 
oscillations and due to the zeros of Eq. (18). 
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It is shown how the Chew-Mandelstam equations for the partial wave amplitudes can be de- 
duced from the equations for the Mandelstam spectral functions. 


Awatyricity and unitarity conditions have 
been recently used to write equations for the am- 
plitudes of various transitions of two particles 
into two particles. Several approaches are pos- 
sible in this connection. On the one hand, Chew 
and Mandelstam! have constructed equations for 
mn scattering of charged pions, which included 
the 1=0 and 1 partial wave amplitudes. On the 
other hand, Ter-Martirosyan? proposed equations 
which determine directly the spectral functions 
of the Mandelstam representation. Such equa- 
tions were given by Ter-Martirosyan? for a few 
simple cases. The method of transforming to 
the one-dimensional representation of Cini and 
Fubini‘ is, in essence, equivalent to the Chew- 
Mandelstam approach. 

When deriving the equations for the partial 
wave amplitude it is necessary to neglect in the 
integral over the left-hand cut the contributions 
due to partial amplitudes with large values of 1. 
Recently a number of serious objections have 
been raised against this approximation. In par- 
ticular, it has been shown that the integral over 
the left-hand cut, containing higher phase shifts 
with J = 2, in general diverges.® 

We show below that the two approaches are 
equivalent and that it is possible to pass from 
the equations for the spectral functions to the 
Chew-Mandelstam equations. It will be seen 
that the divergences are absent from the equa- 
tions for the spectral functions and arise solely 
when it is attempted to express the spectral 


functions in terms of the partial wave amplitudes. 


In order not to complicate the formulas we 
shall consider scattering of neutral pions. The 
scattering amplitude, with its symmetry proper- 


ties taken into account, can be written as follows: 


A (si, Sz, Ss) == \ f (o) [@ (6, s1) + @ (6, So) 


4p.* 
co 


+9 (6, s)] do +<5\\ 9(o,0') fp (6, 1) 9 (0", s2) 
4p? 


-+-@ (G, $1) (0’, $3) + (6, 82)p(9’,83)] do do’" 
@ (5, s) = 1/ (6 — s) — l/(o — 90), p(o, 0’) = p(0’ 0). (1) 


Making use of the unitarity condition one may 
write 


A: = ImA (s1, Sz, $s) 
= V(s —4p)/s1 \ ae (Si, So, Ss) A (Si, S3, Ss). (2) 


By analytic continuation of Eq. (2) one may find 
the discontinuity in s) (or s3). From here, using 
the method outlined by Ter-Martirosyan,”»? it is 
easy to obtain the equation for p (sj, S2): 


(ee) 
armen 
0 (Si, s3) a (0) [T (6, 0’, ss, s1) 
4p? 
+I (G, 6’, si, ss)] F (0’) dodo’, 
1 ° ' 
(0) + = \ e (0, 0°) lo 0’, s) 
4p? 
+ (o’, 4n? — si —o)] do’. (3) 
From Eq. (1) we obtain for the partial wave ampli- 
tude the expression: 


ie) foe) 


A, (s1) == F(o) ky (6, s1) do + {= | f (0) @ (a, s1) do 
4p.2 : 4p? 


eR iene pcete 
= \ [F) +3) 90’. 0) 90", 5) do'| Se 
: ye 
nei . p (0’, 6”) do’ do” 
m2 We S50) Ota Sto % 
4p? 
Ry (G, S1) = 2 [s1 — 4n?]-2 Q, [1 + Qo/ (s1 — 4p2)], (5) 
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where Q](z) is the Legendre function of the second 
kind. Ter-Martirosyan* has shown that the Chew- 
Mandelstam equation containing only S waves is 
obtained if the functions p(o, 0’) are neglected. 
Below, starting from Eq. (3), we obtain the Chew- 
Mandelstam equation containing all partial waves. 
It is easy to derive the following equalities for 
the function IT (a, o’, S3, S;) defined by Ter- 
Martirosyan:? 
= \ P (6, 0’, 03, s1) ky (08, s1) dos 
4y.2 


=o ky (0, s1) ky (6 

SI 

1 el 
S1 


co 
\ { dny 4 \ 
(Se S.)\(Gi— oo) 4x Tt a 


“9 SNe (6) 


IU (yoy 


» 03, Sy) d 
O3 
63 — Sg 


co 


Dy Cl 1) 2) (oss); (0.281) Py (a). 
a (7) 


From Eq. (4) it is easy to show that, for s, > 4y? 


a aa 
= — 


Im A; (si) == \ (a, 0) [kx (6, a ce + f (S1) 8p. 

ap (8) 
Let us multiply Eq. (3) by k7(s3, s;) and integrate 
over ds; from 4u? to ©. Here sj lies in the in- 
terval 4u?<s, < 16”. Then I (a, o’, s;, 83) = 0, 
and with the help of Eqs. (7) and (6) we obtain 


2 \ p (s, 0) k; (0, s1) do 


4? 


a co 2 
—4u?|} 1 
=2f at al F (a) k; (6, s1) do 5 


4p? 


(9) 


In order to obtain the Chew-Mandelstam equa- 
tion starting from Eqs. (1) and (3) it is necessary 
to note in the first place that 


Im A; (si) = V (s1 — 4n7)/s+| Ar(s,) |? for sx > 42. (10) 


In addition, it is seen from Eq. (5) that 


ae (s (14 


0 (x) =1 


; 25 
Im ky (6, si — te)= = yee, 9 (4n2— si— 0), 


day = 0) for 2 <0; tore 0411) 


Using Eq. (11) we obtain from Eq. (4) the value of 
Im Ajz(s;) over the left cut, which, as can be seen 


from Eqs. (4) and (11), runs from s;= —~@ to 
Sita 0: ‘sea 
; 2 
ImA,; (si — ie) = 7a \ F (0) Pi(it+=Ts ) do. 
4y? (12) 


It is seen that the imaginary part along the left cut 


does not become infinite; the integral 
0 


' do [(6 — s1) (6 — so)]* Im A; (9) 


—oo 


also converges. In order to obtain equations in- 
volving the partial wave amplitudes we must ex- 
press the integrals 

=| e (0, 0’) @ (o,’ s1) do’, 


TU 


1 
x\ P (5, 0’) g (0, 4? — si — 0) do’ 


in terms of Aj(o). With the help of Eq. (3) we 


obtain 
[oe) (oe) [oe 
Det Gc) jennie \ oe (ew at KG ee Geoateo) 
1 ei do Sar FP 35) 63 — Sy dos | 
4p? 4p.2 4p? 
F “ v A 2 6 — 4u2 ce . 
Bx (o") do’ do" = —— Z ee (t) F (v’) 2 


4.2 =0 
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= a) dx dx’. (13) 


x (21 + 1) z(t, 0) by (x’, 0) Pi(1 + 


f(a) can be expressed in terms of Im Aj(s,) and 
p(o, 0’) by means of Eq. (8). In evaluating Eq. (13), 
the fact that we are interested only in values of o 
below the threshold for production of four particles, 
i.e., 4u2 <0 < 16u*, was taken into account. Then 
in Eq. (3) only the term involving IT (tT, 7’, o’, o) 
contributes, since I (7, rT’, a, o’) is different 
from zero only for o = 16p?. 

As a result we obtain 


(oe) 


f (0) 4 \ 9 (9, 0’) [@ (0'", 1) + @ ’, 42? — 1 — )] do’ 

4p. 2 

Meesink S| : 

=$V SS B41 2P.(1+ Ss) +04, 
[=0 (14) 
from where we find, for s, < 0 
4p2—'sy go 
2 

Im A; (si — ie) oe eA \ > Im An.) 


4p n=0, 2, ..- 


a) 2n + 1) Pi(1+ 


P,(1 +: sands. (18) 
It is now a simple matter to write dispersion 
relations for Ajz(s,). When Eqs. (15) and (10) are 

taken into account it is seen that these relations 
yield precisely the Chew-Mandelstam equation 
for the scattering of neutral pions. In the integral 
over the left-hand cut of the quantity Im Aj(s;), 
determined by formula (15), one may exchange the 
order of integration. Then every term in the sum- 
mation over n, starting with n = 2, will diverge 
if a subtraction is performed. This circumstance 
was first noted by Efremov et alee 

We have carried out analogous considerations 
for the case of scattering of charged pions. Again, 
it is easy to obtain the Chew-Mandelstam equa- 
tions! starting from the equations for the spectral 
functions. It becomes clear in the derivation how 
the finite expression for Im AW) (s,) for s,<0 is 
transformed into a series of divergent, after inte- 
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gration, terms if it is expressed in terms of par- 
tial amplitudes in the physical region. Because 
of the complexity of the relevant formulas we re- 
frain from presenting here the results for the 
case of scattering of charged pions. 

It is thus seen that if we limit ourselves to the 
one-dimensional spectral functions (or the first 
term in the expansion in the Cini and Fubini 
method) we obtain the Chew-Mandelstam equa- 
tion for the S wave. This equation contains no 
divergences, but it can be correct only if all am- 
plitudes with 7 > 0 are small in comparison with 
the S-wave amplitude. Inclusion of partial waves 
with J > 0 is equivalent to the taking into account 
of the two-dimensional spectral functions. As we 
have seen, this results in the Chew-Mandelstam 
method in the appearance of divergences. The 
contribution of the two-dimensional spectral func- 
tions can be taken consistently into account by 
solving the equations for the spectral functions, 


A. SIMONOV 


using, for example, the iteration scheme proposed 
by Ter-Martirosyan.?»° 

The author is grateful to K. A. Ter-Martirosyan 
for suggesting this problem and for continuous in- 
terest in this work. 
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The size spectrum of EAS at 640 g/cm’ altitude (the Pamirs), produced by 10'°, 104, and 
104 ey protons, is calculated with allowance for fluctuations in the number and altitude of 
the primary-proton collisions. The energy spectrum of protons producing showers of a 
given size at the observation level is determined. The size spectrum of showers produced 
by primary protons, a particles, and oxygen nuclei is calculated. 


1. INTRODUCTION 


‘Tae probability of the production of showers with 
a given number of particles (shower size) at 
mountain altitudes (640 g/cm’) by primary pro- 
tons of various energies was calculated by the 
Monte-Carlo method by means of the ‘‘Strela’’ 
electronic computer. The calculations were car- 
ried out under the following assumptions:! 

1. A proton with an arbitrary energy colliding 
with an air nucleus conserves a constant fraction 
a of its energy, and loses an energy fraction Np 
= 1-a for the production of mesons. A proton 
with an initial energy E) will have an energy Ej 
= qaJE, after j collisions. If we assume that the 
interaction mean free path for protons in air Ay 
= 80 g/cm’, that the absorption mean free path 
A= 120 g/cm’, and that the exponent of the pri- 
mary-proton energy spectrum y = 1.7, then, from 
the relation? )) /A= 1 — a7, we find the inelas- 
ticity factor to be Np = 0.47. For 7 mesons, Nr 
=1 and % = 80 g/cm’. 

2. In the collision of a proton or a m* meson of 
energy E with an air nucleus, the effective number 
of m mesons produced is equal to4 


fig (2) = 1,26 (E/10%)” (1) 


where E is inev. The 7 mesons amount to one 
third of the total number of mesons. The energies 
of all secondary mesons are assumed to be the 
same: 


EAE) — Eine (e); (2) 


where 7 = 0.47 for an incident proton and 7 = 1 


for an incident meson. 
3. The number of particles arriving at the ob- 


servation level at the depth X) = 8 (nuclear 


lengths ) in a shower produced by the collision of 
a proton of energy Ej with an air nucleus at a 
depth Xp in the atmosphere is 


Nias = 0.47K (Ex (E;), Xo, Xp) EyEpEN (Epm Xo — Xp) (8) 


where K[E, (Ej), Xp, Xp] is the coefficient ac- 
counting for the energy fraction transferred to 1° 
mesons. The equation for calculating the coefficient 
K is given in reference 1. In deriving this equation, 
it was assumed that the atmospheric density be- 
tween Xp and X» is equal to the density at Xp. 

The variation of K with the energy of the mesons 
produced by the protons is shown in Fig. 1 for dif- 
ferent depths Xp of proton interactions with air 
nuclei in the atmosphere. N (Eup xy Xp) is the 
number of charged particles in the pure electron- 
photon cascade initiated by a photon with energy 
Eph = 0.5 Eq (Ej). This number was calculated 
from the approximate equation of Greisen? 
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FIG. 1. Energy fraction K transferred to 7° mesons of 
various energies. The numbers on the curves denote the 
depth of interaction Xp of the primary proton in nuclear 
lengths. 
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N (EppX0 — Xp) = 0.3185 °° exp[¢ (1 — 1.5 In s)], 


where By = In (Eph/€), € = 7-2 x 10' ev is the 
critical energy of electrons in air, t = p(X — Xp): 
p = 2.34 is the ratio of the nuclear unit to the rad- 
iation length, and s = 3t/(t + 26)). 

4, In the case where the proton has undergone 
m collisions before reaching the observation level, 
the total number of particles in the shower is 


N = >) Nj. (4) 
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2. DISTRIBUTION FUNCTION OF THE PROBA- 
BILITY OF A GIVEN SHOWER SIZE AT THE 
OBSERVATION LEVEL, PRODUCED BY A 
PRIMARY PROTON OF A GIVEN ENERGY 


In order to obtain the probability distribution 
function of shower sizes, a given number m of 
collisions of a proton with air nuclei distributed 
according to the Poisson law with m = 8 were con- 
sidered. For each m, the values of the depths of 
collisions between the protons in the atmosphere 
were played out using pseudorandom numbers. ® 
The probability density of the logarithm of the 
number of particles z = 1n N at the observation 
level as a function of the primary-proton energy 
Ep is given by 


F(zly) = D Pm¥ (| y), (5) 
m=1 
where Py, is the probability of m collisions, 
w™(z|y) is the probability density z for m colli- 
sions, and y = In (E)/10”) (E, being in ev). 
The probability density %(z|y) was found for 
primary protons with energies 10!, 1014, and 
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10! ev. The number of showers played for each 
number m of collisions was 125. Series (5) was 
terminated at the term for m=15. The total num- 
ber of played showers thus amounted to 1875 for 
each primary-proton energy. The values of the 
probability density VW (z |y) obtained with the elec- 
tronic computer are represented in Fig. 2 by the 
points. The solid curves represent the approxi- 
mated functions. 

For the approximated functions, we used the 
fourth-power polynomial 


iS 


In (z|y) = Dd) a(z—gy. (6) 


f=1 
The polynomial was determined assuming a quasi- 
uniform dependence of the probability density 
x (N|E,)) on the number of particles in the shower 
N and on the proton energy E). The coefficients 
aj are linear functions of y. This made it possible 
to find the probability density ¥(z|y) for any pro- 
ton energy in the range 10%—104 ev. The average 
values of the number of particles in showers pro- 
duced by primary protons with energies 10'%, 10'4, 
and 1015 ev are equal to 2.73 x 10%, 4.25 x 104, 
and 5.66 x 10° respectively. The double half- 
widths of the curves are such that protons with 
energies 10’, 10!4, and 10% ev produce, with a 
sufficiently high probability, showers whose sizes 
differ by factors of 5, 3.5, and 2.6 respectively 
from the above-given values, i.e., approximately 
1/5 of the same factors at sea level.! With in- 
creasing primary-proton energy, the role of the 
fluctuations decreases. Just as at sea level, this 
can be explained by the increasing length of the 
electron-photon showers. 


FIG. 2. Distribution function of the probability 
of a given shower size produced by primary protons of 
different energies. 
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FIG. 3. Energy spectra of protons producing showers of a 
given size N at the observation level. 


3. PROBABILITY DISTRIBUTION FUNCTION OF 
THE ENERGIES OF PRIMARY PROTONS 
PRODUCING SHOWERS OF A GIVEN SIZE AT 
THE OBSERVATION LEVEL 


Let W(z|y)dz be the probability of a value z 
for a given y, and Be ‘~dy the energy spectrum 
of primary protons where B= const and y= const. 
Then, from Bayes’ theorem,’ the probability of y 
for a given z is 


@ (y|z) dy = C7 (z| y) Be-“"dy, (7) 


where the normalized constant C determines the 
total number of showers with a given value of z 


C= \ Be (z|y) dy. (8) 
Ymin 

Figure 3 shows the functions g(y |z), i.e., the en- 
ergy spectra of protons which, at the observation 
level, produce showers with a given number of 
particles N equal to 6.31 x 10°, 3.16 x 10‘, and 
2.51 x 10° respectively. The average values of the 
energy of protons producing showers with such a 
number of particles are equal to 1.67 x 102, 6.69 
x 1013, and 4.21 x 10'4 ev respectively, i.e., the 
energy is less by a factor of 3.2, as compared to 
sea level.! Neglecting the fluctuations, the ener- 
gies of protons producing showers of a given size 
at the Pamirs altitude and at sea level differ by a 
factor of 4.7, i.e., the factor is approximately 1.5 
greater than in the former case. The factor 
k = E,)/N relating the number of particles with the 
average proton energy equals 2.65 x £02232. 14X< 10), 
and 1.68 x 10° ev respectively. The double half- 
widths of the curves are such that showers with 
6.31 x 103, 3.16 x 104, and 2.51 x 10° particles are 
produced with a sufficiently high probability by 
primary protons with energies differing by factors 
of 2.95, 2.43, and 2.05 respectively from the 
above-given values, i.e., approximately a to We of 
the same factors at sea level.' 


441 


Eee SSS 


Sea level Pamirs 


N 


6.3- 10% | 3,2- 104 | 2.5- 105 


6.3 - 108 


3,2+ 4108 | 2,5- 108 


| 1.3 
1.6 


Under the assumptions made, it is possible to 
calculate the average energy of the primary nuclei 
with atomic weight A producing showers with a 
given number of particles N. The table shows the 
ratios of the average energies of He and O nuclei 
to the energy of protons which produce the same 
shower size N at sea level and at (640 g/cm?) 
altitude. 
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4. SIZE SPECTRUM AND ALTITUDE DEPEND- 
ENCE OF THE SHOWERS 


The number of showers with a given number of 
particles as determined by Eq. (8) can, as is well 
known, be approximately represented by a power 
law C(z)dz~e “dz, where x = const. The num- 
ber of showers with a size greater than a given one 
is given by 


C(>z)=C(z)/x. (9) 
The value of kx in Eq. (9) is found from 


M= —— Cl C (2) f dz. (10) 


On the other hand, knowing the mean shower size 
N produced by a primary proton of a given energy, 
we can determine the number of showers of a size 
that is, on the average, greater than a given one: 


Ci S72) Byte, (11) 


where z = In N= — 1.28 + 1.43y — 0.015 y’. 

The size spectrum of the showers can also be 
calculated’ for the case where the primary is a 
nucleus with an atomic weight A, if we accept the 
hypothesis that the nucleus in the collision with an 
air nucleus always disintegrates into A independ- 
ent nucleons with energies E)/A, where Ey is the 
energy of the primary nucleus. Knowing the mean 
value of the number of particles N and the disper- 
sion D of the distribution x (N|E)A™*) for the 
case where the primary particle is a proton, and 
using the central-limit theorem of probability 
theory,’ we find that the number Nag of particles 
at the observation level produced by a primary 
particle with atomic weight A and energy Ey is 
distributed according to the normal law with a 
mean value Na = AN and with a dispersion DA 
= AD. Within the limits of the assumptions made, 
the size spectrum of showers for a primary nu- 
cleus is similarly calculated for the case where 
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¢(>N)/B 
108 


inf 10° 10 


the primary particle is a proton. If the primary 
particle is a He nucleus, then A =4, and the use of 
the central-limit theorem is not permissible. 
However, we are not interested in the exact shape 
of the function x (N|E,) but only in its integral 
given by Eq. (8). Therefore, small inaccuracies in 
the shape of the function y(N|E,) are irrelevant. 
Figure 4 shows, both for sea level! and for the 
Pamirs altitude, the size spectrum of showers 
taking the fluctuations into account, and the average 
number of showers produced by primary protons, 
and He! and O'8 nuclei. For the Pamirs altitude, 
the curves for primary He and O nuclei are iden- 
tical whether fluctuations are considered or neg- 
lected. For primary protons at the Pamirs alti- 
tude, the curves differ by 3—5%. This difference 
is of the same order of magnitude as errors in the 
calculations. The value of the exponent x increases 
from 1.45 to 1.50 with a change in the number of 
shower particles from 6.3 x 10° to 2.5 x 10°. At 
sea level, the fluctuations! increase the number of 
showers of a given size by 50% for primary pro- 
tons, by 16% for He nuclei, and by 5% for O nu- 
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FIG. 4. Size spectra of showers (a—at the 
Pamirs altitude, b~ at sea level) for various pri- 
mary particles; 1—taking fluctuations into ac- 
count, 2 — neglecting fluctuations. 


10 


clei. The number of showers at sea level! with 

N > 10‘ particles differs from that at the Pamirs 
altitude by factors of 11.5, 13.5, and 17 respec- 
tively for primary protons, He nuclei, and O nu- 
clei. The altitude dependence of showers decreases 
by 10 to 15% with a variation of the number of par- 
ticles in the showers from 104 to 10°. 


5. THE PRIMARY-PROTON SPECTRUM 


If we compare the calculated number of showers 
produced by primary protons at the Pamirs alti- 
tude to the number of experimentally-observed 
showers,* we can determine the value of the con- 
stant B in Eq. (8). Knowing the value of B and y, 
we can calculate the intensity of the primary pro- 
tons. The primary-proton intensity calculated in 
such a way differs by only 5% from the proton in- 
tensity calculated by the same method from the 
data for sea level,! while it is less by a factor of 
approximately two than the intensity given by 
Greisen.® If, instead of the data of the Moscow 
group,” we use the experimental data for the size 
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F( =F) mp-secusre. 


FIG. 5. Spectrum of 
primary protons; 1— 
~4 from the data of refer- 
ence 5, 2—as calcu- 
lated in the present 
paper. 


10 


10 ; 
0” 0" 10” 


Fy, ev 
spectrum given in the review article of Greisen,° 
then the calculated intensity of the primary protons 
will be smaller yet. Figure 5 shows the intensities 
of primary protons as reported by Greisen and as 
calculated in the present paper. 


6. DEPENDENCE OF SHOWER CHARACTERIS- 
TICS ON THE PROTON-ENERGY SPECTRUM 
EXPONENT y 


Calculations similar to those described above 
but for y =1.8 have also been carried out. For 
this case, in order to conserve the former value 
of the parameter a@=0.53, we obtain a value of 

X = 117 g/cm? from the relation Ay /A = 1 

— a’,*3 keeping the former value of Ay = 80 g/cm’. 
The increase in y leads to the increase in x. The 
average value of «x increases from 1.47 to 1.55 at 
the Pamirs altitude and from 1.38 to 1.46 at sea 
level. With increasing y, the role of fluctuations 
in the development of air showers also increases. 
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For y = 1.8, the difference between the number of 
showers calculated taking fluctuations into account 
and the average number of showers calculated for 
primary protons increases by 10% at sea level and 
by 6% at the Pamirs altitude, as compared to the 
difference for the value y = 1.7. The altitude de- 
pendence of showers for y = 1.8 is greater by ap- 
proximately 10% than for y = 1.7. 

In conclusion, the author expresses his thanks 
to Prof. G. T. Zatsepin for constant help in the 
work. The author would also like to thank Prof. 
E. S. Kuznetsov, who kindly made the use of the 
electronic computer possible, and O. B. Moskalev 
for his help in programming the computer. 
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It is shown that the four-fermion interaction to any order will not yield masses for particles 


that have no bare mass. 


Sane works have of late developed the point 
of view that the masses of particles result from 
their interactions with (or transformations into) 
other or similar particles (or fields ).'-3 The 
only example, however, of a definite prediction of 
a fermion mass is the two-component neutrino 
theory with an identically vanishing mass for any 
interaction.*~° 

One may use the analogy with the neutrino the- 
ory to establish important restrictions on the kind 
of interaction which may lead to a finite particle 
mass. It turns out that a finite mass cannot be ob- 
tained from a theory with several different types 
of fermions, all with vanishing bare mass, if one 
uses the electromagnetic interaction and a four- 
fermion interaction of any kind (that is, S, V, T, 
A, or P, and no derivative interaction). 

If some of the particles of a several-fermion 
theory have a finite bare mass (or a mass ob- 
tained from some other interaction), then those 
fermions whose bare mass vanishes can be given 
a finite mass by a four-fermion interaction in- 
volving those with mass. This is possible, how- 
ever, only by violating the Gell-Mann—Feynman 
postulate,’ which will lead to a polarization in de- 
cay differing from v/c. 

Let us prove this assertion. To do this we first 
give a somewhat different formulation of the usual 


Dirac equation for a free particle possessing mass. 


As is well known, a four-component wave func- 
tion can be written in terms of two two-component 
spinors 


[fh 


each of which (that is g and Xx) separately trans- 


forms by an irreducible representation of the proper 
Lorentz group. For vanishing mass the Dirac equa- 


tion decomposes into two independent equations for 
gy and x, or in other words describes separately 
‘‘right’’ and ‘‘left’’ particles with mass zero and 
velocity equal to that of light, each of which has a 
fixed spin component equal to either +¥, or — a 
along the direction of motion. 


In this manner of speaking one may regard the 
mass as a coupling constant between the “‘right’’ 
and ‘‘left’’? particles, since in the Lagrangian it 
appears as a multiplicative factor in the expression 


m(pk + X9). 
Similarly, the mass enters on the right side (giv- 


ing rise to inhomogeneity) of the equations for 
and x, namely 


L,9 = mi, L,% = mq, 


where 


Lie=id/Ot+ >) 6:0/Oxp. 


R=1,2;8 


Thus, whereas in the case of vanishing mass 
we are dealing with independent ‘‘right’’ and ‘“‘left’’ 
particles, a finite mass is a quantity which deter- 
mines the probability for spontaneous transitions 
of a ‘‘right’’ into a ‘“‘left’’ particle, and vice versa. 
This situation is reminiscent of the Pais-Piccioni 
scheme, in which the K® and K°® can be freely 
transformed into each other, so that the vacuum 
contains particles which are the linear combina- 
tions (superpositions) K} and K%. In the same 
way particles with finite mass may be considered 
superpositions of right and left particles.* 

In order for an interaction to lead to a particle 
mass, this interaction must give rise to mutual 
transformations of right and left particles. In 
other words, it must be possible with this inter- 
action to construct Feynman diagrams with a 
single incoming line corresponding, for instance, 
to gy, and a single outgoing line corresponding to 
x. Let us see whether it is possible to obtain such 
a result through the electromagnetic or four- 
fermion interaction. 


*It should be emphasized that we are dealing with right 
and left particles which are not each other’s antiparticles. 
On the contrary, we are assuming that there exist right and 
left particles all of whose charges (i.e., all superselection- 
rule quantum numbers) are the same, and such that their mu- 
tual transformation is not forbidden. 
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We shall introduce the electromagnetic inter- 
action by using the principle of minimum interac- 
tion, which means that we shall assume that the 
free Lagrangian contains only terms of the form 
p* dp/at and y*o, dy/dt, and similar bilinear 
terms involving y* and xX. Then by performing 
the replacements 


fe) 
Ox h 


) ; i) 0 
pp Asap > ieA;, + ae 
we obtain only vertices in which the incoming and 
outgoing lines are of the same kind (g — gq, 

X — xX); thus the electromagnetic interaction 
gives no contribution to the transformation g — X. 
Turning now to the four-fermion interaction, 
we remark that from gy* and » (as from y* and 

X¥) we can construct only a four-vector, whereas 
from the different spinors g* and xy (or y* and 
gy ) we can construct a scalar and a tensor.* 
Therefore a scalar can be constructed of four two- 
component quantities in only five ways: three sca- 
lars are the products of pairs of four-vectors 
formed of four g or four x or of two g and two 
X; one scalar is the product of two scalars formed 
of two g and two x; and finally one scalar is the 
product of two tensors (formed of two @ and 

two x). 

The four two-component spinors refer to differ- 
ent particles, but we shall not write out in detail 
the corresponding expressions. What is important 
is that in any of the versions the number of par- 
ticles of each kind, that is right (undotted function) 
or left (dotted function), can change only by an 
even number, namely 0 or 2. This is obviously 
true to any order, no matter how many vertices 
we deal with. It is therefore impossible to con- 
nect any number of vertices so as to obtain a 
diagram in which the number of right particles 
changes by —1, while the number of left particles 
changes by +1. This proves the assertion. We 
note that this remains true when one introduces 
scalar form-factors depending on the (invariant) 
square of the momentum transfer. 

We have dealt here with four-fermion expres- 
sions of the form ~*~*~y~, where ~* and y may 
refer to different kinds of right and left particles. 
This form corresponds to a vertex with two in- 
coming particles and two outgoing ones; we shall 
call such a vertex a 2:2 vertex. 

In addition to such vertices we must consider 
also those corresponding to expressions of the 


*We are considering only the proper Lorentz group, so that 
we need not differentiate between a scalar and a pseudoscalar 
or between a vector and a pseudovector, etc. 
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form ~*~~~ with three incoming and one outgoing 
particles (3:1 vertices), and p*y*y*~ (1:3 ver- 
tices ). 

Since complex conjugation is equivalent to 
transforming from left to right particles, in 3:1 
and 1:3 vertices the number of left and right par- 
ticles changes by an odd number, in contradistinc- 
tion from the rule we obtained for 2:2 vertices. 

Consider a diagram with one incoming particle 
on the left and one outgoing one on the right, and 
any number of interior vertices. Any 1:3 vertex 
increases the total number of particles by two, 
while a 3:1 vertex decreases it by 2, and a 2:2 
vertex leaves it invariant. Thus a diagram with 
one incoming and one outgoing line may contain 
any number of 2:2 vertices, but it is necessary 
that ny.3 =n3.;. This means that the total number 
of 1:3 and 3:1 vertices, namely nj.3 + n3.4, is 
even. Although each of these vertices changes 
the total number of right and left particles by an 
odd number, the diagram as a whole again changes 
the number of right and left particles by an even 
number, and the assertion remains valid. 

In distinguishing between 1:3, 2:2, and 3:1 
diagrams, we assume that we have decided be- 
forehand as to what constitutes an ‘‘antiparticle’’ 
as opposed to a particle, and only then is a direc- 
tion of propagation associated with each line of 
the diagram. 

According to a remark due to B. L. Ioffe, a 
scalar interaction between fermions and mesons 
will also give no fermion mass, and this result is 
independent of the fermion mass. Indeed, vertices 
corresponding to such an interaction involve the 
transformation of a right fermion into a left one, 
or vice versa, with the simultaneous creation or 
annihilation of the meson. In a diagram contain- 
ing a single incoming and single outgoing fermion 
line, the number of mesons created is equal to the 
number of mesons destroyed; thus the total number 
of meson vertices is even, and it follows thence 
that the total change of right or left particles is 


also even. 
This theorem breaks down if a particular kind 


of meson has two different interactions (scalar 
and vector) with the fermions. We remark that 
with nonconservation of parity one need not distin- 
guish between scalar and pseudoscalar, or vector 
and pseudovector. 

The theorem also breaks down for three-meson 
vertices, in which one of the mesons is trans- 
formed into two. 

If among our fermions there is at least one 
which has a bare mass Mp, then there exists a 
diagram involving this fermion in which there is 
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FIG, 1 


an incoming right particle (¢) and an outgoing 
left one (£), as shown in Fig. la. The matrix 
element corresponding to this diagram is propor- 
tional to mp. By combining this diagram with two 
electromagnetic diagrams, we obtain a correction 
to the mass of the particle, and at the same time 
we see that Am ~ mye” (see Fig. 1b). 

By combining an my diagram for one of the 
fermions with a four-fermion vertex, one can in 
principle obtain the transformation of a right par- 
ticle into a left one for any pair of particles (with 
zero bare mass), so long as such a transforma- 
tion is allowed by charge conservation. Then by 
perturbation theory the particle will end up with 
amass pw ~ mg", where my is the bare mass of 
the other particle, g is the four-fermion coupling 
constant, and n is the number of four-fermion ver- 
tices (see Fig. 2). Since g has the dimensions of 
m~*, the form of this expression predetermines 
the power to which the cutoff momentum enters 
into yp. 


FIG. 2 


Consider a given particle with wave function 
(~, Xx). In order that this particle have a finite 
mass as a result of the four-fermion interaction 
and the existence of some other particle with bare 
mass Mo, the original particle must enter into the 
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four-fermion interaction in two ways, namely 
through gy and through ¥. This represents a vio- 
lation of the Gell-Mann—Feynman principle, which 
states that all particles enter into weak interac- 
tions through just a single two-component function. 
This violation will lead, obviously, to weak-decay 
production of such particles with longitudinal po- 
larization different from v/c. 

It has been remarked by L. B. Okun’ that the 
assertion of the present article can also be proven 
in the more common language of four-component 
bispinors if one considers simultaneous y;-trans- 
formation of the bispinors of all particles in the 
Lagrangian. Any Lorentz invariant four-fermion 
interaction is automatically invariant under this 
transformation, even if any one of the fermions 
taken separately is not. 

I take this opportunity to express my gratitude 
to L. D. Landau for his repeated insistence that I 
use two-component quantities, as well as to B. L. 
Ioffe, L. B. Okun’, and I. Ya. Pomeranchuk for 
discussions. 
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We have solved the Bogolyubov equation for the energy gap in a superconductor for the aniso- 
tropic case. We show that in the weak coupling approximation a change in temperature leads 
to a change in the magnitude of the gap by a factor which is independent of the direction. The 
general behavior of the change in the thermodynamic quantities is qualitatively the same as 
in the isotropic case. The relative jump in the specific heat turns out to be larger than 1.4. 
An inequality of the same kind is also obtained for the critical magnetic field near the abso- 


lute zero. 


‘Tue theory of superconductivity was developed for 
an isotropic model.!»? The isotropic theory agrees 
qualitatively very well with experiment, but it does 
not agree completely quantitatively. From this 
theory it follows, for instance, that the relative 
jump in the specific heat AC/Cy at the transition 
point should be equal to 1.4 for all superconductors, 
while this quantity varies in practice from metal 

to metal. Furthermore, the isotropic theory gives 
for the low-temperature behavior of the relative 
critical field the relation 


Her(T) | Her(0) = 1 — x (T / Ter)? 


where y= 1.06. Experimentally, x turns also out 
to be different for different superconductors. 

The temperature dependence of the specific heat 
differs rather much from that predicted by theory. 
Moreover, experimental results*’4 show that the 
energy gap possesses a well defined anisotropy in 
some superconductors. It is thus of interest to 
develop a theory for anisotropic superconductors. 

Bogolyubov et al.? obtained for the energy gap 
A(p) at absolute zero an equation which is also 
suitable for the anisotropic case 


nr A (p’ , 
A (p) = g\ U.P’) spy 


1 
& (p’) (1) 


Here g is the dimensionless coupling constant 
(g <1), U(p, p’) the interaction potential of two 
pairs of electrons with momenta and spins in op- 
posite directions, €(p) = v&#(p) + A2(p), where 
é£(p)=Vr(p — pr), while vp and pr are the 
velocity and momentum on the Fermi surface. 

The integration in (1) is performed in such a 
way that the values of §’ = &(p’) lie between +w 
where w is the Debye frequency. We are inter- 


ested in values of p and p’ suchthat |é|, |&’| 
sw. In that region U(p, p’); A(p), and A(p’) 
may be assumed to depend only on the directions 
n=p/p and n’=p’/p’. Taking this into account 
and integrating over & in (1) we find 

20 do" 


Set r gg aCe OS 
A (n) g\U (n, n’) A(n’) Inge, ee (2) 
where do’ is an elementary area on the Fermi 
surface. 
Taking into account that g is small, we write 


the solution of Eq. (2) in the form 
(3) 


where y(n) is a dimensionless function, and A a 
constant quantity of the order of magnitude of unity. 
Substituting (3) into (2) we get in the first non- 
vanishing approximation for g(n) the equation 


A (n) = 209 (n) ez, 


g(n) = A\ Ula, 1) @(n’) 2. (4) 


Equation (4) is a homogeneous Fredholm type inte- 
gral equation. One can easily symmetrize the ker- 
nel of Eq. (4). The quantity A is thus an eigen- 
value of Eq. (4) and y(n) an eigenfunction of this 
equation. 

We shall show that A is the lowest eigenvalue. 
Indeed, the energy of the superconducting grounds 
state Eg is a functional of A*(n) and the energy 
of the normal state Ey is obtained from Eg by 
putting A(n) = 0. The difference Ey — Eg is thus 
in first approximation a homogeneous quadratic 
functional of A2(n) and is according to (3) propor- 
tional to exp (— 2A/g). Eg will thus be a 
minimum when A is a minimum. We note that by 
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. F 5 
virtue of a well-known theorem A(n) has no zeroes in the survey of Abrikosov and Khalatnikov.° As 


on the Fermi surface. 
We denote by #(n) the normalized solution of 


Eq. (4) which corresponds to the lowest eigenvalue. 


In that case y(n) = Qy(n). To find the constant Q 
we must solve the next approximation. Putting 
p(n) = Qy (n) + yy (n) we get for gy (n) the equa- 
tion 
/ / d 
p(n) = ALU (a, 0) g: (') 
ie 
r hi ra ES! 
— gQ\U (a, n') p(n’) In (Qy (n')) <> . (5) 


UR 


This is an inhomogeneous Fredholm type equation 
and it is known that the corresponding homogen- 
eous equation has a solution. 
The condition that (5) have a solution gives, if 

one takes (4) into account, an equation for Q: 

e d 

\¥* (n) In ( Qp (n)) $% = 0. (6) 
If we write the normalization condition for ~(n) in 
the form 


r Gy 


\v (a) a a (7) 


where pp is a quantity of the order of magnitude of 
the momentum on the Fermi surface, we get from 


(6) ds | | (8) 


Pop 


Q = exp {—| ¥ (a) Iny (n) 


We note that Eq. (8) and also the further cal- 
culations remain valid also when w is assumed to 
be a function of the direction w(n), so long as we 
substitute in (3) instead of w a constant quantity 
® such that 


Ino = \" (n) In @ (n) 


ds 
Po UP ; 


(9) 


In the following we shall thus assume, without sac- 
rificing generality, that w is constant. 

We now turn to the case of finite temperatures. 
In that case we must solve the equation 


A (p) = g\ Ulp, p') Sey [1 — 2f (Be (P))] ap’, 


(10) 


where f(x) = (e*+1)7!. As in the previous case, 
Eq. (9) leads to an integral equation on the Fermi 
surface: 


A (n) = g\ Vian) [in 2 — F@A(n’y) |=, (ar) 
Cr 

where 7 

| dy y+ RXV FD. 


—oo 


(12) 


The function F(x) was studied in great detail 


x — o it tends to zero as e *~, and as x — 0 it 
behaves asymptotically as 


F (x) = — In (yx/m) + Ax?, (13) 
where In y is Euler’s constant and A= (7/81? )&( Be 
We look again for a solution of Eq. (11) in the 

form given by (3). In zeroth approximation we get 
again (4) so that y(n) = Qy(n), as before, but Q 
is now a function of the temperature. We can thus 
make the following statement: when the tempera- 
ture is changed the magnitude of the energy gap in 
different directions will change in the same ratio. 
This conclusion can, apparently, be verified ex- 
perimentally. We get for the function Q(T) the 
equation 
Q(T) 
I" TO) 


+l @ F GQ) v(m) 


ds a io 
0U p 


5 (14) 


It is clear from Eq. (14) that Q(T) < Q(0). 
Equation (14) becomes unsuitable near the trans- 
ition temperature where Q(T) is small, because 
F diverges logarithmically. Using the asymptotic 
expression (13) for this case we get from (10) 


A (n) = g\U(n, n/) A (n’)[In 208 L — 2 (BA (n'))*] 


from which we get in zeroth approximation in 

(T — Ter)/Ter a solution in the same form as 
(3), while the transition temperature is determined 
by the equation 


Tor = (y/m) 2we—AV, (16) 


Near the transition point the equation for Q(T) is 
of the form 
9 ire iy | ae NE ales 

OPA ore tops Ae] ee tS 

Comparing the results obtained here with the 
solution of the equation for the gap in the isotropic 
case, we see that the picture of the behavior of the 
gap as a function of the temperature is not changed 
qualitatively. 

We consider now how the anisotropy of the super- 
conductor affects its specific heat Cg(T). Using 
the well-known formula for the entropy 


S(T) = —2)){F (Be) In j (Be) 
p 


(17) 


= (yf (Be) in. (aa (Be))} (18) 


and differentiating it with respect to the tempera- 


ture, we get after some simple transformations 
the equation 
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d 2 


at es 8 dp (2m) 


; Is 
s\ AG (BA) =, 


2x\ ch 2@ f(x chg)dg. 


0 


G (x) = (19) * 


The asymptotic behavior of G(x) was also given 
in reference 5: 


G (x) = 17/38x — x/2 + 7f (3) x3/16n?, c= 0, 
G(y 1) lax, % > 00. (20) 
Near the transition point we get 
2T oe 0 ds (x? Tee iA os 
CM ae\ eas haan Y) (21) 


where A is defined by (17). The value of the spe- 
cific heat of the normal phase Cy, at the transition 
point is obtained from (21) by setting A equal to 

zero. We get thus for the jump in the specific heat 


ACICy (Te) = 3A/2y? (22) 


(We chose py by putting J do/pyvF = 1.) 

We compare now the value of A determined by 
(17) with the corresponding magnitude of Ajg in 
the isotropic model 


AA = \ days (n) / pou,. (23) 


From the normalization condition (7) follows that 
the integral on the right hand side of Eq. (23) is 
larger than unity as long as ~(n) + const., and 
thus A < Ajg. The isotropic model gives thus too 
large an estimate for the ratio AC/Cy(Tey). 

We must now turn our attention to the discrep- 
ancy of this theoretical conclusion with experi- 
mental data®® according to which for nearly all 
known cases A > Ajg (apart from Cd, Zn, and 
Tl). A possible cause of this discrepancy is that 
the interaction is in fact not a weak one and that 
there occurs experimentally a stronger singularity 
than a finite jump.T 

We consider now the behavior of the specific 
heat at low temperatures. Using the asymptotic 
behavior of G(x) as x > © we get from (19) 


Ge Ce) — of Hee exp i BAmin (0 )}; 


where o is a dimensionless constant of order of 
magnitude unity. We can use (3) and (16) to re- 
write Eq. (24) as follows: 


(24) 


*ch = cosh. 

tNote added in proof (February 8, 1961). According to an 
estimate by A. A. Abrikosov and L. P. Gor’kov (private com- 
munication) a deviation of the specific heat from its normal 
behavior (a finite jump) can only be manifest in a very narrow 
temperature range near the transition point, which is up to the 
present inacessible experimentally. 
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C5 (T) = BV Amin exp {— Q (0) WneanTor/7T}. (25) 
From Eq. (8) the inequality Q(0) < 1/Ymin 
follows. The specific heat of an anisotropic super- 
conductor is thus as function of the reduced tem- 
perature exponentially larger than the value which 

is predicted by the isotropic model. This result 
obtained already by Abrikosov and Khalatnikov? is 
well substantiated by experimental data. 

In the intermediate temperature range the devi- 
ation of the specific heat from the curve obtained 
using the isotropic model must be large according 
to (19). Experimentally this deviation reaches, 
indeed, 30—40% (for instance,’ for Zn and Al at 
day ae 

To find the critical magnetic field we use the 
appropriate expression from the Bardeen-Cooper- 
Schrieffer (BCS) theory [see, for instance, refer- 
ence 5, Eq. (3.37)] but we must replace the quantity 
v = pj/T’vp in the anisotropic case by an integral 
operator on the Fermi surface: 


9 
Hey 


ar \{AG( (Oy ae 


(26) 


Using the solution of (3) for which we found for 
A(n) and the normalization (7) we get from (24) 


os ee (= tr) Q(T) + gar \ [AG (BA ae 
“ex ~ Tap Po (FT) PUT) + Gee \[46 4) — eT |e 
(27) 
Near the absolute zero 
ue { moh ed) T? 
“8x 1603 po (= Das Q* (0 Tin mae (1 4 a 
(28) 
x= 7/3Q (0). (29) 


One sees easily from Eq. (8) that for any y(n) 
different from unity Q(0) < 1 and we have thus 
from (29) 


x = Xis = 1,06. (30) 


The data on the measurements of the critical mag- 
netic field which are given in Shoenberg’s mono- 
graph’ are in contradiction to this result (except 
Sn where xy = 1.07). The fact that for such aniso- 
tropic superconductors as Zn and Al the quantity 
x turns out to be very nearly equal to unity seems 
to be especially surprising. We must note that in 
fact there are no measurements in the low-temper- 
ature region and the values of xy mentioned a mo- 
ment ago are extrapolations, the correctness of 
which can, apparently, not be assumed to be es- 
tablished. All the same, the reasons for the dis- 
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crepancy between the theoretical conclusions and 
the experimental data are not clear to the present 
author. It is, apparently, necessary to elucidate 
first of all how an increase of the interaction con- 
stant g would influence the results. An analysis 
of this problem will be the subject of a subsequent 
communication. 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 646-651 (February, 1961) 


It is shown that the vortex lines possessing a thickness which is inversely proportional to the 
Square root of the gas density and of the intensity of the interaction may exist in Bose gases 
with weak repulsion between the atoms. The energy of a vortex line is computed. It is also 
shown that in the presence of a vortex line a branch appears in the energy spectrum of the 
gas which corresponds to oscillations of the vortex. 


1. INTRODUCTION 


As is known, according to Onsager! and Feyn- 
man,” vortex lines can exist ina superfluid, i.e., 
certain special lines, around which the superfluid 


part of the liquid rotates with a velocity 
h 


=s : 
mr 


(1) 


where m is the mass of the atom of the liquid, r 
is the distance to the special line, which is known 
as a vortex axis, and s is an integer. A certain 
energy is associated with each vortex line and can 
be computed in general form with logarithmic ac- 
curacy. To be precise, the energy per unit length 
of line is equal (here and in what follows we speak 
only about conditions at absolute zero of tempera- 
ture ) 

R 


To 


2 
9 wh?n 


In 
m 


E=s : (2) 
where n is the number of atoms of liquid per unit 
volume, R is the characteristic dimension of the 
vessel, ry is a quantity which has the meaning of 
the length of the vortex axis (it is assumed that 
R > 1p). In the case of real helium, ry has the 
order of interatomic distances. It is seen from 
(2) that the vortex lines with s >1 are energetic- 
ally unfavorable, inasmuch as two lines with s = 1 
have less energy than a single line with s > 1. 
Therefore, only lines with s = 1 can really exist. 
We shall consider only such in what follows. 

Vortex lines are capable of performing vibra- 
tions. In this case, when the wavelength of such 
vibrations is much greater than rp, these vibra- 
tions differ in no way from the vibrations of vor- 
tices in an ordinary ideal liquid, and have the dis- 
persion law (see references 3 — 5) 
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hk® 


4 


n kro (kr 0 < 1) 
(w is the frequency, k is the wave vector of the 
vibration). Thus the existence of vortex lines in 
a liquid leads to the appearance of a new ‘‘one- 
dimensional’’ branch of elementary excitations. 
The existence of vortex lines in rotating helium 
II was shown experimentally by Hall and Vinen, and 
cannot be doubted today. Nevertheless, it should 
be kept in mind that the vortices were predicted 
by Onsager and Feynman on the basis of semi- 
qualitative considerations, inasmuch as the wave 
function of the liquid employed by Feynman cannot 
be obtained from general principles. Therefore 
there is definite interest in investigating vortex 
lines on a simple model in which calculations can 
be carried through to the end. Such a model is the 
imperfect Bose gas with weak repulsion between 
atoms, which has been considered in detail by 
Bogolyubov.® The purpose of the present research 
is the investigation of vortex lines in such a gas. 
The method which we shall use is a generalization 
of the method of Bogolyubov to a spatially inhomo- 
geneous state. 


(3) 


2m 


2. THE VORTEX LINE IN AN IMPERFECT BOSE 
GAS 


We shall consider a Bose gas with weak pair 
repulsions between atoms. The Hamiltonian of 
such a system in the second quantization represen- 
tation has the form 


A 


A =\{—F pray + 5) Ud r— ni) vet} de. (4) 
We shall assume that the potential is short range, 
and that the gas is sufficiently rarefied, i.e., that 
the range of the potential is much less than the 
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distance between particles. In this case, we can 
remove the ~ operator from under the integral 
sign over dt, and obtain* 


A e 2 4 . 
#=\{-S pay + sevytpy} ar, 
Gos \ U(r an: (5) 
The Hamiltonian (5) corresponds to the equation 
of motion for the Heisenberg operator w~ 


A 2 he +alaq}s 
in 2 — — © ay + gyrpy. (6) 


Just as was done by Bogolyubov,° we divide the op- 
erator into two parts: 


y=a,+%, <a), (7) 


where a, is a number, and # is a small operator 
correction. However, inasmuch as the system is 
no longer homogeneous in space in the presence 
of a vortex, we shall assume that ay is not a con- 
stant, but is a certain function of the coordinates.f 

Substituting (7) in (6), and combining terms of 
zero order, we get 


0a h? 


ih He — — Aa, + gag ay. (8) 


Assuming that ay depends on time according to 
the law e-iEpt/h, we get 
h2 
~~ ie 
An equation of such a form has already been con- 
sidered by Ginzburg and the author’ in connection 
with the phenomenological theory of superfluidity 
close to the A point. (Of course, the coefficients 
of the equation there have an entirely different 
meaning. ) 
The vortex lines correspond to the solution of 
(9) possessing a symmetry relative to some axis. 
Transforming to cylindrical coordinates r, 9, z, 
and setting 


AG, — E.G, + 2 |, (a, = 0: (9) 


a, = e?F (r), 


we obtain the following equation for F: 


1d dF , ® a 
picmpSde de tomes Pol Pe 0. 


(10) 
As was shown in reference 9, Eq. (10) has a so- 
lution which vanishes as r — 0, and which ap- 


*It is actually impossible to use Eq. (5) directly in calcula- 
tions to higher orders of g. This is connected with the neces- 
sity of carrying out a renormalization of the scattering ampli- 
tude of particles (see reference 7). However, we shall not cal- 
culate terms of higher order. 

tInhomogeneous ground states of a Bose system were in- 
vestigated by Gross® without connection to the problem of vor- 
tex lines. 
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proaches a certain Constant yg asl se 5 
obviously has the meaning of density of particles 
in the condensed state and at an infinite distance 
from the line; with accuracy up to terms ~ eel 
it is identical with the total density of the gas. It 
follows from (10) that the constant Ey is related 
to ny by the formula 


Ee Olin: (11) 
Taking this into account, we find that ag can be 
written in the form 
ay = V no exp ip — gnot/h) , (r/r,), (12) 
fet tinny. (13) 
Wo(~) is a real function satisfying the equation 
tte (gn —w=0 
Py (0) = 0, Py (oc) = I. (14) 


The graph of the function % was given earlier by 
Ginzburg and the author.’ For & — 0, we have 
Uy ~ 6. Forlarse si 


aby (5) = LL 4/83: 


Equation (12) describes the vortex line with 
s=1. 

The quantity rp obviously has the meaning of 
the length of the vortex line. It is seen from (12) 
that the mean velocity of particles around the line 
is equal to f/mr, as it ought to be. 

As was shown in reference 6, the smallness of 
the amplitude of scattering of particles mg/4mh?, 
in comparison with the mean distance between 
particles, serves as the condition for applicabil- 
ity of the approximation (7): 


(15) 


(16) 


n is the number density of the particles. Upon sat- 
isfaction of the conditions (16), 


te lee (17) 

Thus the condition for applicability of these formu- 
las reduces to the requirement that the length of 
the vortex be large in comparison with the inter- 
atomic distances. This means that in the rarefied 
gas the vortex line is a macroscopic formation. 
The same condition is also necessary for applica- 
bility of the equations previously introduced.? How- 
ever, in this case, this condition was guaranteed 
in reference 9 by the closeness to the A point, 
while in our case it was guaranteed by the rare- 
fied character of the gas. 

The resultant formulas make it possible to 
compute the energy of the vortex line with non- 
logarithmic accuracy. For this purpose it is nec- 


mg [W<<ny hn, 
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essary to substitute ay from (12) in (5) in place of 
y and integrate over the volume. In this case, the 
term proportional to the volume gives simply the 
energy of the homogeneous gas, while the term which 
depends logarithmically on the volume is the en- 
ergy of the vortex. Numerical integration, results 
of which are taken from the work of Ginzburg and 
the author,’ gives the following expression for the 
unit length of line located in the center of a cylin- 
drical vessel of radius R: 


E = (xh?n, / m) In (1.46R/r,). (18) 


3. VIBRATIONS OF THE VORTEX LINE 


In the present section we shall show that there 
is actually a branch in the energy spectrum of the 
Bose gas in the presence of a vortex line with the 
dispersion law (3). To find the energy spectrum 
of a weakly perturbed state, it is necessary to 
substitute w~ in (6) with accuracy up to terms ~ ¥. 
We have 


chy) 


- h? os a 9 | 9 + 
ih = aa a 22 |a|-0 + ae ° (19) 
We write @ in the form 
O = ef(e—Eot/h) DH CECI eee) A Loe): cer IY Rte ) 


l,k 


Further, substituting in (19) and taking (12) into 
account, we obtain a set of linear equations for 
by(k) and b*;(-k): 

— (+1)? 


ia Op Noe r 


f ot 7 2a 


0b, (R) ae Bip fi) 
+. gn, (2p? — 1) b; (2) + gnypob_s (— R), 


db", (—) ol 
ot a mlz ie Oe re 


— ih 


— k?| 61) (—R)+ gy (2rpo — 1) By (— &) + gnotpobr (R). 
(20) 


As is known, the energy levels of each linear 
quantum-mechanical system are determined by the 
characteristic frequencies of the corresponding 
classical problem. Therefore, in finding the en- 
ergy spectrum, it suffices for us to find the char- 
acteristic frequencies of the system (20), assum- 
ing that bz(k) and b*;(—k) are simply certain 
classical functions of the coordinates. Among 
the solutions of the system (20) there are functions 
which decay exponentially as r~ ©, and functions 
which oscillate as r— ©. The latter clearly de- 
scribe phonons which are scattered by the vortex. 
The first correspond to the excited states of the 
vortex line itself. 
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A complete investigation of the characteristic 
values of the system (20) is very complicated, and 
there is scarcely any direct relation to the prop- 
erties of real vortex lines in helium II. Actually, 
the “‘macroscopic’’ vortex in the gas probably has 
a much higher degree of freedom and energy lev- 
els than the vortex in helium having an atomic 
thickness. We therefore limit ourselves only to 
showing that among the solutions of (20) there 
are actually long wavelength vibrations with the 
dispersion law (8). 

First of all we must determine precisely how 
the values of 27 correspond to the vibrations (3). 
For this purpose we note that as k — 0 these vi- 
brations simply transform into a displacement of 
the vortex as a whole. In this case ay is changed 
evidently by the value 


da 
fo) a 


0, = érya, = Or} cos (P 


where or = or (6r, gq) = displacement vector. 
Therefore our equations should admit a solution 
of the form (21) for k=0. . 

Equation (21) contains terms ~elfe*!”, i.e., 
terms with 1=+1. Thus the vibrations of interest 
to us are described by Eqs. (20) with 1=+1. We 


write down equations with 7 = —1, assuming that 
b_1, bf ~ e-iwt and transform to dimensionless 
variables. We obtain 
d 4 x i Fs : 6 5 
Gate—n—) P+ CR —N i+ uh = —2, 
1 d d 9 2 oie . 
Gare se ea ea res | IC) 

Here 
E= rir, “= kr, & = holEy, 6, (k) = eV nof, 


6.1 (—k) = et Vay fi. 

It is quite simple to establish the fact that, as 
it should follow from (21), Eqs. (22) satisfy the 
regular functions 

ie ae (arp. /d& — po / E); ft = (dp, / dé =f thy / §) 
for k=0 and «€=0 at §=0. 

We transform to a solution (22) for k « 1. We 
initially consider distances — « 1/x. In this case, 
we can neglect K* in the equations and look for a 
solution in the form 

fea ae a a fi + &h, (24) 
where on the right hand side of the equations, we 
can substitute f° and f} for f and f;: 


(23) 


{ods a Axe, eas ' a Fin = 270) 
Gatg—a)l +e — DP +h 
ia (25) 


Dee ala: 


7 


ans : 
eae eagh + 2, 
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We directly verify that the system (25) has a 
regular solution at zero of the form 


pati 0) 
We shall not set forth the construction details 
of this solution. We only note that it is connected 
with the existence in Eq. (8) of solutions describing 
the motion of the gas as a whole together with the 
vortex filament, i.e., in the final analysis with Gali- 
lean invariance of the initial equations. 
We now consider the region of separation & > 1. 
It is seen from (23) that at such distances 


acinar 


This inequality has a simple physical meaning. It 
is easy to see that the quantity f +f, is propor- 
tional to the perturbation of the density around the 
vortex, while f—f, is the perturbation of the ve- 
locity potential. The second perturbations fall off 
more rapidly than the first. We subtract the sec- 
ond equation of (22) from the first and everywhere 
write 


(27) 


ff =0, p= 1 — 1/6, 
As a result we get 
cde a 4 os 
(tAt4—h-#)—f =0. (28) 


The solution of Eq. (28) which vanishes at infinity 
has the form 
j—h = CK, (6), (29) 
where K is a modified Bessel function of second 
order (see, for example, reference 10, page 30). 
At & < 1/k we find from (29), with accuracy 
up to terms ~xk Ink, 


f— fis C(Ink 4+5& Inx) . (30) 


On the other hand, it follows from (29) and (26) that 
forpe.>= 1 


ee VARS IS (31) 


For 1« é&<«1/k, Eqs. (28) and (29) should coin- 
cide, whence we find ¢ 


L/P. PITABVSKID 


== <a lia 


for, transforming to dimensional quantities, 


We in al 
~ Ke Bay iw kh 


0) 


which is identical with (3). 

We note in closing that perturbations with the 
dispersion law (3) are not entirely stable in the 
sense that any perturbation with k ~ 0 possesses 
a finite lifetime. This is connected with the fact 
that an arbitrary perturbation with k ~ 0 can under 
such a dispersion law decay into three perturba- 
tions with lesser k. (Decay into two perturbations 
in the one-dimensional case is impossible because 
of the zero statistical weight of such a process.) 
Of course, this observation applies to the vibra- 
tions of vortices both in a gas and in a liquid. 

In conclusion, the author expresses his thanks 
to Academician L. D. Landau for useful discussion. 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 652-653 (February, 1961) 


Level shifts due to a single-meson interaction are calculated for the proton-antiproton system. 


Strona interactions of particles in states with 
large orbital angular momentum /] are determined 
by the exchange of the smallest possible number 
of mesons. An estimate of the two-meson nucleon- 
nucleon scattering phase shifts! showed that for 
energies of E X< 20 Mev the interactions in states 
with 1 =>1 are quite accurately described by the 
single-meson interaction.* Similar estimations 
should be valid for the interaction between a nu- 
cleon and an antinucleon. This permits the use 

of the single-meson approximation for the calcu- 
lation of the level shifts of the proton-antiproton 
system (antiprotonium) with 7 = 1, which are 
due to the nuclear interaction. 

In the single-meson approximation, the periph- 
eral interaction between the proton and antiproton 
coincides with the proton-proton interaction, and 
is described well by the tensor potential U‘. In 
the calculation of the shifts, one can use the main 
terms of the expansion of Coulomb functions at the 
origin of the coordinate system, which ensures an 
accuracy of ~me?/p (m and p are the masses 


of the nucleon and 7 meson, e? = Dis 1 = Cc = 1). 


For the singlet levels and the ‘‘unmixed’’ triplet 
levels (states with J=1, and also *P)) we obtain 


ns (n + D)! (me2/p) 28 
eta rae) AiG 1 ola 
SE =" AB AE = 3AEy, 


where f* = 0.08 is the square of the renormaliza- 
tion constant of the interaction between the nucleon 
(antinucleon) and the 7 meson and n is the prin- 
cipal quantum number. For the ‘‘mixed’’ triplet 
levels we have 


(n+ J — 1)! (me? |p)? 


nen saint Ol (meip)r alow to paso. 

a il (472— 1) (2F — 1) (in — J) nt? wate 
Sb pe P= 1) (J 1! (met I gon poy, 

Eee ac Pi Ny J — inst a 


*An exception are states with a total angular momentum 
J =1 +1, for which the single-meson phase shifts Baye ae 
anomalous energy dependence for small momenta ~p 
and cannot make a basic contribution. 
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The largest of the calculated shifts is E9 = — 0.08 
ev (for n= 2), and the ratio POY A is equal to 
25 10a” 

The contribution to the level shifts from the 
next approximation in ‘‘degree of peripherality”’’ 
(two-meson approximation) has an additional 
smallness of 4-F-1, However, owing to the anom- 
alous smallness of the matrix element 


Ca — eB i 1) ~ (me? / py? 


(additional power of me*/y) the shifts AESS 
have an anomalous dependence on the parameter 
me?/u (AEY is anomalously small and AE 
is anomalously large). For this reason, the two- 
meson approximation gives a correction to these 
shifts of ~ p/4e*! me?, 

We shall compare the obtained shifts with the 
broadening due to annihilation. Since the annihila- 
tion occurs at distances <a/m (1 <a <3), the 
nuclear widths should have a smallness (ap/m)* 
in comparison with the nuclear shifts. This sim- 
ple estimate is in agreement with the results ob- 
tained by Desai for the S- and P-level widths.” 
Thus, for comparatively small 1, the widths 
should already be less than the shifts. 

The author is grateful to A. A. Tyapkin for sug- 
gesting the problem and to I. Ya. Pomeranchuk for 
helpful comments. 
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AN INVESTIGATION OF THE PROPERTIES OF TRANSURANIUM ELEMENTS BASED 
ON THE SUPERFL UID MODEL OF THE NUCLEUS 
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Submitted to JETP editor September 15, 1960 
J. Exptl. Theoret. Phys. 40, 654-665 (February, 1961) 


The properties of strongly deformed transuranic elements are investigated on the basis of 
the superfluid model of the nucleus. Some insignificant modifications are introduced in 
Nilsson’s schemes by employing the experimental data and taking into account the effect 

of superfluidity. The pairing energies are computed and the following values for the coup- 
ling constants are obtained: Gy = 0.020Nw», Gp = 0.022hw9, where hw = 414-3 Mev. 
Single-particle excitation spectra are calculated for odd-mass nuclei, the calculated level 
density being about twice as large as that predicted by the Nilsson scheme. Single-particle 
excitations in even-even nuclei are computed, and in all the calculated spectra for the even- 
even nuclei (Th?2?, U234, Py238 py240 py242, Cm246 cf248) the lowest levels are found to be 
the 17 levels, which lie below 1 Mev. Corrections due to superfluidity of the ground and ex- 
cited states are computed for the £ and y transitions. The results obtained are self-con- 
sistent: correct values for pairing energies and levels of even and odd nuclei are obtained 
for the same values of G, whereas variation of G by 30 —40 percent leads to a pronounced 


deviation from the experimental data. 


lite mathematical methods developed by Bogol- 
yubov for the theory of superfluidity and supercon- 
ductivity! have made it possible to account for the 
residual nucleon interactions leading to pair cor- 
relations in the independent-particle model. This 
was used by the present author as a basis to for- 
mulate* a superfluid model of the nucleus. 

The present article is devoted to a study, based 
on the superfluid model, of the properties of 
strongly deformed transuranic elements. We use 
as the self-consistent field the Nilsson potential, 
the energy levels of which are slightly corrected 
in accordance with the experimental data. Under 
the assumption of the adiabatic approximation, 
we calculate the single-particle levels of both odd 
and even-even nuclei, the pairing energies, and 
also the corrections to the probabilities of the B 
and y transitions. 


1. FUNDAMENTAL EQUATIONS 


The superfluid model of the nucleus, formulated 
by the author earlier,” being based on the self- 
consistent potential assumed in the shell or unified 
model, takes into account the interaction of the nu- 
cleons under the following assumptions. 

1) The residual interactions, both between neu- 
trons and between protons, are described by a 
Hamiltonian of the form 


lal = > {E(s)—= Aj} ata 0 > anata, a,.. (1) 
So ss 8° 


2) The calculations are carried out for each 
definite nucleus, and we neglect a certain averag- 
ing connected with the conservation of the number 
of particles in the mean. 

The states of the nucleus are described by a 
set of quantum numbers so, determined by the 
form of the self-consistent field; o= +1, char- 
acterizes, for example, the sign of Q, the projec- 
tion of the nucleon momentum on the symmetry 
axis of the nucleus; E(s) are the energy levels 
in the self-consistent field. A certain simplifica- 
tion in the physical picture is the assumption that 
the interaction G is constant. The chemical po- 
tential A is determined from the condition 

n= }) <asias0), (2) 
where n is the number of particles and <...> 
denotes averaging over a certain state. When the 
variational principle is used, the chemical poten- 
tial plays the role of the Lagrange multiplier. We 
note that the Hamiltonian (1) should be considered 
as part of the total Hamiltonian containing, for ex- 
ample, collective interactions. 

To solve our problem we use the variational 
principle proposed by Bogolyubov.? Operating as 
in reference 4, we obtain for the case of the ground 
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state of a system consisting of an even number of 
particles the following equations®»® 


2/G = >) (C2 + {E (s) —A)2]“"#, (3) 
n= Di{l — (E (Sd) [C2 + {E (3) — a2) (4) 


for the determination of C and A. The energy of 
the ground state is found in the form 


E (s)—4 C2 
1/, ? 5 
[C? + {E (s) —ay2]2 \ G ey 


6 => £(s) {I 
and the wave function is 


Y = \| {us + uaz,a*_} Po, (6) 


with agW) = 0 and 


1 {ae E(s)—h’ N 
: ' [C2+ {E(s)— ayy? J’ 
ve = r{! 


E (s) = Xr (7) 
ees 
The wave functions of the excited states are 
written in the following manner:°® 


u2 
So) 


Y (si, So) == lI (us in Usa, a" ) a .A5,Vo, Sie= S2, (8) 
S#5S1,Se 


Sar Si) ae i (us + usa}, a?) (us,a, a; _—vs,) Fo, (8’) 


S#S; 


while the energy and the fundamental equations are 
obtained in the form 


8 (S1, &) = E (ss) +E (s) +7 G2 +0) 


+X E() {1 


S#51,S2 


E(s)—h ees 9) 
[C2+{E (s)—Ay]2 f G ( 


pe WIE (s) AAI, 
Sie 
n=2+ D | ea 
In the case of an odd shell, if the odd nucleon is in 
the state sj, then the energy of the system and the 
equations for C and A are found in the form 
E(s)—A’ l 
[C24 ¢E (s) —ay 4 


(10) 


6 (s) =E(s) + Fe, + DE | 


S#S; 


es (11) 


[a (Eig hes 


E(s)—’% \ 


= (12) 
[(C2-+ {E (s)— ayy" 


n=1+ 041 


S#S; 


These equations describe the ground state, for the 
most part with E (sj) = Ef, as well as the excited 
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states of a system with an odd number of particles, 
the wave function of which is written in the form 


Y (s) = |]. + o,a%,at )at , Wo. 


S$; GO; 
a Lb 
8 £5; 


(13) 


Thus, to determine C and ) of both the ground 
states and the superfluid excited states it is neces- 
sary to solve the corresponding system of equa- 
tions. This approach differs substantially from the 
approach used by many authors.’ Whereas in the 
case of the superfluid model of the nucleus the 
quantities C and A are determined by solving 
suitable equations, and the interaction constant G 
is determined from the experimental values of the 
paired energy, in reference 7 the values of C are 
determined from the pairing energy, and A is set 
equal to the energy of the Fermi surface Ep. 

The advantage of the approach based on the 
superfluid model of the nucleus over the approach 
used in reference 7 lies, first, in the fact that it 
becomes possible to determine C and A for ex- 
cited states, to take account of the variation of C 
and A with change in deformation of the nucleus, 
etc., something that cannot be done in the case 
used in reference 7. Secondly, by calculating the 
change of A on going from nucleus to nucleus and 
from the ground state to the excited state, we take 
account at the same time of the change of the prop- 
erties of the nucleus as a many-body system. 
Thirdly, our calculations are more single-valued 
and reliable, since we have at our disposal a 
single interaction constant G, which changes 
slowly and monotonically from nucleus to nucleus, 
whereas C changes abruptly, depending on the 
specific variation of the energy levels of the self- 
consistent field. 

In the superfluid model of the nucleus we come 
upon the question of the orthogonality of the ground 
and excited states. It is easy to show that all the 
states of the odd shell are orthogoanl to each other, 
and that the ground and excited states given by 
Eq. (8) for an even shell with s, # Sy are also 
orthogonal to each other. However, the ground 
and excited states given by (8’) are not orthogonal 
to each other when s; = S2, namely 


('E* (s1, 51) VY (Se, 52)) 

= (u,v, —u,0,) (a0, —W,.0,) l| (ucu’ + v,0), (14) 
where u% and vg pertain to the excited state 
(sy, 8.) while ug and vg pertain to W (So, So). 

To estimate the error connected with the con- 
servation of the number of particles in the mean, 
we calculate the mean square fluctuation An of 
the number of particles n. For the ground state 
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of the even shell we obtain 


(An)? = DC2(C? + {E (s) — 4?)). 


In the case of the excited state W(s,, Ss.) the sum 

should not contain terms with s = s; and s = Sp. 

In the case of the state (s;) of the odd shell, 

the sum (15) should not contain the term with 

S = Sj. 

2. PAIRING ENERGY AND SINGLE-PARTICLE 
LEVELS OF ODD NUCLEI 


(15) 


It is known that the Nilsson potential® yields 
neither the necessary sequence of energy levels 
nor the correct values of the energy differences 
between levels. This is due, first, to the defi- 
ciency of the Nilsson scheme itself, for although 
it gives the correct basic laws, it does not take 
sufficient account of the totality of the nuclear 
phenomena and, second, to the need of accounting 
for the residual interactions, which lead to pair- 
ing correlations. Using the experimental data*?’” 
on single-particle levels of odd nuclei, let us ana- 
lyze the course of the levels in the Nilsson schemes 
for Z > 82 and N > 126, with allowance for the in- 
fluence of the superfluidity of the ground and ex- 
cited states. 

In reference 2 we obtain, on the basis of cal- 
culations with the superfluid model, the influence 
of superfluidity on the behavior of single-particle 
levels of odd nuclei; this influence reduces to the 
following: 1) superfluidity, as a rule, does not 
cause a change in the ground state of the nucleus 
as given by the Nilsson scheme; 2) the excitation 
energies decrease with increasing interaction 
constant G; 3) the hole and particle levels behave 
differently with increasing G, but the relative se- 
quence of hole (particle) levels does not change. 

From analysis of the experimental data on 
single-particle levels and equilibrium deforma- 
tions, as well as from the allowance for super- 
fluidity, we reach the conclusion that the Nilsson 
level schemes given in reference 9 must be modi- 
fied as follows: 

1. In the level scheme for nuclei with odd Z, 

Z > 82, the level 11 - [505], which does not appears 
in a single nucleus, is dropped by 0.4fiwy (fiw 
= 41A-¥3 Mey). 

2. In the level scheme for nuclei with odd N, 

N > 126, we make the following changes: a) since 
the level 1/,°[606], does not appear in any nucleus, 
it is dropped by 0.25 fiw», which is equivalent to 
dropping the subshell ij3/2; b) the subshell jis/2 

is raised by 0.02fiw9; c) the level ¥,* 631] is 
dropped by 0.017fiw», which is equivalent to 
dropping the subshell ds57o. 
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Table I. Neutron pairing energies 


Pairing energy Py, Mev 


N 5 

G = 0.016 he. | 0.020 Aes | 0,024 ho. | Experiment? 
150 0.26 0.43 0.94 1.08 i 
148 0.26 O23) 0.88 4.57 0.8—1,2 
146 | 0.26 oe 0,82 = 0° 70.9 
144 0.24 ORZT 0.97 1.69 0.8—1,0 


Using the corrected Nilsson schemes, we cal- 
culate the pairing energies to find G for both pro- 
ton and neutron interactions. The numerical solu- 
tions of (3), (4), and (12) were obtained with an 
electronic computer. After calculating ¢(Z,N) 
by formulas (5) and (11), we obtain the pairing 
energies 

Py(Z, N) =28(Z,N—1)—8(Z,N)— EZ, N—2) 
(16) 
for G= 0.016, 0.020, and 0.024fiwy. The results 
of the calculations are summarized in Tables I 
and II, from which it is seen that the pairing en- 
ergies depend very strongly on G. 

Comparing the calculated pairing energies with 
the experimental values, we find that for neutron 
interactions Gy ~ 0.020hw», (more accurately, 
0.018 fiwy < Gy < 0.022fw,)), and for proton inter- 
actions Gp ~ 0.022hw, (more accurately, 0.020 
hwy < Gp < 0.024hw,)). From a comparison of the 
values of the interaction constants G, obtained 
above, with their values in the region 150< A 
< 190, it is seen that G decreases insignificantly 
on going from the rare-earth region to the trans- 
uranic region. 

We now calculate the excitation spectrum of 
odd nuclei, solving (12) and finding the energy dif- 
ference (11) for nuclei with odd N from N = 141 
to N = 149, and for nuclei with odd Z from Z = 91 
to Z=95, for several deformations 6. In order 
to describe the behavior of the basic quantities, we 
list in Table III the values of C, A and An for the 
case Z = 93 and 6 = 0.26 for the ground and two 
excited states, and as a comparison for the ground 
state with Z = 94. It is seen from Table III that C 
and A change strongly both on going from the even 
to the odd nucleus and on going from the ground to 
the excited state. In odd-Z nuclei with Gp = 0.016 


Table Il. Proton pairing energies 


Pairing energies Pz, Mev 
vz, 8 5 
G=0.016 Aa, | 0.020 Ro, | 0.024 Rw, | Experiment! 
96 0.25 | 0.14 0.74 — | 0-8—=1.3 
90 0.24 0),55 rela een | wiles 
94 Oy | 0.30 0.93 == ee) Sane 
G2. "0 2a) aoe 142 {ei oouelu ey oteaeg 
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Table III. Dependence of C, A, and An on G 
(6 = 0.26, Ep = 5.628hiw ) 


| 
=e a es a a a 
Ghia, G A—EpP An G/fo, | Cc | A— Ep en 
“A Z = 93, excited state ticl 
Z=94, ground state 7 = BRS 
: 4 [523] 
0.016 0.027 0.005 Nee 0.016 | O —0.038 0 
0.020 0.052 0.005 1.6 0.020 ORO30N ie —=0% 052 1.0 
0.024 0,085 0,006 2.0 0,024 | 0.062 | —0.049 1.6 
mon = 93, excited state, hol 
Z = 93, ground state Ls = , ey 
2 % [530] 
0,016 0 0.009 0) 0.016 0.020 0.004 ha) 
0.020 0) | —0.005 0 0.020 0,041 0.003 1.4 
().024 0.043 | —0.031 | Lit 0.024 0.069 0.001 er 


hw), and in individual cases with Gp = 0.020 Aw , 
there are no pairing correlations in the ground 
states, and when Gp = 0.016fw, the vanishing of 
superfluidity is observed in several excited states. 
In nuclei with odd N, no vanishing of superfluidity 
is observed for Gy = 0.016 fiw), although C is 
quite small for the ground states of several nuclei. 
It is seen from Table III that the chemical poten- 
tial fluctuates about the Fermi surface energy EF, 
the value of which is 5.628fw,) for Z=93. We 
note that these changes in A are smaller in the 
region 150 < A< 190 than the changes given in 
reference 2. 

The second assumption of the superfluid model, 
neglect of the conservation of the number of par- 
ticles in the mean, can severely restrict the accu- 
racy of the calculations and therefore calls for a 
numerical estimate. After calculating the mean 
square fluctuation An of the number of particles, 
it is necessary to compare it with twice the num- 
ber of levels over which the summation is carried 
out, in our case with the number 48. From the cal- 
culated values of An, some of which are listed in 
Table III, it can be concluded that the error due to 
the fluctuation of the number of particles is on the 
order of 5 percent. 

Comparing the calculated single-particle levels 
of the odd nuclei with the experimental data, we 


see that the agreement is quite crude; the best 
agreement occurs when Gp = 0.024hw, for nuclei 
with odd Z and when Gy = 0.020hw, for nuclei 
with odd N. 

It must be noted that the density of the calcu- 
lated low-energy levels is in good agreement with 
the experimental data!® and is approximately twice 
the level density given by the Nilsson scheme. In 
Table IV we list by way of an example the low- 
lying energy levels of several nuclei. To obtain 
a more detailed agreement between the calculated 
and measured levels it is necessary to improve 
the level scheme of the self-consistent field. 

We note that the effect of superfluidity on the 
spectra of odd nuclei is somewhat weaker in the 
transuranic region than the rare-earth region, 
although G has decreased insignificantly. Further- 
more, for identical values of G the effect of super- 
fluidity on a nucleus with odd Z is somewhat 
weaker in the transuranic region than in the re- 
gion 150 < A< 190, apparently owing to the change 
in the level density.! 


3. EXCITATION SPECTRA OF EVEN-EVEN 
NUCLEI 


Let us calculate the single-particle levels of 
the even-even nuclei on the basis of the superfluid 


Table IV. Energies of excited states of odd nuclei* (Mev) 


i eel i Se SS ee eee 
N =.163 N = 147 Z=93 
d= 0.24 8 = 0.26 5 — 9-27 § = 0.25 
Ground 0 Doe 0 5/ot 0 B/yt 0 5/4+ 
state ; 
ee bis 
Particle 6.48 4/5" 0.18 » 7/a* 0.26 "Js 0,08 8/2 
1 ie Oo Sie On UE 0,31 %e- 0.74 fa 
ibe 0:71 7g 4107 Yer 0:96 | O77 4s 
0.26 5/st 0,20 1/2+ O20 Soe 0.27 Ue 
BIOS 0.56 3/o+ 0:47 ia 0856 aries 0.51 fs 
levels 0.60 5/g~ 0.88  5/o+ 0,99  5/a+ Ontomne/ >is 


*G =0.020fia, for odd-N nuclei and 0.024 tia, for odd-Z nuclei. 
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Table V. Single-particle levels of U”*4 (in Mev) 


(for 6 = 0.24) 
Proton levels Neutron levels 
G in Nd) G in Nia 
i Q) and parit 
a ages 0,020 0,024 Ms x 0,018 0,022 
Shon (0) 7h) 1,09 Wale 0,78 1.32 
Jit sy 0.87 AAS: Dt oe 1.09 il aye 
1 Ace 0.98 130 O+ Ae) 4.40 
Or 1.07 eS) a Oe AD eye 
Or (lil) Amor {* oF ie 8) 1.65 
ara 1.16 4.39 Or 1.20 io 
Onion Als) 1.45 OF eo fl Aeane) 
(Ou ‘seth od ryt 1.40 1.68 
ae Ci Sees! 1.69 et Ze 4.44 4,80 
fia ih gate) 4.59 {+ ,4r it ay 1.84 
Ot Patsy 1,80 Onom {or 1.88 
ieee 4.64 Aoi WS alo 4 502 1.85 
near 1.74 1.94 Or 4.74 196 
ies Aloe 1.94 PRA OF 1.86 Zale 
Oia A, 97 elo {| ah 1,94 Pails) 


model of the nucleus. For this purpose we solve 
Eqs. (3), (4), and (10) and calculate the energy of 
the ground and excited states. We note that the 
excited states given by Eq. (8) are doubly degen- 
erate, unlike the states given by (8’). The exci- 
tation spectrum calculated on the basis of the 
superfluid model of the nucleus shows, by way of 
a minimum, the most probable spins and parities 
of the lower excited states, i.e., the calculated 
spectra of the even-even nucleus contribute to the 
analysis of the experimental data at least as much 
as the Nilsson scheme does to the analysis of the 
odd nuclei. 

The influence of superfluidity on the excitation 
spectra of the even-even nuclei is quite strong. 
Furthermore, whereas in the case of odd nuclei 
the single-particle levels condense about the 
ground state with increasing G, in even-even 
nuclei the single-particle levels shift away from 
the ground state with increasing G, i.e., the gap 


increases. The change in the behavior of the lev- 
els with increasing G is demonstrated in Table V 
forsiers: 

Tables VI and VII list the values of C, A, and 
An for Pu2*8, for both proton and neutron inter- 
action. In the tables the Fermi-surface level is 
numbered nf, the next level is denoted nf + 1, 
etc. Calculations show that C diminishes strongly 
on going from the ground state to the lowest lying 
excited states, vanishing in individual cases even 
when Gy = 0.022hw) and Gp = 0.024hw9. The van- 
ishing of superfluidity in the excited states with the 
lowest energies leads to a reduction in the gap 
compared with 2[C* + (Ep—A)*]/2. The values 
of the chemical potential » fluctuate about Ef, 
and the deviations of A from Ef are greater than 
the deviations in odd nuclei, reaching 0.5 Mev. 

Calculating in this case, too, the mean square 
fluctuation An of the number of particles and com- 
paring it with the number 48, i.e., with twice the 


Table VI. Principal characteristics of the interaction of the 
neutrons of Pu28 (6 = 0.26 ) 


G/feoo = 0,018 G/fyoo = 0,022 
c A— Ep An Cc A— Ep An 
Ground state 
= 0.,063 0,029 | 1,87 | 0,108 | 0.030 | 2,42 
Excited states given by (8’) 

(Qe) ().028 DEG On 0.057 0,070 1.50 
(ap—1,np—1)| 0,042 0.0 4 1.44 0.076 0,076 1,93 
(ng+1 net) 0,028 —0.023 1.04 0.059 —0,011 1.53 

Excited states given by (8) 
(npsrptt) | 0 0,84 0 0 0,051 0 
(Qp,2p +2) 0.0002 0.024 0 0.051 0,005 i bh) 
(tp—t , np) 0,035 0.080 1,26 ().067 0,073 ines 
(pti npt2)}| 0,035 —0 023 1 24 0.069 —0.013 1.76 
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Table VII. Principal characteristics of the interaction of the 
protons of Pu28 (6 = 0.26) 
a ee ee, eet ia Ree = ae ee | 
G/hw,—=0,020 | G/Foo—0, 024 
(G5 | Be | An (G | K—Ep An 
Ground state 
0505277 0 1.60 0.085) 0.04 1.96 
Excited states given by (8’) 
(hp, Me) 0.0004 0.09 0.01 05027" 1 10507 0.78 
(np—1, np—t) 0.001 0.08 0,02 0.053 0.07 37 
(npt1, np+1) 0 —0.06 0 0.036 —0.05 |} 1.06 
Excited states given by (8) 
(Q-, Ne +1) O 0.10 0 | O 0.08 ) 
(Np, Mpt2) 0.0002 0 0.01 0.01 —0.03 0.25 
(n2—1,. n;) 0 0.09 0 0.04 0,07 ae 
(Gp 4, np?) 0.018 —0,06 0.67 | 0.049 005 {35 
number of levels, we find that An/48 is on the Cie ee 1} 0» = OBI, 
order of 5 percent. Thus, the changes in C and Cpa aig td | an 0,22. (172) 


A on going from the ground states to the excited 
states, both in even and in odd nuclei, are consid- 
erably greater than the errors due to the conser- 
vation of the number of particles in the mean. 

As shown above, the excited states (8) are or- 
thogonal neither to each other nor to the ground 
states (which we denote by |0>). Let us estimate 
the non-orthogonality, say for Pu2%8, For the pro- 
ton interactions at Gp = 0.024fw», we obtain 


Ciel, i i Ope OTS; 


ten tip — Lf, fal 0:01, Cth, n,|0> = 0.42, 
ee ate wl [t= 1, tya= 1p = 0,07, 

iat, Mp Le O40, 

tea le tp 1 | ns np» = 0.67. (17) 


In the case of neutron interactions we obtain for 
Gy = 0.022 fw). 


ipa ls Th p LO 0. 17, 
RUC | We SA ott = 1) = (0,001, <Np, Mp|0> = 0,44, 
Gin titer 2 tel, n,— 1> = 0.08, 


It is seen from this that the admixture of excited 
states (8’) is essentially large, and therefore the 
energy difference between the states (8) is calcu- 
lated with greater accuracy than their energy rela- 
tive to the ground state. The energy of the states 
0* (8’) is calculated with considerably lower accu- 
racy. 

The calculated energies of several excited 
states of U**4 with deformation 6 = 0.24 and of 
Pu238s240 and Cm4* with 6 = 0.26 are listed in 
Tables V, VIII, and IX. Among the low-lying lev- 
els there are states 0*, which enable us to treat, 
for example, the states 0* with energies 1.15 and 
1.62 Mev of U?** as single-particle states. The 
values given for the level energies enable us to 
analyze the experimental data. 

The most interesting result of the calculations 
is that the lowest level in all the spectra of even- 
even nuclei which we have calculated is the level 
1~, inasmuch as the level Q = 0 with negative 
parities appears as I=17. This is the result of 


Table VIII. Single-particle levels of Pu™® and Pu”#° 
(Mev) (6 = 0.26) 


Pu?*4, neutron levels | Pu?**, proton levels Pu2?®, neutron levels 
Q and parity | G—0.020 po, Q and parity | G=0,024 jos | Q and parity | G =0,020 how 
3-4 0,89 0-,5- 0.85 2+ 3 0,90 
o+ 1.03 0+ 0.97 0+ 114 
0+ 1.08 Ot 1.13 O+ 114 
ae 1.18 Q+ 3+ 1.39 1-,6 1.16 
D+ 3+ ee) fee 1 44 s+ 4 1.20 
9+) 3+ 1.40 1+, 64 1.54 4-5 1.28 
1-6- 1.55 1+ 44 L.65 3-"4- 144 
ot 5t 1.56 ae 67 0-,7- 1.44 
o-- 1.60 ia 1,70 aan 1.51 
i+ 2 1.64 1-,6- 75 te lag 
ot 1.73 {+,2+ 1.88 Ot 5+ 1,56 
3+, 4+ 1.77 1+ 4+ 1.97 0+ 1.62 
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Table IX. Single-particle levels of Cm7“* (Mev) (6 = 0.26) 


Proton levels Neutron levels | Proton levels Neutron levels | 
ae ; fora G 
- Ks Q Gy Q and p Qand , N 

ane G p= 0.024Re, ae = 0.022Aw, parity =(0,024h oy, parity = 0.0224 0®o 
bee adie 1,00 = to 0.90 ae tom i on nga 1,63 
ae Om iT AK@) Oi 0.91 Omon 1,62 dae sap il 64 
l= ye 1.30 Ot 0.93 Or dead it Ate 1 70 
Om 1,40 Pele (20) Aiea | 1.83 O+ 41.76 
Os 1.49 it 6% 1,34 (Gs | 1.93 aon 1.80 
Or i) AME KE 1,62 Ot 20S Ghee 1,96 


a fortuitous combination of levels in the Nilsson 
scheme. It follows from our calculations that the 
single-particle levels 1~, which lie lower than 

1 Mev, should be observed in the nuclei Th??? | 
U4, py238,240,242,244 Om 246 and c£48 It is pos- 
sible that analogous calculations can confirm the 
appearance of 1” levels in other transuranic ele- 
ments, particularly in the lighter isotopes of 
thorium. 

Actually, using the Nilsson scheme for nuclei 
with odd N, it can be seen that, starting with N 
= 130, the sequence of levels is %", ¥%*, %7, %*, 
%-, %*, etc., i.e., the adjacent levels have oppo- 
site parities and |Q;—Q;_,| =1 or 0, which is 
quite favorable for the appearance of the 1° levels. 
A similar picture is observed in the level scheme 
of nuclei with odd Z. 

Thus, the calculations performed indicate that 
the low-lying levels with I= 1 and negative parity, 
which appear in many transuranic elements, can 
be single-particle but not collective levels. 


4, CORRECTIONS TO THE PROBABILITIES OF 
THE BETA AND GAMMA TRANSITIONS 


Let us calculate the corrections to the B and y 
transitions, connected with the superfluidity of the 
ground and excited states. Knowing C and ), it 
is easy to obtain the wave functions of the ground 
and excited states (6), (8), (8’), and (13). It is 
easy to show that the corrections to the probabili- 


ties are separated in the form of factors smaller 
than unity. 

Calculating the corrections to the probabilities 
of the B decay of the odd nucleus, when the neu- 
tron from state s, goes into a proton in state So, 
i.e., 


(N = 2ny ++ te He, = 2nz) — (N — ZA 5 Jb, ==: 2nz “Eh iy. 
we obtain 


Wn ,,2z 2 2 ny, (S1)(22 ~yy+1) 27, _(S1)(2 yy+1) 2 
R= (us, Np) II (us Ny\ 1 N SE OR A Oe N ) 


S#S, 


9 


\e 


2n 


5o)(2 7-1 anz_ (Se)l2ng+1) 
a iT, ier nz+1) 4. yt ZyE ate 


(18) 


x [J 


S'+ So 


The correction to the probability of the B decay of 
the odd-odd nucleus, i.e., of the decay 


(N =2ny +1, Z =2nz—1)—(N = 2ny, Z = 2nz), 
is determined in the form 


2 Ay, 2 7\2 2p, (S1)(22 Ay +1 2 2 Ny 2 
Rose eon)” [ae tae gy a 


S#S, 
I] ( 


aay 
Ss’ #59 


2nZ (Se )(2nz—") 2M . 7(So)(2N7—1 
ea ee Uae 


et (19) 


where in u2 and v2 it is necessary to substitute 
C and A for the ground state of the even shell, and 
in ucei(nes) yesii(aue)) it is necessary to substi- 
tute C and d of the ground or excited states of the 
odd shell, if the odd particle is in the state sj. 

In Table X we list the calculated corrections to 
the probabilities of the B decay of Pu23%243 and 


Table X. Correction R to the probabilities of B decay of odd 
nuclei for Gp = 0.024hw) and Gy = 0.020fw, 


Parent Daughter 
R 
nucleus statie nucleus state 
py23? 7/y Vs [743] Np23? 5/e F/o* [642] 0.106 
Ua, a [743] S/o /s- [523] 0.090 
Pens 5 io 5 Jat [642] 1/, 1, (631] 0.4195 
Np 5/a F/e+ [642] Py239 S/o */e* (622) 0-120 
>/9 sian [642] "Io ‘a> [7143] 0,282 
52 F/o* [642] 5/e ®/o+ [633] 0.326 
P2483 7/y 7/g* [624] Am?48 Jo S/a* [642] 0.238 
7/lo 7/e+ [624] "le 7/_* [633] 0.613 
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Table XI. Corrections Ry to the probabilities of electromagnetic 


transitions in odd nuclei for Gp = 0.024hw) and Gy = 0.020hw, 
ee ee ee ee 


Nucleus Initial Final Energy Multipolar- R 

state state (Mev) ity % 

poe 3/o 5/g-[523] 7p °/o* [642] 0.06 Et 0.46 

Np?8? 3/e 3/o-[521] a ®/a-[o23] 0.16 2 0.65 

3/o 8/.-[524] 5/y 5/2 [923] 0.24 M1 0.93 

P28? Vp 1/5* [634] "Ie */o [743] 0,14 E3 0,26 
Py239 Ie */a-[743] S/o 5/o* [642] O.14 Ed 0.58-10-3 

S/o 5/.t+ [622] 3/o 1/o*[631] 0.29 12) 0,207 


Np23, 
can be quite important in individual cases. 

The corrections to the electromagnetic transi- 
tions are of more complicated form. For the case 
of an odd nucleus we obtain 


Reet eo PY |] (nee oo, (20) 
where 7 = 1 for electric transitions and n = —-1 
for magnetic ones. 

In Table XI we list the corrections to the y 
transitions. We note that these corrections fluc- 
tuate within greater limits than the corrections 
for B decay. 

Thus, our calculations show that in the calcula- 
tion of the probabilities of 8 and y transitions in 
strongly deformed transuranic elements it is nec- 
essary to take into account the superfluidity of the 
ground and excited states. 


CONCLUSION 


The superfluid model of the nucleus is based 
on the shell and unified models and is a further 
development of these models. At the first stage 
of the investigations, carried out on the basis of 
the superfluid model of the nucleus, we disre- 
garded the long-range residual interactions, re- 
sponsible for the main collective properties of 
the nucleus. 

It must be noted that the results of the calcu- 
lations on the basis of the superfluid model of the 
nucleus for specified values of G and for speci- 
fied energy levels of the effective potential are 
single valued. In light of this single-valuedness, 
particular interest attaches to the mutual com- 
patibility of the results obtained, namely: for the 
same values of the interaction constants G we ob- 
tain reasonable values of the pairing energies and 
of the levels of the even and odd nuclei, and when 
G is changed, say, by 30 —40 percent to either 
side, a sharp discrepancy is observed with experi- 
ment, both in the level behavior and in the pairing 


energies. 


It is seen from the table that the corrections. 


It must also be noted that on the basis of the 
superfluid model of the nucleus it is possible to 
carry out all-out investigations of the properties 
of strongly deformed nuclei, for which it is nec- 
essary to calculate the moments of inertia of the 
ground and excited states, the probabilities of B 
and y transitions, the magnetic moments, etc. 

On the other hand, to obtain more detailed results 
it is necessary to determine more accurately the 
behavior of the energy levels of the self-consistent 
field. 

In conclusion I express my deep gratitude to 
N. N. Bogolyubov for continuous interest in the 
work and for fruitful discussion, I. N. Silin for 
setting up the program and carrying out the nu- 
merical computations, and also to N. I. Pyatov, 
V. I. Furman, and Liu Yu-yen for aid in the proc- 
essing of the results. 


1N. N. Bogolyubov, Jlekuun no Kanrosoi cra TucTHKe, 
(Lectures in Quantum Statistics), Kiev, 1947. 
Bogolyubov, Tolmachev, and Shirkov, Hospi metog 
B TeOpun CBepxmpoBogumMocTH, (New Method in Super- 
conductivity Theory), AN SSSR, 1958. 

27. G. Solov’ev, Doklady Akad. Nauk SSSR 133, 
325 (1960), Soviet Phys.-Doklady 5, 778 (1961). 

3N. N. Bogolyubov, Doklady Akad. Nauk SSSR 
119, 244 (1958), Soviet Phys.-Doklady 3, 292 (1958). 

4V. G. Solov’ev, JETP 35, 823 (1958), Soviet 
Phys. JETP 8, 572 (1959); Nucl. Phys. 9, 655 
(1958/9). 

5S. T. Belyaev, Mat. Fys. Medd. Dan. Vid. 
Selsk. 31, No. 11 (1959). 

6. G. Solov’ev, JETP 36, 1869 (1959), Soviet 
Phys. JETP 9, 1331 (1959). 

CAP Bs. Migdal, JETP 87, 249 (1959), Soviet 
Phys. JETP 10, 176 (1960). Grin’, Drozdov, and 
Zaretskii, JETP 38, 1297 (1960), Soviet Phys. 
JETP 11, 936 (1960). J. J. Griffin and M. Rich, 
Phys. Rev. Lett. 3, 342 (1959). 

8S. G. Nilsson, Kgl. Dan. Vid. Selsk. Mat. Fys. 
Medd. 29, No. 16 (1959). 

9B. Mottelson and S. G. Nilsson, Mat. Fys. Skr. 
Dan. Vid. Selsk. 1, No.8 (1959). 


464 V. Go SOLOW Tiey 


lly. A. Kravtsov, JETP 36, 1224 (1959), Soviet 


BS: Dzhelepov and L. K. Peker, Cxempn! 
Phys. JETP 9, 871 (1959). 


pacnaga pagMoakTMBHbIx sep, (Decay Schemes of Radio- 
active Nuclei), AN SSSR, 1958. F. H. Bakke, Nucl. 
Phys. 9, 670 (1958/9). Stephens, Asaro, and Perl- Translated by J. G. Adashko 


man, Phys. Rev. 118, 312 (1959). 101 


DOVE Leann StCsead ETP 


VOLUME 13, NUMBER 2 


AUGUST, 19:67 


VARIATION OF THE ADIABATIC INVARIANT OF A PARTICLE IN A MAGNETIC FIELD. II 
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The change in the adiabatic invariant during passage of a charged particle through a magnetic 
inhomogeneity is calculated by a previously developed method.!»? The results significantly 
differ from those obtained with-help of a model Hamiltonian.2~4 


lin method of calculating the change in the adia- 
batic invariants, developed earlier,!? makes it 
possible to calculate the change in the adiabatic 
invariant of a particle moving in an inhomogene- 
ous magnetic field. Unlike other investigations 

of this topic,” * we shall not use for the magnetic 
field a model in which the curvature of the force 
lines is ignored, and shall carry out a rigorous 
analysis of the problem. 

We confine ourselves to an axially-symmetrical 
magnetic field. The particle energy can be repre- 
sented in the form 

1 ment ies 
BS ee PD) 


2m 


i i e 
2m\ r € 


Here M=r (mvy > eAgy /c) is the conserved azi- 
muthal moment of the particle. Following refer- 
ence 2, we shall solve first the quantum-mechanical 
problem. The Schrédinger equation for this case 
has the form 


Ag) (1) 


— FA, +Vp= Ey, Vase —F Ae) (2) 

As is well known, the motion of a particle ina 
strong magnetic field consists of fast Larmor ro- 
tation about the force line and motion along the 
force line. The equation of the force line to which 
the particle is ‘‘tied,’’ as can be seen from (1), 
has the form 


M = (e/c)rAg. (3) 


In connection with particle motion of such nature, 
we shall find it convenient to replace the cylindri- 
cal coordinates r, z with new coordinates §, x, 
where s is the length along the force line (3), and 
x is the shortest distance to the force line. Obvi- 
ously, these coordinates are orthogonal, and can 
be introduced uniquely for all x that satisfy the 
conditions x < Rmin, where Rmin is the least 
radius of curvature of the force line. 


The square of the element of length in the new 
coordinates, as can be seen from Fig. 1, is 


dl? = dx? + hids? + Agdq?. (4) 


Here hg = 1—x/R and hy =r=p(s)+z(s)x are 
Lamé coefficients, R(s) is the radius of curvature 
of the force line; the dots signify differentiations 
with respect to s. The equation of the force line 

is written in parametric form 


r= o(s), z= z(s). 


We consider the magnetic field to be sufficiently 
strong, meaning that the parameter of rjz,/R is 
small (ry, is the Larmor radius). Since x < ry, 
during the entire time of motion, we can expand 
the Laplacian and the potential energy in (2) in 
powers of s/R. In all the expansions we shall 
retain the terms of the first two nonvanishing 
orders. 

We assume that the motion of the particle takes 
place in a region where there are no currents. In 
this region the magnetic field satisfies the equation 


Olin fA) a 
so = ae (ists) = 0. (5) 


On the force line x = 0 this equation yields 
Oy Og — il WR. (6) 


Using (6) and the expression for Hg 
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i= = Ay), (7) 

we obtain an expansion for rAg: 
rAg = (cM /e)—Hp(s)[x +48 (1/R42/p)]- (8) 


Substituting (8) into expression (2) for V, we 


obtain 
V => We ae Vi, Vo — mo? (s) x, (9) 


Vi =Vox (1/R —2/p), (10) 


where w is the Larmor frequency, equal to eH/mc. 


We make another change of variables 


Ela e (7@(s)) ) 2, (Ss: (11) 
The Lamé coefficient for the new variables are 

hte =(h | mo), hs = 1—(h/mo)ee/ R, he 
= p(s) + (h/ mo)? Ez. 

With the accuracy employed here, the Laplace op- 

erator in the variables &,s is found to be A= Ly 

+ 1,, where 


(12) 


y= te Z(Z aE 


kh 08? ” 1p OS \ Vo Os 
u=(%)"(2-z) e+ (4) BE SBS) 


Meat lee) Blez0) Sek (oe ez 1 a 
eae |; p? Re 2 Al ae R le- 
(14) 


(13) 


Transforming (9) and (10) to the new variables, 
we get 


Vo = + hok?, Vy = (h/mo)2—(1/R—z/p)Vo. (15) 


ZEROTH APPROXIMATION 


The zeroth-approximation equation, as can be 
seen from (13) and (15), has the form 


eee nly ae ae) 


Separating the variables we obtain a quasi-classi- 
cal solution of Eq. (16), normalized to a 6-function 
energy 


s 


e 


1/, I, 


kine = (2m/1)|E — (n+ +) ho (s) |. (17) 
Here =n(é) are the eigenfunctions of an oscillator 
with a single frequency. The wave function normal- 
ized to the unit flux differs from (17) by the factor 
(2nh)/2, 

For the sake of being definite, we have written 
out the solution of the ‘‘longitudinal’’ part of (16) 
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under the assumption that there are no turning 
points. The case when turning points are present 
(reflection from a magnetic mirror) is considered 
analogously and leads to the same results. 


SCATTERING MATRIX IN THE FIRST APPROXI- 
MATION 


Unlike the model considered earlier’ for the 
magnetic field, the perturbing Hamiltonian (14), 
(15) contains odd powers of the transverse coordi- 
nate ~ and of the derivative 9/0. In this connec- 
tion, the perturbation in the case of the magnetic 
field permits transitions to neighboring levels. 
Since the probabilities of transitions to more re- 
mote levels contain additional exponentially small 
factors, we confine ourselves to the calculation 
of the near-diagonal component of the scattering 
matrix. 

In the calculation of the matrix elements, the 
singularities of the perturbing Hamiltonian in 
the complex plane come into play; these singu- 
larities coincide? with the zeros and the poles of 
the functions w(s) and R(s). [It is easy to 
verify that the remaining functions of s contained 
in (14) are expressed in terms of R(s)]. We as- 
sume that the main contribution to the matrix 
elements is made by the saddle point, which co- 
incides with the zero so of the function w(s). 

After calculating the matrix elements under 
this assumption, it is easy to see that the main 
contribution in the powers of ryz,/R is made by 
the second term in (14). For the near-diagonal 
elements of the scattering matrix we have 


So 


a a Heat Rw) [o ie Ve oe (i\ on ds), 


Sn, n-+1 , 
/m\ (2 9 we Pay | > 
ae 4. =) a x . V oe ex F @ ds). 
\ * R(s,) [@ (s,) 1 ss P( \ ey 


We have introduced here 


Carn (pers, 


vj, = [2(E-Iw)/m]/* is the longitudinal velocity 
of the particle, and v is the total velocity. 

The contribution of the next perturbation-theory 
approximation to the scattering matrix is estimated 
in complete analogy with the procedure used in ref- 
erence 2. It is found to be small in rz,/R compared 
with the terms included. 

Knowing the scattering matrix, we can calculate 
the change in the adiabatic invariant by going to the 
classical limit. We note beforehand that the wave 
functions and scattering matrix have been deter- 
mined only accurate to an arbitrary phase multi- 
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plier. In (17) and (18) this arbitrariness manifests 
itself in the absence of a lower limit in the integral. 
At the same time, the final result —the change in 
the adiabatic invariant — should be unequivocal. To 
eliminate this arbitrariness, a lower limit must be 
chosen for the integral in (18). 

We proceed in the following fashion. We assume 
that prior to passing through the magnetic inhomo- 
geneity (s — —-) the particle moved in a homoge- 
neous magnetic field. The trajectory of the particle 
was characterized in this case by a certain initial 
phase shift. The phase shifts of the wave functions 
must be chosen such that a wave packet built up of 
these functions should describe, as s—~-—», a 
classical particle with specified phase shift. It is 
easy to verify that this corresponds to the follow- 
ing choice of lower limit for the integral in (18): 


ie B= | GS dst Sst. 


a A 


(19) 
Here ~_, vj, and w_ are the phase, longitudinal 
velocity, and Larmor frequency as s ~ —~.° 

A calculation of the adiabatic invariant? leads 
to the following result: 


i, : tas Be {e eae ( =o 


So 


. exp [i \ (= WES YE 


\U | vy / 


eo ne ian | (20) 
SAMI 
os \ 
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We see that the change in the adiabatic invari- 
ant I, due to the motion of a particle in a magnetic 
field, differs from the results obtained by using 
the model Hamiltonian. This difference consists 
in the absence of the factor 2 from the exponent 
in (20) and the presence of a factor of order 
(rz,/R)4 before the exponent. Thus, the results 
differ appreciably (in order of magnitude) from 
the results previously obtained,” and the use of 
the model Hamiltonian to obtain quantitative data 
on the motion of a charged particle in a magnetic 
field?»4 must be regarded as incorrect. 


1A. M. Dykhne, JETP 38, 570 (1960), Soviet 
Phys. JETP 11, 411 (1960). 

2a.M. Dykhne and V. L. Pokrovskii, JETP 39, 
373 (1960), Soviet Phys. JETP 12, 264 (1961). 

30. B. Firsov, Anthology ®vs3uKxa ma3mbi 1 
mpoOJleMa yipaBJAeMbIX TepMOsgepHbIx peaklui, (Plasma 
Physics and Controllable Thermonuciear Reac- 
tions ), vol. 3, AN SSSR, p. 259, 1958. 

4B. V. Chirkov, Aromuas 9Heprus (Atomic 
Energy ), No.6, 1959. 

5 A.M. Dykhne, Dissertation, Inst. of Radio- 
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The angular dependence of y for beryllium (above 20°K) and indium is found to be described 
by a cosine law. The temperature dependence of the principal values of x for beryllium is 
characteristic for small groups of electrons. In the case of indium, x is found to be highly 


sensitive to impurities. 


Ws: have continued our investigation! of the mag- 
netic properties of pure elements that show a long- 
period de Haas—van Alphen effect. The measure- 
ments were made by the Faraday method with a 
vertical gradient in fields up to 10 koe. A spring 
balance with photoelectric auto-compensation was 
used (analogous in principle to those described by 
Deryagin? and Hedgcock?). The accuracy of the ab- 
solute measurements was ~ 2%, the relative ones 

~ 0.5%. 

The angular dependence of the magnetic suscep- 
tibility of two samples of beryllium* (Be-1 and 
Be-2, 99.99% pure) and two samples of indium 
(In-1, which was studied in previous work,! and 
In-3) was measured at various temperatures in 
the range from 300 to 4.2°K. 

Up until the appearance of the de Haas—van Alphen 
effect the angular dependence of xy for beryllium 
obeys the law (Fig. 1): 


49) =, cos? 8 sin? 6, (1) 


In order not to clutter the figure the data for only 
a few temperatures are shown init. The depend- 
ences calculated according to Eq. (1) are portrayed 
as continuous curves; the experimental points were 
taken every 5°, sometimes every 1°. 

The principal values of the susceptibility (Xi 
= 2.38 x 10-8, y) = 0.80 x 10~* cm?/g) and their 
temperature dependence agreed well for both 
samples of Be (Fig. 2). The character of the 
growth of | x nl with increasing temperature can 
be attributed to the contribution of the paramag- 
netism of groups containing small numbers of 
electrons (or holes). As in the majority of the 
elements studied earlier, the anisotropy decreases 


*We express thanks to A. A. Kruglykh for the gift of the 
monocrystals of pure beryllium. 


° 204°K 


FIG. 1. The angular dependence of the magnetic suscepti- 
bility of beryllium and indium at various temperatures. The 
continuous curves are plots of Eq. (1). 


FIG. 2. Temperature dependence 
of the principal values of the specif- 
ic susceptibility of beryllium. 


100 


200° 300° 
with increasing temperature, and the temperature- 
dependent component of the susceptibility tensor 
asymptotically approaches the independent (or 
weakly dependent) component. The latter prob- 
ably constitutes a background for the small groups, 
caused by the contribution of other mechanisms 
and of large groups. In beryllium y 1 Shows not 
only a temperature dependence, but also a periodic 
field dependence even at T = 20°K, confirming, as 
in the other elements, the correlation of this phe- 
nomenon with the presence of small groups of mo- 
bile charges. At T < 20°K the value of X, was 
determined from the average of the dependence of 
X, On the magnitude of the reciprocal of the field. 
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The curve of x(@) for the indium samples also 1 Aleksandrov, Verkin, and Svechkarev, JETP 
follows the cosine law (Fig. 1). However, although 39, 37 (1960), Soviet Phys. JETP 12, 25 (1961). 
both samples were prepared from the very same 2B. V. Deryagin, Doklady Nauk SSSR 61, 275 
starting material, the absolute values of y and (1948). 
their dependence on temperature differ markedly. 3F, T. Hedgcock, Phys. Rev. 104, 1564 (1956). 
It is likely that small amounts of impurity have 4A. Goetz and A. B. Focke, Phys. Rev. 45, 170 
as significant an effect in indium as in bismuth‘ (1934); D. Shoenberg and M. Zaki Uddin, Proc. 
and antimony® (interestingly, it differs in different Roy. Soc. (London A156, 687 (1936). 
directions). It can be presumed that the high aniso- °S. H. Browne and C. T. Lane, Phys. Rev. 60, 


tropy of this metal is caused wholly by small groups 895 (1941). 
that do not show up in the electrical and galvano- 
magnetic properties. 
The authors express their gratitude to Prof. 
B. G. Lazarev for making it possible to carry out 
the work in the Low Temperature Laboratory of 
the Physico-Technical Institute of the Academy Translated by L. M. Mattarese 
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By using the generalized canonical transformation method, an expression is obtained for the 
moment of inertia of a nucleus which takes nucleon pairing into account. The result is essen- 
tially the same as that obtained previously by Migdal using the Green’s function method. 


‘isa moment of inertia of a deformed nucleus, 
when we take into account superfluidity (i.e., the 
Cooper pairing of nucleons), was calculated ear- 
lier! within the framework of adiabatic perturbation 
theory. As was shown by Migdal? using the Green’s 
function method, including the rotational energy by 
means of perturbation theory is not sufficient, since 
the rotation changes the Cooper pairs and thus gives 
rise to an additional term in the moment of inertia. 
In the present paper we shall show that a consistent 
application of the canonical transformation method 
leads to this same result. 

The nucleons in the deformed self-consistent 
field are described by the Hamiltonian 


ey Nea Slo (G|o Ty ca. aa, (1) 


where ap,(ay,) are the operators for creation 

(annihilation) of a nucleon in the state vy = 1; 

Ep, = &1 is the energy of this single-particle state, 

and 2 is the chemical potential for the system. 
The nucleon pairing can be taken into account 

by introducing quasiparticles by means of the ca- 

nonical transformation 


+ + 
Ay = Ut, + Vyt~, Oy = Ua, — va~, (2) 


where v denotes the state which is the time re- 
versed state to v (and has the same energy ),* 
while the coefficients of the transformation satisfy 
the conditions 


Te ami. ui, +- v5 = | (3) 


v 


Om =—VU, 


and are chosen so that the terms with aa and 
a*a* in the Hamiltonian go to zero after the trans- 
formation. It is known that this requirement is 
equivalent to a minimization of the quasiparticle 
vacuum state (defined by aW) = 0): 


ta ll (uy = UyQy a~) | (Os. 


ly] 


(4) 


If [v> = [nljm>, [> = (-1))*” |nlj—m>. 
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Calculation of average values using the function 
(4) is equivalent to averaging independently over 
pairs of operators,* for example 


+ + ‘ AAR, « 4 es ath AO ee 
€Qy Az Ay Ay" )g = (A, Ay" (Ay A279 — (At F270 (2 ay’ 


(5) 


tee : . 
+ (Ay Ao) (A2’Ay’ 0, 
where only the ‘‘diagonal’’ expressions 


+ 9 pth y \ 
<Q, Ayo =U, CQ AY) 0 = SAFE) 0 = UV) (6) 


are different from zero. 

To find the moment of inertia, we look for the 
lowest state of the system with a fixed projection 
of the angular momentum on an axis perpendicular 
to the nuclear axis. To do this, we add to the 
Hamiltonian the term 


(7) 


Ho = — ol, = — 031 | jx] 2) a; a, 


and then determine the Lagrange multiplier w 
from the condition <Jx>= dx. 

When the term H,, is added to the Hamiltonian, 
the selection rule forbidding production of pairs of 
quasiparticles a*a* is violated, and cannot be re- 
established by simply changing the coefficients 
u, and v,, in (2). To eliminate the terms in aa 
and a*a* in the total Hamiltonian H’ = H+ Hw 
we make a further canonical transformation of 
more general form:? 


(8) 


Ay —> Oty (0) bY) foyer (@). 
The coefficients f,,- are related to the rotational 
term H,, (f,): ~ w). They may be assumed to be 
small, and are included only in the first nonvanish- 
ing order. From the condition for the transforma- 
tion (8) to be canonical, and from the symmetry 
with respect to change in sign of w, it follows that 


Martie =) fey at (9) 


For these new quasiparticles a,(w) (corrected 
for rotation), the vacuum state differs from (4) and, 


*Equation (5) shows that the canonical transformation 
method is equivalent to the generalized Hartree-Fock method.? 
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as we find from (8), it has the form 


vv Bl Oh, 


vv’ 


19 a 
= exp > apa (ua, — U,a~) (Uya~ —. oe), Ws. 


vv’ 


(10) 
We note that the function (10) is not normalized: 
(ee va) —=ex0 (+ See P) 


To determine the coefficients f,,”, we demand 
that the average value of the total Hamiltonian H’ 
be a minimum in the state (10). Relation (5) is 
still valid for averages calculated with the function 
(10), but in addition to the diagonal quantities 


>= + (ui—v}) Dl feP, 
Q; O~> = (4-,) = Wy0; — Wy, Dj|fre)?, (11) 
the nondiagonal expressions 
<a; Ay> = (UyV2 — VU) ie 
<a, a~> = (Aya,> = (UyUz + V2) a (12) 


are also different from zero. 
have used the relation 


ioe = 0) 


In (11) and (12) we 


(13) 


which can be verified by direct computation. 
Calculating the average values of H and H,, 

using (11) and (12), we get 

Veet OE 


12 


Bee 2612s Gu, So 


SF Es) | fas 


Us) (Uys — 
cE 5 Dy (<1l’|G@]2’2) 

BG 225) (ds — yt) (ily — Ota’) fof or, (14) 
hors OKI = =O by (1 | jx | 2> (Usd. — 04Ue) foe) 


where Wp) is the term not containing f, and E is 
the energy of the quasiparticles; 


JE Vee hy ate ie 


€; = &) — 


Ay= >) <11| G| 22) ugvr. (16) 
The quantity A (the gap in the quasiparticle spec- 
trum) characterizes the pairing of the particles. 
The parameters u and v can be expressed in 
terms of A: 


v= t[l—(e:—A)/ El 


> 
=a 


“= [1 + (e,—4A)/ Ey). 


U2’) el 
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Taking the variation of <H> + <Hy> with 
respect to ff, [and using (9) and (13)], we get an 
integral equation for determining f,: 


(Ey + E») fe — 2)<12|6|2 2 Ye (ty Uy 
Poy 
\fre + Dawe 
ig 


= CM, G (22's) (tl)U2 — UyUs) (UVa 


+- U;02) 


X (Uy Ua VyVor 


(Gig 


— Uylly’) F yr’ 


= @ (UV, — Vytly) <1 | jr | 2). (17) 
Using (17), we can rewrite (14) in the form 
<H> = Wo+ + wo” x (UyU. — Uylly) A | x | 2 fon (18) 


or, eliminating w by using (15), we get 


i SAEED, 
where the moment of inertia ¥ is defined by the 
expression 


<H> = 


yp = Di lie |1> (ua — O1ts) fro? (19) 
ale 


It is convenient to write 4 as a sum of individual 


terms. From (17) and (19) we find 
ATG fas 12 
a Nad a ae pa 7 Z a , (UV. — VU)”, 
12 1 2 (20) 
ae Ba EH esse AS on e o 
hae ee €12/G| 21 (uy0, — 0,5) 
(tllly + VyVo) (Uy Ue + VyVy) fy 7, (21) 
aes \aby 
CAG) = as ai Jr aS 
¥ — pee Ce 
Sait’ |G 225) (UyVq — Vyllo)? (UyVor — Vy’) fyrg'® 7 
(22) 


Taking the rotation into account by means of 
adiabatic perturbation theory gives only the first 
term tive This method is equivalent to including 
only the diagonal corrections to the average values 
(11), which naturally can be done without going be- 
yond the scope of the transformation (2). The in- 
clusion of the nondiagonal values (12) leads to the 
additionalterms. The term wy A2) (which coincides 
with that found by Migdal?) takes account of the 
influence of rotation on the pairing. The additional 
term 4‘) describes the change in the self-consist- 
ent field of the nucleons as a result of the rotation. 
In the absence of pairing (A= 0), the term #“) 
is equal to the rigid value of the moment of inertia, 
and decreases with increasing A, going to zero 
for A— ©. Theterm #) goes to zero for A= 0, 
and reaches the hydrodynamic value for A—o, 
43) gives a correction of order A™ aie toe 
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The cross section for the process y + e- ~yu~+v+/ is calculated in the extreme relativ- 


istic approximation. 


Two years ago, D. I. Blokhintsev! pointed out that 
at sufficiently high energies weak interactions can 
become comparable with electromagnetic interac- 
tions. According to his estimates, the process 
y+e —yu +v+vy has an especially large cross 
section, which reaches that of the Compton effect 
at 250 Bev. We have calculated the cross section 
for this process, and our result confirms this 
estimate. 

The interaction Hamiltonian has the following 
form: 


H = ie(p. Ay) + 
< (Pye (1 + Ys) hy) + 


In the computations, we included the two lowest 
order diagrams, which are similar to the corre- 
sponding diagrams for the Compton effect. 
Averaging over initial polarizations and sum- 
ming over final polarizations, and dropping unim- 
portant terms which contain mg and mj, we get 
the following expression for the total cross sec- 


tion: 


A 


ie (bp App) + f (pera (1 + Ys) by) 


2 dp,,d°p,d°p— 
(Rp) (P—R) (PyP,.) 
[(p, + ky? + me}? 


(ieanest= 8 
v (2m)? we, 


«| 
+ [(pe-+k)” + mé] 


— (pek)+(Puk)] (PzPe) (PvPp) + (PeP») (P5R) (P»Pr.) 
— (PePr) (P-Pe) (Pk) + (RPy.) (P-Pe) (PrPe) 


~ (kp) (PP) (Ps) |. 


0! (0, Pe \Py =P) 


(kp,,) (Pe) (Py) 
[(e, BP ame 1* 


~~ [(pp — R)P2+ mel {12 (Peppy) 


ra eae ate Ys) Pe) (pyre (1 + 5) Pv)- 


We have integrated this expression (in the 
center-of-mass system ) in the following, extreme 
relativistic, approximation: 


max 


&=a=E/2, & =| py |, Ey, =E/2, Uu=424, 


where E=W + €g. 
The final expression for the cross section, in 
this approximation, has the form 


ef 


9 20 
Op = Far O° (In | — 0.798 } 


where w is the energy of the photon in the c.m. 
system. 

Using the well known expression for the Compton 
cross section in the c.m. system, we found the fol- 
lowing condition for satisfying the inequality 
Oy = Te: 


(ef? (40°) w? > arin) | o =n (e"/ 4a) ao ”. 
This condition is satisfied for values of w greater 
than 242 Bev in the c.m. system. 

In conclusion, the authors express their deep 
gratitude to D. I. Blokhintsev for posing this prob- 
lem and for valuable discussions. 


'D. I. Blokhintsev, Nuovo cimento 9, 925 (1958); 
D. I. Blokhintsev, JETP 35, 254 (1958), Soviet Phys. 
JETP 8, 174 (1959); M. A. Markow, Hyperonen und 
K-Mesonen, Verlag der Wissenschaften, Berlin, 
1960, p. 292. 


Translated by M. Hamermesh 
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The position of the singularity is determined for diagrams that describe the scattering of two 


particles. 


lw studying the scattering amplitude for two par- 
ticles, one needs to investigate the distribution of 
the singularities of the Feynman diagrams. The 
purpose of the present paper is the determination 
of the positions of the singular points of certain 
Feynman diagrams. The position of the singular 
point of a diagram can be determined by the solu- 
tion of the system of Landau equations, which have 
been investigated in a number of papers.'4 
Suppose we have a certain Feynman diagram 
(Fig. 1) with four free lines. Its singular points 
are determined by the system of Landau equations: 


I= Pp, (1) 


» ag = 0, (3) 
Q =e. (4) 


Yo=1, a>0, (5) 


where q are the internal four-momenta, p are the 
external four-momenta, m are the masses of the 
internal particles, and a are the Feynman param- 
eters. 

Equations (1) and (2) express the conservation 
of four-momentum at the external and internal 
vertices of the diagram. 

The solution of the system of equations for a 
symmetrical diagram has a remarkable property: 
if a replacement qj —+qj takes the diagram into 
itself, then 


14, =H44y, We =~44,- (6) 


The sign of the scalar product is determined by the 
directions of the vectors in the diagram. As has 
been shown in a paper by Okun’ and Rudik,? for dia- 
grams with four free lines one still has to deter- 
mine the values of the squares of the external 
four-momenta, 

after which one can determine the connection be- 
tween W? = (p, + p,)? and Q? = (p; + p3)? at the 


(7) 


Pisa P3 


FIG. 1 


singular point. 

Let us consider the diagram of Fig. 2. Itis 
symmetrical with respect to the two transforma- 
tions 

Chi = = Ghing 
ON 2 —— le 


ye =" fan 
6 > Qa- 


Jo — Qa, 
q2 So aaa qa; 


qs =? Wo, 
G1 <> — Way 


dz = War 
Gs <> Gz, 
Therefore a@;=Q@3=Q, Q) = Q,= 8, Q5 = Ag = Qy 
= Q@,=1. The last relations can be written if we 
omit Eq. (5), as we shall do. 

The equations (3) have the form 


44, = 4s — Ya BOs = 42 — 45- (8) 


Since qj = a3 = pj = pj = p3 = pj =u” and g3 = qi 
= q? = q? = q? = qf = 1, we can get from Eq. (8) the 
values of the scalar products by taking the squares 
of the equations: gs, = 1—3a0°y?, qs, = 1-36", 
where qik = Gidk- 

If we multiply the equations (8) respectively by 
q, and q, and use the relations qys = —qyg, uz 
= —Qy4s5, which follow from the symmetry of the 
diagram, we get qis = Sap”, du = 38. 

To determine the quantity qs; we use the equa- 
tion of conservation of four-momentum at the in- 
ternal vertex, which we multiply by qs: 


3 + = (B? ++ a2p?). 


53 = 1 — G56 — Gs2 
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—. Ls 5 #8 
ee ES oe 
uw 
= = 
FIG. 3 
= pace ao. ee ee = - es a = 
The other quantities Qik 2re determined from the 
pectic cists t tains zy } - 
EIS Oiained by multiplying (8) by various 
ee 
four TOUTS a: 
Es. WHE ts - - = 
—_— ; — Za — 2 gG = = 
Sas — 5 S) Zn Gxs = (4S = 2p? — 8) / a? 
— — i a I eo WF ee - = > * ® 4 
-  _— £2 ——s ae Sse — (> — 22 2- — > 
¢ : Ss a 
zat = a > 
Tse — *>= —_-2 an — Ss ZS 
E we == ay a San a =. 43 
meres mas Vaiss ee Gus- Gs» Ugg i ime 
——- —- — ety” pO pe 7 = 
pias P= = (9; + G;—9,)°, we get a relation 
= Pea 
commccuias a ami 2: 
3 ai 2 —-4 oom 
ae peat “Se 
ee — se 4 = 2 woe 
It is now ec2sy to find the dependence of W* 
z = 2 
= = ss = == — — ta = = - 
(Dp; By amd GO = (p; Bj @ a: 
oe 2% [g +9 2 
-=—-. 422 y 66 —2Z2 —_ieey lh 
| = Pee 14 aot re 
r—t 42— EE FiA—_a2e (3) 


which follows from 
positive. The dependence 
E yw =1, 


Lai us now suaty the singularities of the diagram 


from which we have a; = @;= a, @; = a; = 8, 
@,=a@,=1. Ewese a:=v¥2. 


slight manipulation we can rewrite (3) as 


S&F 1 —F (Ge — 4)- 


ao 


The further solution of the system of equations is 
analogous to the previous case, and therefore we 
Shall mot present it. The answer is: 


Gs = 245 — 245 


2p AAS 


TT ATt rPwewvw = rT QD 2 
tain FEYNMAN DIAGRAMS 4735 
= a - 
= | y #3 
- > - 
we oe y 72 
at 5 I 
Zz ec re «a = 
Fs iy +e , 7h 
FIG. 5 
-r m™ *ho on 4t4cm thst = 
£2012 the Condition tazt o is PoCSiive we find that 
- Ti Ti«t -—- s 
¥ Taust 0to2. For 


g 
= Y, zi 

botwcce wit : ; 

Siw con at} Cc ix snown 7 ry 2 7 “ , 

DET a Ww ana @ is shown in Fig. 2 (curve Z). 
a Sn ae dizgeram of Fie = hi 
et WW Zo On to the diagram of Fig. 5, which 

two symmetry transi ions 


i 44 z ier” F Ge <> —4; 
= =. = = = = 
e se 3s z = 6 Gz <> Dz. 
a e, : 2 7% 


44 eas wz —_ — — — 2 
Lacse we aave @,— @3-—a, @, — @,— £, 
a =7 je ma = a 
@,=@,=1. The relations (3) now reduce toa 


(12) 


lf we multiply this equation by the various q;, then 
by using the symmetry conditions we can find all 
the q;, from the relations so obtained. Substitut- 
ing the qj, in W? and @*, we have 


ee ae Sie ; : 3 
wy —— 2 (1-1 /ap (1 = 2272? — 3). 

2 = = ft = 4 
F —2(1 + /2P (i — 22? + 3) (13) 


If we divide this equation by (1 + 2)? and write 
we get the simpler equation 
gy — (1 +r — 29 x 


Taking into account the fact that a is positive, 
we find that x and y can vary only over the ranges 
x= 0 and |y| <1. The plot of the relation between 
@ and W’ is shown in Fig. 6. 


PA 
iz” 


th 


Pa) ee, CE ay 
fe sj 


FiG. 6 
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FIG. 7 


Let us consider the diagram of Fig. 7. It has 
one symmetry transformation: 


Of 8 Chi; q3 <> — 43; Ja = Qa: qs +? 46 


and consequently a5 = a@,=1, a, = a,= 8. 


The equations (3) are as follows: 


Bda +4191 = ge, BOs +%393s = —4s- 
Solving this system of equations by the method pre- 
sented above, we find that a,, a3, and B are con- 


nected by the relations 
ogy (1 + B) + a [(1 4 a3] = (1 + B) (1 —B)?, 
ag (1 + B) + ats [(1 + 8)” — agp’) = (1 + B) (1 — 8)”. 


These equations become much simpler if we re- 
place aj, a3, and £ by variables x, y, z defined 


b 
oor = eel Bs. = 8) +8), 
2 == oa/(1 8): 


B)” 


We have 


Vs oe WAT) 


2) = py’, 2?+2 (l— x’) = x’. 


From this we easily find that 
1+ px (wb 2x — x9) (t+ px) 
br x (u+ x) 

The condition that a be positive requires that 
x=0, z=0, -—1<=y-<1. We can now find the 
relation between Q? and W?: 


Vea Matra ) tise 
2 eee ates 

Gre ere 
The curve (14) is of the same nature as the curve 
(13), of course with different values of the asymp- 
totes. 

We note a distinguishing feature of these dia- 
grams: they have for the asymptotes not only lines 
on which W? or Q? is equal to the sum of masses 
of intermediate particles, but also other lines. 

Let us now consider diagrams for which singu- 
larities exist only under definite conditions, for 
example a square in which the masses of all the 
particles are equal to 1, except that there is one 
external particle with the mass pu (Fig. 8). This 
diagram has no symmetry transformations. If we 
set W’? = 2+ 2F and Q? = 2+ 26, then F and @ 
are connected by the relation 


Z= 5. y= 


\ 


! a5, ee 


(14) 
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FIG. 8 


4F (@? — 1) = (8—p*) (D+ I) 
tL 4 VY (M +1)(D — 0,5) (OD — ,) (BD — O,), 
4M, = p?—2 +. V 3p? (4—p), 
4D, = p? — 2— V3p? (4—p?). 


(by 


For what values of » does the diagram have a 
singular point? From the condition that the Feyn- 
man parameters a be positive it follows that for 
u* > 4 there is no singular point, and for ur< 4 
there is one. In Fig. 9 curve 1 shows the relation 


Foy 


FIG. 9 


between Q? and W? for yu? <3, and curve 2 for 
BS ncaa. 


2, J) 23 


oe 


94 
Pe 


FIG. 10 


Let us now consider the same square, but with 
a diagonal (Fig. 10). Before seeking the equations 
for W’ and Q?’, let us find the equations that con- 
nect the aj. We have 


oy + as + (2 — p*) a0, = L, 


2 2 , 
Os + 3+ Ag = 1, 1+ 4, = Os + Oy. (15) 


It follows from the equations (15) that (4—p?) aya, 
= 3a,a3, but since a > 0, we must have yp? < 4, 
which is indeed the condition for the existence of 


a singular point. The expressions for W* and Q? 
in terms of the aj are: 


W? = 14 (1 + ay tag) (1 + ty + ots) (1 + tg — 0%) ty tag? 
Q@=1+4(1 Oy + hq) (1 + ay + ag) (1 — og + ag) ag tay. 


The curve for this relation is shown in Fig. 11. 


POSITIONS OF 


id 


————— 


we 
FIG, 11 
The next diagram differs from that just con- 


sidered in having the diagonal through different 
vertices (Fig. 12). We again investigate the con- 


A, gy P3 


FIG. 12 


ditions under which there is a solution with posi- 
tive a. The system of equations for the aj is 
more complicated: 


ay + ag + 4% = 1, a3 + gt ago, = 1, 
(1 oy + Oe) (A + tg + 4) (Oy — My + Ly — Oe) 


= (pw? —1) ajar. (16) 


It is convenient to go over to new variables x 
and y: 


Ge = a,x — 1, as = ay — 1. 
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Then instead of Eqs. (16) we get equations for 
xX and y: 


2+ 2x—x? |, 524 2y—y* p?2— 1 
{pst 9 Gt yey Cady) 
1 +2x« x? — 4 
CY =S= ———— = —— 
a f+retx ’ Oe t+txetx ’ 
y2—1 her 2g 
Os fty+ty’ OO, {ey sey: (17) 


The condition for the aj to be positive requires 
that x, y=1. With such x and y a solution of 
(17) exists only under the condition that ue <9. 
Consequently, this diagram (Fig. 12) can have a 
singular point for Ne = 9. The dependence of ae 
on W? is of the form shown by curve 1 in Fig. 9 
for u? < 7, and by curve 2 for je fo 

The writer expresses his deep gratitude to 
L. B. Okun’ and A. P. Rudik for direction of this 
work and for their constant interest in it. 
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A system of equations describing single particle excitations for excitation energies small 
compared to the chemical potential of the system can be obtained for an arbitrary interac- 
tion by investigating the analytic properties of the Green’s function, taking pair correlation 
into account. Equations have been obtained which describe the excited states of a system of 
a finite number of particles up to terms of order N-¥3_ It is indicated how the results ob- 


tained can be applied to real nuclei. 


1. INTRODUCTION 


lie phenomenological approach is the only rea- 
sonable research method that yields quantitative 
results in the case of the many-body problem when 
the interaction between the particles is not small. 
In such an approach the problem is separated into 
two independent parts: 

1) Derivation of the consequences of a theory 
into which experimentally determined constants 
have been introduced such as the effective mass 
of the particles at the Fermi surface, the depth 
of the effective potential well, the constant de- 
scribing the Cooper pair correlation, etc. Natu- 
rally, we must first obtain for an arbitrary inter- 
action the equations describing the behavior of 
the excitations of the system, and we must spe- 
cify the precise meaning of the constants intro- 
duced. 

2) The evaluation of these constants by some 
approximate method or with the aid of computers. 
When the problem does not involve any small 
parameter, as for example in the case of the nu- 
cleus, or in the theory of metals, it is impossible 

to hope to obtain an analytic method of solving 
this second problem. 

In this paper we shall be concerned only with 
the solution of the first problem. However, we 
shall specify the exact meaning of all the constants 
introduced, i.e., we shall indicate the set of per- 
turbation theory graphs which corresponds to each 
one of the constants introduced. Unless this is 
done it will be impossible to find an exact approach 
to the solution of the second problem —the problem 


of the evaluation of the constants starting from a 
given interaction between the particles. 

It is well known that systems of Fermi-particles 
can be divided into two classes. The first com- 
prises systems in which the Cooper pair correla- 
tion is absent. In this case there exists a branch 
of excitations differing from the excitations in a 
Fermi-gas only by their effective mass and their 
effective potential well. For systems of finite 
size this means that there exists a spectrum of 
single particle excitations with energies which 
may be obtained from a solution of the Schrédinger 
equation for a single particle with an effective 
mass and an effective potential (when the interac- 
tion between the particles is small this effective 
potential reduces to the self-consistent Thomas- 
Fermi potential). An example of such systems 
are the doubly magic and their neighboring nuclei 
— there is no Cooper pair correlation in such 
nuclei. 

To the second class belong systems with pair 
correlation. For such systems, as is shown by a 
study of the analytic properties of the self-energy 
part of the Green’s function, equations may be ob- 
tained which are close to those that have been 
studied in the theory of superconductivity.! The 
only condition essential for obtaining these equa- 
tions is that the ratio of the pair correlation en- 
ergy A tothe Fermi limiting energy €9 should 
be small, 1.e., that the calculation is carried out 
to terms of order A/€o. 

In this paper we have obtained to terms ~ N-¥/3, 
where N is the number of particles, a system of 
equations which enables us to determine the en- 
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ergy of the ground state and the energy of the low- 
est single particle excitations if we know the spec- 
trum of single particle excitations without pair 
correlation. We consider a system consisting of 
one type of particles, but it is clear from the deri- 
vation that for two types of Fermi-particles, for 
example, the neutrons and the protons in a nucleus, 
we would obtain two independent systems of equa- 
tions. Only the sets of graphs corresponding to the 
previously listed constants characterizing the prob- 
lem become somewhat more complicated. 

Application to real nuclei requires a certain 
development of the results obtained. First of all, 
the description of the single particle excitations 
themselves requires a more serious approach 
than has been adopted until now. 

We shall demonstrate this on the example of a 
doubly magic nucleus in which there is no pair 
correlation. The excited state of Pb? has an 
energy of 2.6 Mev and spin 8. If the free particle 
model were true the excited state of Pb?%, re- 
garded as the appearance of a quasi-particle and 
a hole, could be obtained from the ground states 
of Pb? and Pb?%". In such an approach an energy 
of 3.5 Mev is obtained in place of 2.6 Mev, and a 
spin which is not equal to 3. We shall refer to 
this difficulty as the ‘‘problem of the three leads.’’ 
The solution of this problem requires a reasonable 
introduction of an interaction between excitations. 

Further we must take into account the relation 
between the single particle states and the shape of 
the nucleus, and also the change in the effective 
potential accompanying single particle transitions. 
Problems of this nature have been solved in atomic 
mechanics and their solution within the framework 
of the single particle model of the nucleus presents 
no difficulties in principle. 

The approach proposed in this paper is valid to 
terms of order N~'/?. However, the fluctuating 
part of the neglected terms is of order N-Y¥3 of 
their value. Therefore, the equations obtained 
enable us to determine the irregular variation of 
the masses and of the first excited states up to 
terms of order n773, and in the case of a nucleus 
this provides quite a sufficient degree of accuracy. 

A further development of the technique proposed 
here will enable us also to determine to terms of 
order N~’/? the matrix elements for single particle 
transitions corresponding to the emission of y 
quanta and to B decay. If comparison with experi- 
ment requires this, it will also be possible to ob- 
tain a more complicated system of equations which 
takes into account the possibility of pair correla- 
tion not only in a state of zero angular momentum, 
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but also in a state with angular momentum equal 
to 2: 

It appears to us that the completion of this pro- 
gram will enable us to describe quantitatively the 
fluctuations in the mass defects, and will enable 
us to give a theoretical description of the nuclear 
spectroscopy of single particle excitations. 


2. EQUATION FOR THE GREEN’S FUNCTION 


Dyson’s equation for the single particle Green’s 
function in the coordinate representation* has the 
form 


(i0/0t + p?/2M)G(r, t 1’, t)=6(r—r) 6 —P) 


PVE (C. i) 11 1) OC (ttyl dewey (1) 


where p is the momentum operator operating on 
the coordinate r, and 2 is the compact part of the 
self-energy defined by the set of graphs of the form 


Ea Oates A Le 


The point of intersection of the lines in this dia- 
gram corresponds to the first order in the inter- 
action between the particles; the shaded rectangle 
corresponds to the set of all possible interactions 
between two particles. 

We assume that the Hamiltonian for the system 
does not depend explicitly on the time. Then the 
quantities G and 2 will be functions only of t-t’. 
On going over to the Fourier-representation with 
respect to t—t’, we obtain 


(e — p?/2M)G(r, r’, ¢) =d(r—r’) 
+\3(r, Pi ©) Gta oe) dine 


\2) 


(3) 


As is well known,? the poles of the function G 
in the complex plane determine the magnitude and 
the damping of the single particle excitations of 
the system. For small excitations of the system 
those values of ¢€ play a role which lie near the 
Fermi limiting energy €9. It is therefore neces- 
sary to know the behavior of 2 (r, rj, €) as 
E — €. 


3. ANALYTICAL PROPERTIES OF THE SELF- 
ENERGY PART 


The character of the function Z(¢) depends in 
an essential manner on whether Cooper pairs can 
be formed near the Fermi surface. If formation 
of Cooper pairs is impossible, then integration 


*The coordinate representation enables us to give a simple 
formulation of the boundary conditions in systems of finite size. 
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over the momenta of the three lines of the second 
term in Eq. (2) smears out the poles contained in 
the Green’s functions corresponding to these lines. 
With respect to the first term in formula yn Tie 
may be easily seen that it is equal to 


(1) 


a (Pi, Pe, e) = bs Np, —gV qOp.p. (4) 
q 


and does not depend on €. Here np are the occu- 
pation numbers, Vg is the Fourier component of 
the interaction potential between the particles. The 
form of the function Z(€) as € — €9 can be ob- 
tained by using the methods of the theory of dis- 
persion relations. 

It may be easily shown that the imaginary part 
of Z as € — €q has the form 


Im =X = a (r, ry) |e — &| (© — &) +8 (Fr, 11) (© — &)¢°. 


From this by utilizing the analytic properties 
of 2 we can show that 


y= Yo (fr, ty, 8) a (7,7) | & — &| (© — 2B) ¢ 


-- 24713 (r, ry) |€ — &o[? In [feo/(e — &)], (5) 


where 2, is a function of € which has no singular- 
ities as € — €) (Zp has singularities at a distance 
of ~ €, from the real axis). 

The logarithmic singularity of 2 at € = € 
makes no contribution to the quantities (L)e=e, 
and (d2/d¢€ )e=e, which determine in an essential 
manner the behavior of the Green’s function near 
the Fermi limit. Therefore, when pair correlation 
is absent, we can replace ZX by (Z)e=eg+ 
(d2/de )e=e,(€—€o), and this greatly simplifies 
Eq. (3): 

The situation is different when pair correlation 
is present. In this case Z contains terms which 
do not involve the previously mentioned integration 
over the momenta of the three lines. Indeed, when 
two of the three lines in (2) form a Cooper pair the 
state of the third line is determined by the conser- 
vation laws. For example, if the pair is formed 
with an angular momentum equal to zero, then the 
angular momentum of the third line must be equal 
to the angular momentum of the incident line. As 
a result a pole with respect to € appears in 2 
which lies on the real axis near € = €9, and it is 
not possible to expand 2 in a series with respect 
to €—€ 9. Below we shall outline a method of sep- 
arating out from Z factors which vary slowly near 
€ = €. 
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4, THE INDEPENDENT QUASIPARTICLE 
APPROXIMATION 


When the dimensions of the system are large 
compared to the distance ry between the particles,* 
Eq. (3) can be greatly simplified. In an infinite 
homogeneous system Z and G depend on Fr, —1f». 
In a finite system, up to terms in ry/R, where R 
is the size of the system, we can set Z (Ty, ©, €) 
=<’ (ry, %y —Ya, €). With respect to its first ar- 
gument D’ (rj, ry—Y2, €) varies appreciably only 
near the surface of the system and vanishes when 
the second argument becomes much larger than 
the particle wavelength at the Fermi limit. 

We shall be interested in the equation for the 
Green’s function in those cases when all the par- 
ticipating quasiparticles have energies close to 
the Fermi limit. As will be apparent from subse- 
quent discussion this will have the consequence 
that in the expansion. 

Gir, ft, 2) = (2x)*\ G (p, p’, &) e'—PT'dp dp’ 
only terms with p, p’ ® py will occur. 

We denote by ZR the regular part of 2’ which 
does not contain the Cooper singularity. By utiliz- 
ing the properties of 2 and G to which we have 
referred we can easily obtainT 


Pp 


\2a(r, | LS r; |, &) G(r, rg 2) dr, 


= (2)-*\ 3a (r, p, 8) G(p, 1’, 8) er dp 
= {Zr(l, Por 0) + (OZR (F, Por &0)/O€) (& — &) + (M/po) 
x (DER (F, Po, &0)/de0) (p'/2M — pi/2M)} G(r, r’, 8), (6) 


where p is the momentum operator operating on 
the coordinate r, and Up (Tf, po, €9) is defined by 
the expansion 


Ee (tr, |t—r'|, &) = @a)*\ Ea (r, p, &) edo, 


In the second and the third terms in the curly 
brackets of (6) we can again replace to terms of 
order r)/R the function ZX (r, Po» €9) which is a 
slowly varying function of r by Zp (0, po, €o) 
=ZR(Po, €o). As a result of these simplifica- 
tions, Eq. (3) assumes the form 


*We assume that the distance between the particles, the 
range of the forces, and the wavelength at the Fermi surface 
are quantities of the same order of magnitude. 

tIt may be shown‘ that the expression (1 — OZ R/OE,)- 
gives the value of the discontinuity in the momentum distribu- 


tion of the particles in a system without pairing, with 
OXp/dE < 0. 
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{€ — p*/2M.j, — U (r)} [1 — (OER (po, &)/0€)] G(r, r’, €) 


=6(r—r’) +\dri 2; (fone 2) G (iene) 
1 — dX p/ de 


Mey = M 
ff 1+ (OE R/9p9) (M/po) ’ 


XR (te Pos £0) = 0D p/dEo = (Do 2) (03 p/Opo) 


J ES 
ox) [ — dB p/0e (7) 


Here G = (1-92 R/8€,) G is the renormalized 
Green’s function; U(r) represents the effective 
potential well for the quasiparticle, it varies ap- 
preciably only near the surface of the system 
within a layer of thickness ~ Cpa Ar, Cys 6) is 
the part of the self-energy due to pair correla- 
tions. 

Thus, in the absence of pairing we obtain to 
terms of order r)/R the equation for the renor- 
malized Green’s function for the independent 
quasiparticles of effective mass Moff and with 
the etfective potential U(r). Formula (7) repre- 
sents the basis for the independent quasiparticle 
method in systems with a strong interaction. 

Equation (7) for 2, = 0 determines the Green’s 
function for the Schrédinger equation: 


ioV/at =HV, H =p?/2M.; + U(r). (8) 


Therefore, the energies of the single particle exci- 
tations of the system may be found in this approxi- 
mation as the eigenvalues of (8) 


H, = EQ) - (9) 


In the case of a nucleus, when the quantity r)/R 
~ A-¥3 is not very small, the independent quasi- 
particle approximation may turn out to be insuffi- 
cient for some problems, and may have to be cor- 
rected, for example, by means of taking into ac- 
count the dependence of 92 R/€, and IZR/APy 
on r, and this will lead to the operator U(r) 
which depends on the nature of the excitation of 
the system. In our subsequent discussion we shall 
assume that the operator U(r) includes the spin- 
orbit interaction. 

For the solution of equation (7) for 2, ~ 0, it 
is useful to expand G in terms of the eigenfunc- 
tions gx of Eq. (9): 


G(r, 1’, ©) = SY) Gar () a (1) Pw (F'). 
1.9 84 
As a result of substituting into (7) we obtain 


%,,] Gye 


(e — 8a) Gan = Saar + > (9, (10) 
Ay 


Zp 
{— OE p/Eo 
In the absence of pairing, (10) yields 


Gx = bax//(€ — 2). =. iat | o— &,| (€ ae a We 


where €), is the highest filled state. 
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For the determination of the imaginary part of 
the denominator we have utilized expression (5). 


5. THE SELF ENERGY PART OF 2; ASSOCI- 
ATED WITH PAIR CORRELATION 


We give a graphie representation of the term 
of & which corresponds to the formation of a 
Cooper pair which we denote by a wavy line: 


x ppl argos 
A 


We note that a graph of the form 


(11) 


(12) 
6 


does not appear in Z,, since the state of the sys- 
tem corresponding to the point B is identical with 
the initial state (one pair has been added to and 
subtracted from the system). Therefore, a graph 
of the form (12) is a noncompact one, and will be 
obtained by a repetition of the graph of formula 

AI 1). 

Both here and subsequently we assume that in 
our system formation of pairs of only one type is 
possible. By a similar method we can also obtain 
equations for several types of pairs. Moreover, 
we do not consider the excited states of the pairs, 
which, as may be easily seen, give corrections of 
the order of various powers of the small param- 
eter A/éy, where A is the pairing energy.* We 
can also leave out of consideration graphs of the 


form 


since integration over the momenta of the inter- 
mediate lines will smear out,the pole due to the 
pairing, and the graph under consideration may 
be regarded as being included in the regular part 
of ZR. The analytic expression corresponding to 
the graph of formula (11) may be obtained in a 
manner analogous to the way in which this is done 
in the theory of dispersion relations. 

If the state of the particle at the imstant A is 
determined by the conservation laws, then the 
graph of formula (11) is a graph of pole type and, 


*Since the maximum momentum of the center of mass of the 
pair is determined by the relation® km ~ poA/€,, the volume in 
phase space of the possible excited states is ~(p,A/€,)°. The 
graph of the form (12), which will appear in 2, if one of the 
pairs is in an excited state, will turn out to be small, of order 


(A/€,)’. 
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consequently, 
(Za)aa = Ora | Aa P/(ex — Ea), 


where A) denotes the shaded vertex which de- 
pends on the state of the incident particle, and 
Ea is the change in the energy of the system re- 
sulting from the transition to the state A. 

Ea can be represented as the change in the 
energy of the system due to the addition of two 
particles (equal to 2u) followed by a subtraction 
of the energy of the hole corresponding to the line 
going in the opposite direction in the graph of for- 
mula (11): 


EA 2 €2), 


where —A denotes the state of the hole appearing 
as a result of the formation of a Cooper pair. 
Thus, we obtain 


(Zp)axr = Saar] Aa P/(e, + e-. — 2p). (13) 


In the more general case a pair can be produced 
as the result of the appearance of a hole in an arbi- 
trary state. Then we obtain from (11) 


(Za)aar =D} ArvAna/(e + x — 22). (14) 
eT 

We shall see later that expression (13) is valid 
only for the potential U(r) in the form of a rect- 
angular well, while in other cases expression (14) 
should be used. 

Equation (11) can also be written in the sym- 
bolic form 


eG GAD. (15) 


Gj includes graphs contained in ZR, but, as has 
been shown earlier, does not include graphs of the 


form 


In the representation of the @) the quantity Go is 
equal to 


(16) 


(Go)av = Sal/(e + @, — 2p). 


Thus, Gp is the renormalized Green’s function for 
the hole in the absence of pairing. 

Expression (15) in the representation of the yy 
leads to formula (14). 


6. EQUATION FOR THE VERTEX PART 


The equation for the vertex part A is of a form 
reminiscent of the Bethe-Salpeter equation, but 
with a very essential modification. 
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It may be easily seen that the equation for A 
is of the form 


eee 


where the shaded rectangle denotes the set [’ of 
the interaction graphs which are not joined by two 
vertical straight lines, i.e., it is the same quantity 
which appears in the Bethe-Salpeter equation. 
However, instead of the exact G and G* we must 
in the following discussion substitute G and Gj, 
i.e., graphs of the form (16) are absent in one of 
the lines. Indeed, the expression which appears 
after the shaded rectangle may be represented in 
the following form (for the sake of simplification 
we do not draw the graphs corresponding to 2R) 


og 


i.e., the outgoing pair is at the right-hand edge of 
the graph. The graph 


he Pek 


A 


should not be taken into account, as it is identical 
with the one mentioned previously, since the state 
A is the same for both graphs. Thus, the equation 


for A has the form 
A = TGAG;. (17’) 


The equation for A* is obtained from the graph 


b= Rives = ay =L'6,A'C a9 18) 


Equation (18) has in the coordinate representa- 
tion the form 


AS (xy, Xo) = \ Ly (Xian Maite) oh (eee ed Xe ae) 
where F denotes the expression 


VMs Xz) —— Ga G 
SS \G; (isa) Am (Xap) G(s Xe) AX; dX4; 


x is the set of coordinates r, t. These equations 
are greatly simplified when the dimensions of the 
system are much larger than the distance between 
the particles. In an infinite homogeneous system 
the expressions A(x, X,) and F(x, X,) depend 
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only on (rj;-r, and t;—t,). Therefore, in a finite 
system, on going over to the Fourier components 
with respect to the difference variables, we obtain 
A (x1, 2) = (2n)-#\ A (xy, p, €) ePlrrreiett—todp de, 
where A(x, p, €) isa slowly varying function of 
the first argument which does not depend on the 
angles specifying the orientation of the vector p. 


Similarly, we can introduce the quantity F (xX, D, €) 


which has the same properties. To quantities of 
order r/R the interaction I (x;, X); X3, X,) de- 
pends only on three differences of the quantities 

X4, Xp, X3, X4, with I appreciably differing from 

zero when all the differences |rj-—r_| < rp and 

(tj -tk) =hi/e . 

As will be shown later, the quantity F(x, p, €) 
has a sharp maximum at ¢ = €). By utilizing the 
previously mentioned properties of IT and F, and 
by going over to the Fourier representation with 
respect to x;—X, and x3;—xX,, we obtain from (19) 


AS (x ope) 
= (2n)-*\ i es Den. e)) © (xe ec) dx dp de’ 


We shall be interested in the value of A* for 
P=Pp and €=€). By denoting 


A* (x) = At (x, po, &) 


and by utilizing the approximate lack of dependence 
of A*(x, p, €) and F(x, p, €) on the angles spe- 
cifying the orientation of the vector p, we obtain 
A) = (2n)-*\ 4° (p’) F (x, p’, €’) dp’ de’, 
¥- (0) = x\ I* (x — x’, Po, &0, P', &) dX’ dWy, (20) 


aU 


where the integral over dwp’ /4n denotes averag- 
ing over the angles specifying the orientation of 
the vector p’. 

The dependence on x of JF (x, p’, € )de “is 
determined by the inhomogeneity of the system, 
or by the effect of external fields. It may be eas- 
ily shown by considering a homogeneous system 
in an external field which varies appreciably over 
a distance ~1 > ry that the dependence of 
F(x, p, €) on x is determined by particles with 
momenta lying close to pp in the range dp ~ hi/l. 
Because of this the difference 


\ CF (x, p’, ©’) — F (, p’, ey} de’ 


has a sharp maximum at p’ * py. Therefore, we 
obtain from (20) 
At (x) — A*(0) = wo {F (x, x) —F 0,0). (21) 


where yj = Y*(Po)- 
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In formula (21) we have returned to the coordi- 
nate representation for F: 


12 (e800) = (2n)-*\ F (xX, p, &) errr) tet) dp de, 


As x—-x’ this expression diverges logarithmic- 
ally in the integration over p —Pp. Naturally, ex- 
pression (21) does not contain any divergences. 
We shall utilize in place of (21) the simpler ex- 
pression 


AS (ae (eX): (20) 


in which the logarithmic divergence has been elim- 
inated by cutting off the integration over p: p; <p 
< Pos Pi, Po ~ Do- 


7. THE CONNECTION BETWEEN THE EQUA- 
TIONS FOR THE GREEN’S FUNCTION AND 
FOR THE VERTEX PART WITH THE METHOD 
OF TWO GREEN’S FUNCTIONS 


We write in symbolic form the system of equa- 
tions (7), (15), (17), and (18) which we have ob- 
tained: 

Go'G = I + AGA‘Ga, 


A = al'GAG;, A’ = al GAG, (22) 
where G is the renormalized Green’s function: 
G=aG, a= (1 — ddp/de,)"1. (23) 


The factor a can be eliminated from (22) by in- 
troducing renormalized values of A and Ir: 


A=Vaa, Y =afl. (24) 
We denote | 
1G N Gee OG NGe (25) 
We obtain from (22) — (25) 
GG 1 so7A FG) SP ea AG: 
N= TP gee Aes ar (26) 


Equations (26) represent generalized systems of 
equations for the two Green’s functions G and F 
obtained by Gor’kov! for weak and 6-type inter- 
action between particles.* 

The only assumption used in deriving the sys- 
tem (26) is the smallness of the ratio A/é). A 
significant advantage of (26) is the natural intro- 
duction of F by means of formulas (25), while the 
definition of the second Green’s function in Gor’- 
kov’s method 


FG. as) = (Do (N), (27) 


FONE (x1) y (X2) @, (N =e 2)), 


*The method of two Green’s functions was first used by 


Belyaev® in studying Bose systems. 
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which does not coincide with (25) leads to errors 
in the case of finite systems, where the addition of 
two particles can significantly alter the properties 
of the system. The same remark also applies to 
other methods of taking pair correlation into ac- 
count developed in papers on superconductivity,' 
in which systems with N-2, N, N + 2 particles, 
are assumed to be the same. A particularly strik- 
ing example of the breakdown of validity of such 
an assumption is provided by nuclei near the magic 
shells, when the addition of two particles signifies 
the transition into the next shell and is associated 
with a significant change in the properties of the 
system. 

By utilizing the properties of A and F noted 
in Sec. 6 we obtain 


(td /0v1— H) G (x, x)= 6(x—x’)+ INO) F (ey '); 
io PovesH 290) P(e, x’) S— iA (x) (x), 


A’ (x) =r (p') F (x, p', e')dp’de! / (2n)*. (28) 


The second of equations (28) is a definition of the 
function F: H* denotes the complex conjugate of 
the Hamiltonian* H, which arose from the defini- 
tion of the Green’s function for a hole as corre- 
sponding to time reversal. 


8. THE SYSTEM OF EQUATIONS. APPLICATIONS 
TO THE NUCLEUS 


The system (28) has been utilized for the study 
of the properties of nonspherical nuclei, and in par- 
ticular for the calculation of the moments of iner- 
tia.2 When Eqs. (28) are applied to near-magic nu- 
clei it is necessary to take into account the fact 
that the addition or subtraction of one particle may 
significantly alter the properties of such nuclei. 
Therefore, one must make a distinction between 
the Green’s function for the particle and the 
Green’s function for the hole. 

In (28) this will affect the expressions for mu: 
for tT > 0 we shall have 2u = 2u*= E)y(N+2) 
—E,(N), for t< 0 we have 2u = 2u7 = E,(N) 
—E)(N-2), where E,)(N) is the energy of the 
ground state of the system of N particles. We 
show this by means of a graph. Let Tt > 0 corre- 
spond to arrows pointing to the right, and T < 0 
correspond to arrows pointing to the left. Then 
the graph of formula (11) represents 2, =Zy for 
T>0O. For T< 0 we obtain in place of (11) 


*In the case of the Hamiltonian (8) H = H* the imaginary 
properties of the Hamiltonian arise, for example, as a result 
of the introduction of a magnetic field. If the external field 
depends on t, then all the quantities in (28) will be functions 
not only of 7, but also of t. 


(119) 


The energy of the initial state is Wp = E)(N)-—€, 
the energy of the state A is equal to WA 

= E)(N-2) + €,. By representing 2}; in a form 
analogous to XZ; we obtain 

Ze = | Ax P/(Wa — We) = | Ax Pe + ex — 2»). (13) 
Thus, Eqs. (28) have a different form for T > 0 and 
+< 0. Therefore, it is useful to introduce the 


Green’s functions for the particle and for the hole 
separately: 
G(r, r’, 1) = G* (r, r’, 2), v0, 
Gir, r,t) =G (rer t), Tee Ok (29) 
We define F* and F” in an analogous manner. 
On integrating equations (28) over an infinitesi- 
mal interval of T near T=0, we obtain 


Gt(r, r', 0) —G-, r’, 0) = — id (r —r)), 


Prey 0) =P (ie 8): (30) 


On the basis of (30) we obtain from the last of 
equations (28) 


Ae(r) <2) AS (ty ae (31) 
and we obtain for G* and G the equations 


(10/0 —"H\iG- = iAk 


(id/ouv + H* —0u) P= iA G*: 
Av = cana n= Yo (32) 


with the conditions (30). It is clear that the system 
(32) admits the transformation 


NG Geren eto 
and it is therefore possible to assume that A(0) 
is real. 

On going over to the representation of the g, 
and on assuming that A(r) does not depend on r 
and is real (for a large system A(r), and also 
U(r), depend on r only at the surface of the sys- 
tem, therefore the assumption that A is constant 
introduces an error of the order of N7¥3), we 
obtain 

(i0/Ov — €,) Gx (t) = iAF¥ (1), 


(i0/dv +-€, — 2n*) Fx (1) = — iAG# (1); 
A=n5 FiO =n DFi (. (33) 
r 7 


We shall seek the solution of the system (33) in 
the form 
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GS 1 SV Anexp(—tEpt),.- Fy) & SC exp (— iE), 


GoS=a41 > Bx exp (— iE3,1), ee DP exp (— 1E331). 
v ) (34) 
From the conditions (30) we obtain 


>) (An + Bi) = 1, S,Ca = SyDi.- (35) 
On substituting (34) into the system (33) we 
obtain 
(Ex, + @&) AX = —ACi, (Ex — &) BX = AD}, 
(Ej, + & — 2p*)C, = — AA}, 
(Bon ea — 2p) Da = ABY, ~~ A = ¥, 1G). (36) 


Av 


The condition that Eqs. (36) should have a solu- 
tion gives the possible values of Ej, and Ey: 


ptt V AF +(e — PP, 
Et ey AS Se) 


Vv 
Jee SS 


(37) 


Thus, v assumes two values corresponding to the 
two signs of the square root. 

We shall show that for E,, we should take the 
upper, and for E»,) the lower sign of the square 
root when the system is in the ground state. An 
exception to this rule are the states* Ay and —Apj, 
occupied by an unpaired particle and hole in an odd 
nucleus. This case will be considered separately. 

We note first that the branches of the square 
roots chosen above correspond to the values of 
Ey, and E,, which reduce to €, when |€,—-p| 
> A. The system (33) contains extraneous solu- 
tions since in deriving these conditions we did not 
impose the condition that the nucleus is in the low- 
est state. In order to derive the consequences of 
this condition we write an expansion of the Green’s 
function similar to Lehmann’s expansion in quan- 
tum field theory. From the definition of the 
Green’s function we have 


—i(®,(N), TY (x) ¥t (x’) ®, (N)), 


Gis 5K") 


where #)(N) is the exact wavefunction for the 
ground state of the system of N particles, T de- 
notes the chronological product, and ¥(x) and 
w*t(x) are the Heisenberg operators for the anni- 
hilation and creation of particles. In the y, rep- 
resentation on assuming, as we have done earlier, 
that Ga,’ = 6,’Gy, we obtain 


*The symbol -A denotes the state which together with A 
can form a Cooper pair. For a nucleus the state —A in our 
approximation differs from the state A only by the sign of the 
component of the angular momentum. 


485 
Gr (t) = —i 3 1@)oo Pexp (—i[W, (N +1) 


— Wo (N)] 7}, 


Gy (t) = § >} | @)oo? exp {i1W; (VN — 1) — Wo (N)11}, 
: (38) 


where (ax )go = (@g(N+1), ax@o(N)) and (ay ) go 
= (5(N—-1), a,bo(N)); Wo(N), Wg(N) are the 

energies of the ground and of the excited states of 
a system of N particles. 

The sums over s have sharp maxima corre- 
sponding to the appearance and disappearance of 
quasiparticles of energies Ef, and Ej,. On com- 
paring (34) and (38) we obtain 


Ey, = Wy (N + 1) — Wo (N) > Wo (N +1) 


— W, (N) =r, 
Ex = Wy (N) — Wey (N — 1) < Wy (N) 


Wa (Nea tas (39) 
whence, on comparing with (37), we obtain 
+V A? +(e —e) > ep — Pe’, 
SV ASi cia (2, a) ae 0) 


For even nuclei due to pairing we have uj >", 
Hy <p. The empirical values of the chemical po- 
tentials always satisfy these inequalities. There- 
fore, for even nuclei only those solutions of (33) 
are possible which correspond to the values 


En =e ty) MB eneaws) 
V A +(e — py 


and only one term remains in each of the sums (34). 

With respect to the odd nuclei, it may be easily 
seen that for them the inequalities (40) admit both 
values of the square root. However, since all the 
quantities are altered but little when one particle 
is added to an even nucleus, it must be assumed 
that for all the values of A with the exception of 
the state A», occupied by the added particle, and 
of the state —A, (which differs from Ag by a 
change in the sign of the component of the angular 
momentum ), occupied by the hole, there exists 
only the solution corresponding to the values Ej) 
and Ep», given by (41). 

Thus, for all the values of A in even nuclei, 
and for the values of with the exception of dg 
and —Ag in odd nuclei, the sums (34) contain 
only one term each, and the coefficients A), By, 
Cy, Dy can be easily obtained from (36) and (35). 


Ios. == (41) 
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We introduce the notation 
Ve Hey = Ee, aR Se, 
V &@ +(e —2)? =i e —pese 9 42) 
Then we obtain from (36) 
An = (8 + En\(Ex + Ex et — 2), 
By= (Ex—&) ( (Ex +E, tet), 
Cy = — A (Ex — &) / (Ex + Ex +7 — 2) (Ex — &). (43) 


To these expressions we must add the equation 
fore: 


Veg > Cr, 
Ar 
1 = — y1>) (Ex — 8) /(Ex + Ex +e* — »-)(E, — &)} 
X 
(44) 
and the relation 
N = 3} (® (WN), afa,®, (N)) = — iG (0) = D)Ba, (45) 
nN A 

which together with the obvious condition 

pe (N) =e (N 22) (46) 


enables us to determine the change in the chemical 
potential and in the pairing energy as the shell is 
gradually filled, if we know the levels ¢€) for the 
single particle problem without pairing, and if the 
constant y; has been determined. 

The formulas which we have given enable us to 
determine the irregular variations in the nuclear 
masses which are superimposed on the regular 
variation described by the Weizsacker formula. 
The quantity B, determines the number of par- 
ticles in the state A. 

It may be easily shown that the quantity y, in 
formula (44) is of order y; ~ €) /N. For magic 
nuclei and for neighboring nuclei the quantity 
u*—y~ is equal to the energy gap between the 
shells, and is of order €jN~”3, Therefore, the 
denominator of C, contains the quantity «)N~¥/3 
>> A and, as may be easily shown, Eq. (44) has 
only the zero solution A= 0. Thus, the absence 
of pair correlation for magic and for neighboring 
nuclei appears as a natural consequence of this 
theory. 

We now obtain the solution of the system (36) 
for the values Aj, —Ap, which determine the state 
of the unpaired particle and hole in an odd nucleus. 
The ground state of an odd nucleus should be re- 
garded as a slightly deformed state of the preced- 
ing even nucleus with an added particle in the state 
Xo and a hole in the state —A»y. We shall see that 
there exists a solution of (36) which admits such 
an interpretation. 
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If the state A, is occupied by a particle, then 
evidently 


Gon, —— Gi ied Fi, ies 0, 
— iG, (0) = (Po (N), ai, a2, Po (N)) = 1. 


From these two relations and the conditions 


(35) we obtain 
Ai, — Aj, —— 0, B;. +} Bj, = lhe CR _— oe = 0, 
D;, + D3, = 9, (47) 


and this, together with (36), yields in the notation 

of (42) 
BL = (Exit &),) (25s, Bi (En a) Ey 
Di = —D}, = A/2E,,. (48) 


For A = —Ag we have Gen, = Fr Ay "th. SiGe =], 
In analogy with (48) we obtain 


At), = (Ey, + 2.5.) pas, ae A*,, = (eae a &),) ER ee 


CC =— Che = A2Es (49) 
It follows from (47) and (49) that in the sum 
A= vi) Ci. 
Av 
the values A = Ap and A = —Ay are missing in the 


case of an odd nucleus, and this leads to an appre- 
ciable decrease in A in the case of odd nuclei.® 
The theory also allows us to determine the value 
of Ay. For this we must write down the energy 

of the system taking pairing into account, and Ag 
is determined by the requirement that the energy 
of the odd nucleus is a minimum. The state Ag 
determined in this manner, generally speaking, 
should not coincide with the state obtained from 
the independent particle model. 

A similar procedure must be carried out to de- 
termine the energy of the excited states of even 
and odd nuclei; the values of A; and A, for the 
hole and for the particle describing the excita- 
tion must be determined, and formulas similar 
to (48) and (49) must be obtained. In the expres- 
sion for A = y,2\C) the values of Ay, —A4; Ag, 
—A2, will be missing, and this will lead to a sig- 
nificant decrease in A for the excited states of 
nonspherical nuclei.® 
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The effective cross section for du mesic atom transitions to the lower (F = U5) hyperfine 
state in exchange collisions with deuterons is calculated. It is shown that practically com- 
plete depolarization of mesons should be observed in pure deuterium. It is also shown 
that the du transition to the F = ie state increases the capture probability, w~ +d— 2n 

+p (by a factor of three for V-A), and the effect of the transition to the F = ¥, state on 

the catalysis of the nuclear reaction p+d— He®, mentioned by L. Wolfenstein, is discussed. 


Ir is known that the process, suggested by Ya. B. 
Zel’dovich, of u-meson exchange between protons 
in liquid hydrogen leads to rapid transitions from 
the upper (F=1) hyperfine state in the u-mesonic 
hydrogen (pu) atom to the lower (F = 0) state.! 
This effect produces complete depolarization of yu 
mesons in hydrogen and affects the uw>+p—nt+vp 
reaction, where it increases the transition proba- 
bility by a factor of four (for V-A) and produces 
completely longitudinally polarized neutrons from 
the capture of » mesons inthe pu atom? (for cap- 
ture in ppp see references 3 and 4). 

In this note we investigate the transition be- 
tween the hyperfine levels F = %— F = in u- 
mesonic deuterium (du) in collisions 


du +d—-dtdy» (1) 
and discuss its effects on capture 
wo +d—+2n +v (2) 
and on the catalysis of nuclear reactions by pu 
mesons. 
1. TRANSITION CROSS SECTION’ 


The energy difference between the hyperfine 
F=% and F=% levels of du (F=s+i, where 
Ss is the w-meson spin, i the deuteron spin) ac- 
cording to Fermi’s formula, is 


Ae = ** B.3g (2 + 1)1pOP 


er ty pel. ~ 0.046 ev (3) 


(here g = 0.8565 is the gyromagnetic ratio of the 
deuteron; By and By are the y-meson magneton 
and the nuclear magneton; a, = h’?/m,e?; my and 
Mg are the p-meson and deuteron masses). We 


consider the transition between the hfs levels, due 
to the collision of du with a deuteron. Since the 
hfs energy can formally be obtained from the 
interaction 


V = + gp.8yr* (r) (si) (4) 


(where r=|r,,—Rg| is the distance between the 
u. meson and the deuteron), the Hamiltonian for the 
system consisting of a 1 meson and two deuterons 
can be written in the form (with units e =h = my 
=1) 

4 4 4 {renee 
2M a Ar, v2 ry ry R 


(si.)| (5) 


H= 


Ghee 
E 


ae + Be By 1 P 
where R,, R,, r are the positions of the deuterons 
and the w meson; r; = |r—R,|; r.=|r—R,]|; 
R=|R,-—R,|; i,, i,, 8 are the spins of the deuter- 
ons and the » meson. The spin interaction be- 
tween the deuterons is neglected in (5). Since the 
collisions between du and deuterons occur at 
thermal velocities, the deuterons are assumed to 
be ina relative S state. In this approximation 
the total spin of the ddu system, which can be 
J=%, %, %, is conserved. Obviously the F 

= ¥— ', transition in the collision (1) can only 
occur for J =%, %. We shall calculate the tran- 
sition cross section separately for each of these 
values. 

1. If J = % the total spin of the two deuterons 
can be 2 or 1. The space part of the wave function 
of two identical particles must be symmetric for 
even and antisymmetric for odd total spin of the 
particles. Therefore, the wave function of the 
system with J = JE (z projection My) can be 
written in the form 
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Vs,, Mi Gy, (R) Die (r4, on R) Si My (1, De 1) 


+ Hy,(R) Xz (r1, ro;R) Sa M; (eR (6) 


Here XZ» and Zy (1sog and 2poy in the usual 
molecular notation) are the wave functions of the 
muon in the field of the two deuterons with fixed 
separation R; 2, is symmetric, Zy is antisym- 
metric under interchange of the deuteron coordi- 


I : : 
nates; Sue (i,k; 2) is the spin function of the 


system for total spin J and projection Mj; I is 

the spin of the particles whose indices are in the 

first two places; 1 and 2 as arguments of the spin 
functions denote the deuterons and pp denotes the 
meson. The explicit form of the spin function 


I : F 
sim, (i,k; 2) can easily be written with the aid 


of Clebsch-Gordan coefficients. For example, 


Ste (1, 258) = 5% (27% Iya (Xo (2) + Xo (1) Xa 2)) oy, (2) 
— 2x1 (1) x1 (2) Gy, (1)}, (7) 

where ¥m(m=+#1, 0) and g, (v=+*%,) are the 

spin functions of the deuteron and » meson. 
Substitution of (6) into the Schrodinger equation 


with the Hamiltonian (5), multiplication by the func- 


A (2) (1) ; ; 
tions 2 oS3,,.My and zy S3,,.My , and integration 


over the .-meson coordinate with summation over 
the spin variables gives the following pair of equa- 
tions for the functions G3/.(R) and H3.(R): 


eee en = Ke G V? Hy,| 
My RS al g /2 is ( 2 /2 ‘ie /2 
= (e Ae) G:,, 
1 ope (es { 
<7 An Hey, + Un te + de (7? Gy, +5 Mie) 
—— (© a Age ] Hs,,, (8) 


where Ug(R) and Uu(R) are the molecular poten- 


tials in the lsog and 2poy states, including dynam- 


ical corrections of first order in my /Mgq due to 
nuclear motion.® The energy ¢€ is measured from 
the upper hyperfine level; Ae is the hyperfine 
splitting, Eq. (3).* 

Along with G(R) and H(R), it is convenient 
to introduce the functions L(R) and K(R), which 
describe the motion of a free deuteron relative to 
the du atom in its upper (F =) and lower 


*Of course, the use of (4) to compute the spin interaction 
in (8) is not exact, and, generally speaking, is not necessary 
for what follows, since for small R only the first two terms in 
(8) are used. The use of (8), however, makes possible a direct 
derivation of Eq. (12), which is correct for large R. 
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(F= Wes hyperfine states, respectively. For large 
R, the wave function of the system (5) must be a 
linear combination of the functions 


“/2 9-1 3/, 
Di My = 27% {Ly,(R) tp (11) SH, (1, tt; 2) 


+ Lay, (RMP (12) Se.?m, (2,5 1)), 
pl) — 9-1), ik 4 (1/5) te 
/2, My a VEN: (R) ~ (r1) Si, My) (1 rts 2) 


+ Ky (R)p (12) S$ mu, (2,5 1)} (9) 
[~(r,) and ~(r_.) are the wave functions of the 
meson bound to the first and second deuterons, 
respectively ]. 

By decomposing the spin functions in (6) into 
the spin functions in (9) and using the fact that, as 
Deus _ 

Ze > (p(n) +7 (r2)3/V2, 


Zu — (tp (1) — ap (r)} /V 2, 


it is not difficult to find the relations between the 
functions G(R), H(R), and K(R), L(R), which 
describe the relative motion of the nuclei: 


Ly, ={Gy, -V Hy j/V6, Ky, ={V 5 Gy, — Hy)/ V6. 


(11) 
From Eqs. (8) and (11) it is clear that, as R-o, 
L(R) and K(R) satisfy the equation 


(10) 


Mz AgL +eL =0, MagAgK +(e + Ae)K =0. (12) 


To determine the probability for the transition 
FS 5 — Wp in collisions of the type (1), Eq. (8) 
must be solved with the boundary condition that 
K(R) (which describes the relative nuclear mo- 
tion in the lower hyperfine state) is an outgoing 
wave as R— ~;: 


K (R) ~ yRo7e*R, L (R) ~ (ae — eR) /QikiR, (13) 
where 
ky = (Mae), ky = [Ma (© + Ae) I*= (Ma Ae)s (e<<Ae). 


The normalization of L is that corresponding to 
an incoming plane wave of amplitude unity at in- 
finity. Let Ry be of the order of magnitude of 
the radius of the potentials Ug(R) and Uy(R) in 
Eq. (8). The solutions of (12) in the region Ro 

« R «ky! « kj! can be joined to the solutions of 


Eqs. (8), which in this region have the form 
G(R) ~(R—A,)/R, H(R) ~ (R —A,)/R. (14) 


The scattering lengths Ag and Ay can be deter- 
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mined by numerical integration’ or calculated 


analytically by approximating the potentials by 


simple functions.» 


In the region k,R «< 1 the solution has the form 


(hy +54.) + 6ikok hy) 1 
7 IR 6 + ike (5X, + hy) he ; 
V5(Ag—Ay) 1+ ihe 
ie 6 + ike (5A, + h,) a oy 
From this, the transition cross section for the 
system with spin Wp is obtained directly; 
Oy, 2m (Ag — du)” Ro/Ry. (16) 


2. If the spin, J, of the system is ee the transi- 
tion cross section can be calculated in a completely 
similar manner. The total spin of the two deuter- 
ons can be 0 or 1. Thus, the wave function of the 
system can be written in the form 
MET My o,, (R) ye (1 we LL) 

= Hy, (R) ZuShom, (1,25 B), (17) 


and the wave functions describing the motion of the 
deuteron and du atom in the upper and lower hyper- 
fine states, respectively, as in (9), have the form 


Gg = Ih {Ly, (R)Y (11) Su, (A, Bs 2) 
+ Ly, (R)® (ro) Sym, (2, 1s 1}, 
Oy, = I {Ky,(R)W (1) Sh, (L, ws 2)- 


+ Ky,(R)*p (72) Sim, (2, 5 1). (18) 


Here, the functions Ky2(R) and Liy2(R) are con- 
nected to the functions Gyj2(R) and Hyj2(R) by the 
equations 


KONG nV 2H WV a, Le Viens 
(19) 

and satisfy boundary conditions of the form (13) as 

R-—-o. Matching the functions gives, in the region 


Ry. KE RIBS 


ie V2 (hg— Ay) (1 + ike) 
23 ike (Ng + 2h,) R ’ 
H (2A3+ 2,) + BikedA,) 4 
ep mene Cae ere eae 
Ly, = \R Seam (eePen) SET (20) 


The transition cross section for the ddu system 
with spin J = ¥, is thus 
Oy, = = (Ag — Ay)? Ro/ Rr. (21) 


With the statistical weights of the J =, *%, 
and Ip states, we obtain for the transition cross 
section 
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~ Oi = - (Ng Na) ey ed (22) 


OF =*/,>1/2 a : O/, 
The F= Up — ip transition probability for du ina 
du +d collision, consequently, is 


WS Na Haoayy, () —— Ns (Ag —= hea Na aie (23) 


where v* = 2(Ae/Mg)'/* is the velocity of the nu- 
cleus after the transition and Ng is the number of 
deuterons per cc. 

It is essential to note that the F = %— '/ tran- 
sition probability in du is three orders of magni- 
tude smaller than the corresponding F =1—0 
transition probability in pu, which is 


GH (Ag = MP)? Noop (24) 


Ve 
[ where v5 = 2 (A€py, ee. Np is the number of 
protons per cc, A{P) and A{P) are the analogs of 
the scattering lengths in (14) for protons]. This 
change in magnitude comes chiefly from the fact 
that the scattering lengths AP? and A‘P) have op- 
posite signs, and AP) is large because of the reso- 
nance!»®’ (according to references 5 and 6, ap) 
=—17.3ay, niP) = 5.25a,), while for deuterons 

Ag and Ay have the same sign and are nearly 
equal. According to references 5 and 6, Ag = 6.67, 
Ay = 5.73; the calculations of Cohen et al.’ give 
similar values (see Fig. 2 in reference 7), with 

dg = —B™(6*/k), Au = —f2)( 67/k). Under the 
conditions in a liquid-deuterium chamber, the 
transition to the F = 4 state is not reversible 

and its probability is (for Ng = 3.5 x 1072 em73) 


W = 6-10° sec”! (25) 


We mention that in real deuterium, the du atoms 
collide not with atoms, but with D, molecules, and 
the effective cross section may be different for 
ortho and para deuterium. The calculation for 
this case can be performed by a method like 
Fermi’s pseudopotential method, which was pro- 
posed for the scattering of slow neutrons on mole- 
cules. Since, however, the consideration of mo- 
lecular structure in py + H, scattering gives an 
insignificant effect,® one may suppose that it is 
also not essential for du + D, scattering (see note 
added in proof). 


2. DEPOLARIZATION OF » MESONS AND CROSS 
SECTION FOR ELASTIC SCATTERING OF THE 
du ATOM IN ITS LOWER HYPERFINE STATE 


The collision of du atoms with deuterons pro- 
ceeding with y exchange gives rise to a supple- 
mentary mechanism for the depolarization of b 
mesons in the K shell of deuterium. 
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Let OF, Mr be the spin function of a du atom 


with spin F and projection Mf along the direction 
of the original polarization of the 4 meson, and 
let yy, be the spin function of the free deuteron. 
Then, by decomposing ®F.MpXm into the spin 


(F) 
functions SJ,Mj(1,43; 2) of the combined system 


and using the scattering amplitude in each of the 
spin states [see (15) and (20); the scattering length 
in the J-= °/, state is obviously Ag], it is easy to 
obtain the scattering amplitude for the state 
2F,MpXm and thus calculate the change of polari- 


zation of the 4 meson in the scattering (1). 
As an example, we give the scattered wave 
amplitude for the state P35, 5p Xt 


1 1 , 
[D;,,, 5/s X-y | ee as R Dy (Ng = An) OM.) 3/5 Kan 
ne : 
ia > V3 (Ag aor Boris) Oz), -1, wa} 
1 Piece. 
Sear te he) Pict Ye. (26) 


From Eq. (26) it is clear that depolarization occurs 
both in the transition to the lower hyperfine state 
and also in the elastic channel. In both cases, the 
depolarization is zero for Ag = Ay. Since the po- 
larization of the » meson in the Dy yy, state is 
+ 7 the transition to F = iE does not give a com- 
plete loss of polarization. Consideration, as in 
(26), of the different hyperfine states of the du 
atom shows that if only F = %— ¥, transitions 
are taken into account the » meson could have a 
polarization of 1 or 2 per cent (if one assumes 
that the polarization is of the order of 10 or 20 
per cent after the 1 meson cascades down to the 
K shell). However, a simple calculation shows 
that further collisions of the du atom in its lower 
hyperfine state lead to practically complete depo- 
larization. 

To calculate the scattering cross section for 


dv (F = 1s) +d > dp (F = 1/2) +d (1’) 


at energies significantly less than the hyperfine 
splitting Ae, one must replace the boundary con- 
dition (13) by the condition that there be no expo- 
nentially increasing term in the solution for L(R) 
[see (12); € = —Ace] as R-— ©: 


Pa ea ef (eR): 
(27) 


(27), along with (11), (19), and (14), gives for the 
scattering in the states with total spin J = */, and 


=i 
J = 


491 
£8 (Shy + Ay) + 4A h,% at 
Ky,={R 6—x(A,—5A,) [R’ 
Poet se, (A, + 2h,,) — 3A, 1,% re 
Ghee \* 3—x(2A,+4,) FR (28) 


As in the derivation of (26), the amplitude of the 
scattered wave for the du atom in the F= % state 
can be obtained: 


yee 
[D,.,,, Ve XJ—-— R e (2X, == Nu) D1), 1, Xo 


ge ig) ree x, 


4 
[Dir ta] > —- BAR Gg + de) Ory, ah (29) 
Thus, the cross section for (1’) with reoriented 
du atom spin is 


6g =A nh = Ay)? (30) 


Since the reorientation probability under liquid- 
deuterium conditions (N = 3.5 x 102? em=?; vx 5 
x 104 em/sec, with Ag and Ay from reference 6) 


We = Nvoe = 5-10° secm! (31) 


is of the order of the decay probability, u—-e+v 
+ v, one can conclude that in liquid deuterium, as 
in liquid hydrogen, the ~ mesons are practically 
completely depolarized. 

The effective cross section for the scattering 
(itor the. f= Wp du atom is, according to (28), 


2 (ie ies) (32) 


(e) 4 (Ag+ 24, \2 
SP =1),) = 5 6 ( a 


mary Boga) 
Note that, since Ag and Ay are nearly equal and 
have the same sign, the inclusion of hyperfine 
effects in du +d scattering does not lead to a 
significant change in the scattering cross section, 
while in pu + p scattering the interference leads 
to a considerable reduction in the cross section. 


3. EFFECT OF F = % — 4, TRANSITIONS ON 
CAPTURE IN DEUTERIUM 


First it must be mentioned that yw capture in 
deuterium must take place from the du atomic 
state and not from the ddu molecular state, since 
the formation of the molecule (which, by the way, 
has a small probability) would lead to practically 
instantaneous catalysis of the nuclear d+d reac- 
tion.!° Thus, the interpretation of the data on yu 
capture in deuterium is in a certain sense simpler 
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than for capture in hydrogen, where the formation 
of the molecule complicates the picture.*»* The 
experimental study of these processes in a bubble 
chamber will become possible, obviously, when a 
u-meson beam with a very low m-meson contami- 
nation can be obtained. 

The capture of » mesons in deuterium has been 
discussed previously.!!-!3 As Bukhvostov and 
Shmushkevich! have shown, the capture probabil- 
ity depends strongly on the distribution of mesons 
between the hyperfine states of the du atom. In 
particular, for the V-A interaction there is no 
capture from the F = UE state. Therefore, the 
completeness of the F = ¥, — ¥, transition in- 
creases the capture probability by a factor of 
three over the value which would be obtained with 
a statistical distribution in the F = *% and F= ¥%, 
states. 

If the p-capture interaction is not V-A, then 
capture is possible from the F = ¥, state. How- 
ever, since the final state neutrons are in the 
triplet state (as can be seen from the work of 
Uberall and Wolfenstein" ), the F= We capture 
is always suppressed in comparison with F = vis 
capture. Thus, in this case the F = 4% — Y, tran- 
sition leads to a considerable increase in the cap- 
ture probability. (The exact value of the capture 
probability can be obtained from Bukhvostov and 
Shmushkevich’s formula’? by replacing the F = 7, 
probability (p_) by unity.) 


4, EFFECT OF THE F = — ¥, TRANSITION 
ON » CATALYSIS 


L. Wolfenstein (private communication) has 
pointed out a very curious possible consequence 
of the F = %— ¥, transition in the du atom for 
the catalysis of nuclear reactions in mixtures of 
hygrogen and deuterium. 

The fact is that the nuclear p+d reaction in 
the pdu molecule depends strongly on the molec- 
ular spin state. The pdu molecule has states with 
total spin 2, 1 (two states), and 0 (see, e.g., ref- 
erence 6); since the spacing of the molecular lev- 
els with different spins is significantly greater 
than the level widths, the nuclear reaction pro- 
ceeds independently in each of these states. In 
the spin-2 state, the total spin of the proton and 
deuteron is %4; in the spin-0 state itis 4%. The 
spin-1 states are superpositions of states in which 
the total spin of the proton and deuteron is 4 and 
Y,. Since the decisive role in the transition ptd 
— He? with #-meson conversion is played by the 
EO transition which occurs when the total spin of 
the proton and deuteron is pee it is clear that 
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the du transition (F = *%— '%,) occurring before 
formation of the molecule raises the statistical 
weight of such states and thus increases the num- 
ber of regenerated mesons. 

For a more accurate estimate, one must find 
the weights of the states with proton deuteron spins 
¥%, and ¥ in the pdu molecular states with total 
spin 1. The spin functions for the pdu states with 
total spin 1 can be represented in the form 
—CySy'it, (P, 45,18) + CoS, (Ds ds), 


X1,My = 


(where, according to a rough estimate,® C, = 0.41, 
and C,= 0.91). If the transition of the du atom to 
the F = ¥, state occurs before formation of the 
pdu molecule, then at the instant of formation of 
the molecule the following spin functions can occur 
with equal probabilities 


Dy, 1: (d, 4) Pry (Pp), 
D:y,1/, (d, ) Py, (p), 


It is not hard to verify that the spin functions of 
the system which correspond to the above initial 
functions at t = 0 are the following 


@:,, 1), (d, ) Py, (Pp), 


My, 1, (d, !) Py, (p). 


dy — O11 (t) olf Dy), 1/,(d, 1) Py, (p), 
=0 
Bg Ola OY Sea) ere 


{| . 
2g = {91 (1) ae Kae 9) = Oy ae, 
V2 t==0 


a Xo,0 e~ aay ra Dy, 1), (d, I) Dy, (p), (34) 


V2 
where 
4 2V2 
@Q, ou, (f) = ( 3 Gr . y en Xq M,eé vEyt 
BV2 4 P syste 
+( 3 Gr + Cs) ye BE’; 


E,, Ej, and Ep are the energies of the states 
Xi,My Xi,My> and Xo,9)- From (34) it follows that 
the probabilities that the system is in the states 
Xi. Xj and xp are 


Wy, = =(— Cy a" 2 V 2C.)? = 0,39, 


Wa) 2 GC) o ne 


Lee (al 
Estimates of the nuclear reaction probability 
based on nuclear models are highly uncertain. How- 
ever, if we accept Cohen, Judd, and Riddell’s re- 
sult,’ we can conclude that the M1 transition oc- 


curring in the spin 7, pt+d state is the most prob- 
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able y transition in the p + d— He? + y reaction. 
If we let R be the probability for this transition, 
and A be the probability of the EO transition with 
4-meson conversion, then we obtain for the reac- 
tion yields in the pdu molecule (formed by du 
atoms in the F = ¥ state) 


C2 R C2 
hes | 0.39 - + 0,36 an 
ho + {CF (R + A) Ao +-C3(R + A) 
4 R 
ree a 
GA G2A 
¥. = {0.3 Z 4 ihe : 
ho + CU (R + A) ho + C3 (R + A) 
a4 A 
Dist RA Al sa 


when Y,, and Y,, are the yields of the p + d — He? 
reaction with ».-meson conversion and y-ray emis- 
sion, respectively; A, = 0.45 x 10° sec™! is the de- 
cay probability of the 4 meson. In Eqs. (36) the 
M1 and E2 transitions from the spin *% state and 
the conversion of the » meson in the M1 transi- 
tion are neglected. According to (36), the reaction 
yield exceeds that from the pdu molecule formed 
by du atoms with a statistical distribution in the 
F=% and F=' states. In the latter case (with 
the assumptions made above) the reaction yield is 


1 
YY, = 
a {3 do + C2(R + A) 


ee oe ee 
Ey ey ee ee ie 


CA al CA 
4 do + C2(R+ A) 


(37) 


The numerical value of the F = ), — vp transition 
probability in the du atom, apparently is consist- 
ent with Wolfenstein’s conjecture that the vb — 4, 
transition does not take place in hydrogen-deuter- 
ium mixtures with a deuterium concentration of 
the order of one per cent, while for larger deuter- 
ium concentrations the We —_ a transition takes 
place before the formation of the pdu molecule. 
This effect accounts for some of the increase in 
the p + d— He?® reaction yield at large deuterium 
concentrations, but is still insufficient to explain 
the results of Fetkovich et al.'” if the expressions 
for the probability of formation of the pdu mole- 
cule calculated in references 7 and 18 are used. 

It should be noted that if the nuclear reaction 
probability from the state with spin % for p+d 
is significantly less than that from the state with 
spin 4, then the transition of the du atom to its 
lower hyperfine state increases the reaction yield 
equally for »-meson conversion and for y-ray 
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emission, so that the conversion coefficient re- 
mains constant. If the p + d — He’ + y reaction 
were to go mainly from the state with spin 4 for 
pt+d, then the transition of du to its lower F = vb 
state would lead to an increase in the EO transi- 
tion probability and a decrease in the radiative 
transition probability. In principle, these effects 
could be examined experimentally by studying the 
yield of the p + d— He? + y reaction in mixtures 
of hydrogen and deuterium, as in the experiments 
of Ashmore et al.,'* but with larger concentrations 
of deuterium. 

In conclusion, I express my deep gratitude to 
Academician Ya. B. Zel’dovich, who suggested the 
possibility of exchange transitions and made many 
valuable remarks, and also to L. I. Lapidus, A. A. 
Logunov, Ya. A. Smorodinskii, and M. I. Shmush- 
kevich for useful criticisms. The author is deeply 
grateful to L. Wolfenstein for the interesting ideas 
expressed in his letter. 

Note added in proof (January 12, 1961). A. M. 
Moskalenko has calculated the F = % — ¥, transi- 
tion probability for the du atom in collisions with 
D, molecules. The transition cross section in 
collisions with orthodeuterium molecules is 
oz 0.767 (Ag —Au)? and in collisions with para- 
deuterium o & 0.937 (Ag —Au)?. Thus, the consid- 
eration of molecular binding does not lead toa 
significant change in the transition cross section. 
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TRANSVERSE POLARIZATION OF A HY- 
PERONS, GENERATED BY 2,8-Bev/c PIONS 
ON XENON NUCLEI* 
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A. PROKESH, and I. V. CHUVILO 
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of Theoretical and Experimental Physics, 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 708-709 
(February, 1961) 


Tae question of the magnitude and sign of the 
polarization of A hyperons generated in different 
reactions at different interacting-particle ener- 
gies, was first studied in detail in an investigation 
of the reaction 7 + p— A + K® in connection with 
a verification of the conservation of space parity 
in neutrinoless decays, a particular case of which 
is the decay A—p+7.2-4 

It was shown in references 3 — 4, where nega- 
tive pions of energy ~1 Bev were used, that space 
parity is not conserved in the decay of A particles 
and that the A hyperons are polarized along the 
direction Pinc X PA (Pinc is the momentum of the 
incident pion, pa is the momentum of the A hy- 
peron ). 

The angular distribution of the decay pions is 

proportional to (1+ a@P cos #), where P is the 
polarization averaged over the creation angles, 
a a coefficient characterizing the degree of par- 
ity nonconservation, and £ the angle between the 
momentum of the decay pion and the vector Pinc 
xp, (in the rest frame of the A hyperon). 

The results of the measurements of aP were 
summarized by Glaser:° 


aP =0.73 + 0.14 
No asymmetry, 
but statistics 


scanty 
oP =0.45 + 0.15 


Berkeley (hydrogen bubble chamber): 
Princeton (multi-plate cloud chamber): 


Michigan (xenon bubble chamber): 


The energy of the incident pions in all the investi- 
gations cited by Glaser is close to 1 Bev. It can 
be seen that at these energies aP differs from 
zero and is positive. 

An investigation of the ‘‘up-down’’ asymmetry 
in the distribution of the decay pions relative to 


the plane of A creation at other values of incident- 
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pion energies and on other nuclei is of interest 
both from the point of view of determining the 
value of wP and the sign of polarization of the 

A hyperons generated in various processes, and 
from the purely methodological point of view — 

for finding possible sources of polarized A 
particles. 

We have measured the ‘‘up-down’’ asymmetry 
in the decay of A hyperons generated by negative 
pions with momentum (2.8 + 0.3) Bev/c in a xenon 
bubble chamber‘ in the reaction 


mw + Xe-A+K + Xe’-+ ann. 


The average multiplicity of the charged pions ac- 
companying the A particles is, according to pre- 
liminary estimates, n ~ 1.2. 

The identification of the A particles and the de- 
termination of the momenta of the decay negative 
pion and proton were based on the magnitude of the 
angle of divergence of the ma and p relative to the 
direction of py, and also on the measured values 
of the ranges and ionizing abilities of these par- 
ticles. 

The figure shows the distribution of the decay 
pion relative to cos 8 (75 up and 73 down). As 
can be seen from the plot, there is practically no 
asymmetry. The coefficient wP, calculated from 
the average cosine, is found to be 


aP = 35.cosB;/N + (3/N)'2 = 0,080, 14. 


Thus, the A hyperons generated by 2.8-Bev/c 
negative pions on xenon nuclei do not have a polar- 
ization component in the direction Pjnc X Pa, in- 
asmuch as’® q = 0. Consequently, the heavy nu- 
clei cannot be used as targets for the production 
of A particles polarized in the direction Ping X Pa 
when the momentum of the incident pions is ~3 
Bev/c. 


20 


2 
0 ay 3 / 
Cas @ 
We are continuing to accumulate material in 
order to improve the statistical accuracy. 
*A preliminary report was published in the Proceedings of 
the Rochester Conference of 1960.’ 


1 Proc. of the 1960 Ann. Conf. on High-Energy 


Physics, Rochester, 1960, p. 382. 

2Lee, Steinberger, Feinberg, Kabir, and Yang, 
Phys. Rev. 106, 1367 (1957). 

3 Crawford, Cresty, Good, Gottstein, Lyman, 
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Central Physics Research Institute, Academy 
of Sciences, Hungarian People’s Republic, 
Budapest 


Submitted to JETP editor November 22, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 709-711 
(February, 1961) 


Teena has shown in an earlier paper! that a 
reaction that yields polarized products causes the 
final nucleus to become excited so as to emit a 
circularly-polarized y quantum after emission 
of the nucleon, if the quantum is registered si- 
multaneously with the nucleon. This circular 
polarization is connected with the polarization of 
the final nucleus by the known relations of multi- 
pole radiation, so that by determining the degree 
of polarization of the y quanta we determine the 
polarization vector of the final nucleus. Satchler? 
and Zimanyi® have established recently that meas- 
urement of the circular polarization of the y 
quanta may be particularly important in the in- 
vestigation of stripping reactions, since it can 
yield information on the noncentral part of the 
interaction. 

We have carried out experiments on the deter- 
mination of the circular polarization of 2.14-Mev 
y quanta from the first excited state of B" in the 
reaction B'°(d, py) B'!, A thick layer of boron en- 
riched with B?° to 90 percent was bombarded with 


420-kev deuterons. The stripping mechanism 
plays an important part even at so low an energy.‘ 

The experimental setup is shown in Fig. 1. We 
detected the protons and y quanta emitted at 90° 
to the deuteron beam; the azimuthal angle between 
the two detectors was also 90°. We used the usual 
slow and fast coincidence system with resolution 
T = 2.3 x 10-* sec. The slow part of the circuit 
consisted of two single-channel pulse-height ana- 
lyzers to detect the 7.1-Mev protons and 2.14-Mev 
y quanta. The polarization analyzer used was a 
core 8 cm long, made of Armco iron. 


FIG. 1. Diagram of experimen- 
tal setup: 1 — target, 2 — analyzer, 
3 — photomultiplier, 4 — shield. 


If we denote by N* and N™ the number of y 
quanta detected after passage through an analyzer 
magnetized parallel and antiparallel to the direc- 
tion of propagation of the y quanta, then the po- 
larization is 


Py =A(N* — N7)/(N* 4 N>) 


The constant A depends on the energy of the y 
quanta and on the geometry of the analyzer. In 
our case A= 32. 

To prevent the stray field of the magnet from 
producing an asymmetry that may affect the photo- 
multiplier, we used a permalloy shield and car- 
ried out two series of measurements, the geometry 
of which is shown in Fig. 2. If the magnetic field 
has axial symmetry, the asymmetry of the setup 
for cases 2a and 2b will be the same, but the sign 
of the polarization will be reversed. The effect 
of instability of the electronic apparatus was elim- 
inated by changing the magnetization direction 
every 200 sec. 


FIG. 2. Paths of deuterons, protons, 
and y rays for the two measurements. 


Vi he 
a b 
The results obtained so far are tentative, since 
only some 40000 coincidences were counted. The 
polarization was found to be Py = 37 + 19 percent 
with the sign of n = kg x ky chosen positive, in ac- 


LETTERS O THE EDITOR 497 


cordance with the agreement in Basle. Since the 
radiation of the 2.14-Mev y quanta investigated in 
our experiment is a pure M1 transition® and the 
first excited level of B’! has a spin I= %, the 
connection between the circular polarization and 
the polarization of the final nucleus is of the form 
Pf=—2P,. At the present state of the measure- 
ments, the statistical error is considerable, so 
that we are continuing our measurements to ac- 
cumulate adequate statistics. 


1 J. Zimanyi, Nucl. Phys. 10, 88 (1958-59). 

2G. R. Satchler, Nucl. Phys. 16, 674 (1960). 

Je Zimanyi, Paper delivered at Conference 
on Low-Energy Nuclear Physics, Balatoneszed, 
Hungary, 1960. 

4 Paris, Valckx, and Endt, Physica 20, 573 
(1954). 

°D. H. Wilkinson, Phys. Rev. 105, 666 (1957). 


Translated by J. G. Adashko 
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CAUSES OF ANOMALOUS BROADENING OF 
FERROMAGNETIC RESONANCE ABSORP- 
TION LINE IN FERRITES NEAR THE CURIE 
CN 


1K 1s TE ILLONY, 
Moscow State University 
Submitted to JETP editor December 8, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 711-713 
(February, 1961) 


I N measurements of the temperature dependence 
of ferromagnetic resonance in ferrites (both mono- 
and polycrystals) it was noted many times that as 
the Curie point is approached the width of the reso- 
nance-absorption line increases anomalously. In 
the theories of de Gennes, Kittel and Portis! and 
of Skrotskii and Kurbatov? this increase is as- 
cribed to the influence of thermal fluctuations of 
the spontaneous magnetization, which, as is well 
known, reach a maximum near the Curie point. 
According to reference 2, this last circumstance 
leads to inhomogeneities of the internal (exchange ) 
field, causing a spread in the resonance frequen- 
cies and consequently a broadening of the reso- 
nance line. 

Making use of an analysis of the experimental 


material, we propose here arguments that indi- 
cate that the thermal fluctuations of the spontane- 
ous magnetization are not the principal cause of 
the marked increase in the width of the ferromag- 
netic-resonance line near the Curie point; the 
main cause of the anomalous broadening of the 
resonance line near the Curie point is masked by 
the influence of structural factors. These argu- 
ments are as follows. 

1. The quantitative manifestation of the inten- 
sity of thermal fluctuations of spontaneous mag- 
netization near the Curie point may be the maxi- 
mum (see Fig. 1) of the susceptibility of the para 
process, Xp (inasmuch as Xp is measured ina 
field, the fluctuations of the magnetization are 
somewhat suppressed by this field). According 
to the foregoing theories, it might appear that the 
temperature dependence of the line width AH(T) 
should essentially duplicate the course of the 
Y,(T) curve, i.e., a maximum should be observed 
on the AH(T) curve in the vicinity of the Curie 
point. This, however, is not observed experimen- 
tally. Near the Curie temperature, where thermal 
fluctuations of the spontaneous magnetization take 
place, AH increases continuously (see the figure). 


Temperature variation (schematic) 


of the width AH of the resonance aH 
curve, the coercive force Hg, and the MN 
susceptibility of the para process 46> 
xX, in ferrites in the vicinity of the 
Curie point. 

8 iy 


In addition, the maximum increase in AH does not 
coincide with the position of the maximum of yx,. 
This suggests that the thermal fluctuations of he 
spontaneous magnetization influence little the width 
of the resonance line, if at all. 

2. In our opinion, a more influential factor 
causing the broadening of the resonance line near 
the Curie point are the structural inhomogeneities 
in the ferrites, which, in turn, lead to inhomoge- 
neities in the spontaneous magnetization through 
the body of the specimen (volume fluctuations of 
the spontaneous magnetization). In ferrites (both 
mono- and polycrystals) such structural inhomo- 
geneities may be the following: disordered distri- 
bution of the magnetic ions over the octohedral 
and tetrahedral sites,* the presence of atomic 
vacancies, dislocations, etc. As shown by us in 
earlier papers,° the spontaneous magnetization is 
particularly sensitive to the structural inhomoge- 
neities in the region of the Curie point, where the 
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least changes in the atomic distances and locations 
of the atoms influence the value of the magnetiza- 
tion. This circumstance leads to the formation of 
‘‘tails’’ of spontaneous magnetization in the region 
of the Curie point.? For the same reason, an in- 
crease in the coercive force’ is observed in many 
ferrites near the Curie point (as a result of the 
magneto-heterogeneous state, caused by the vol- 
ume fluctuations of spontaneous magnetization ). 
The same factor is responsible for the broadening 
of the ferromagnetic-resonance line near the Curie 
point. The volume fluctuations of spontaneous mag- 
netization produce in the ferrite an inhomogeneous 
internal field and this leads to a spread in the reso- 
nance frequencies, and consequently to the broaden- 
ing of the resonance-absorption line. 

It is interesting to note that measurements of 
AH and He, made on single crystals of magnesium 
and magnesium-manganese ferrites,° give approxi- 
mately the same temperature variation of these 
quantities in the region of the Curie point (see the 
figure). Naturally, the mechanisms of the phenom- 
ena connected with the coercive forces and the 
width of the ferromagnetic resonance-absorption 
line are different, and there is hardly any deep 
meaning in a comparison of the temperature vari- 
ations of the indicated quantities. It should be 
noted here, however, that the temperature inter- 
vals where AH and H, increase are the same, 
indicating that both phenomena are caused by one 
and the same (structural) factor. 

3. In connection with the anomalous width of the 
resonance line in ferrites near the Curie point, it 
is of interest to consider also the anomalies in the 
width of the resonance line of ferrites near the 
points of compensation of magnetic sublattices. 

As is well known, AH broadens greatly (in garnet- 
ferrite of gadolinium® and in chromite-ferrite of 
lithium’) as the point of compensation is approached 
from the high- and low-temperature sides. At the 
same time, an anomalous increase in He was ob- 
served in the same temperature region for the 
same ferrites.* (It should be noted that on ap- 
proaching the point of compensation the magnetic- 
anisotropy constant not only fails to increase, but 
even decreases somewhat in absolute magnitude.®) 
We propose that the anomalous increase in AH 

and He on approaching the compensation point is 
also explained by the occurrence of magneto-heter- 
ogeneous state of the ferrite in the vicinity of this 
point. It should be noted that, unlike the case of 
the Curie point, there are practically no thermal 
fluctuations of the spontaneous magnetization in 

the region of the compensation point (the suscep- 
tibility of the para process has no maximum ), so 
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that the point of compensation is not a point of 
second-order magnetic phase transformation. 

One can therefore speak with assurance of the 
small role of thermal fluctuations of the sponta- 
neous magnetization in the broadening of the reso- 
nance line of ferromagnetic absorption, and that 
the main cause of the broadening of the resonance 
line are the magnetic inhomogeneities of the 
ferrites. 

4. Everything said above regarding the causes 
of the anomalous broadening of the resonance line 
in ferrites near the Curie point applies probably 
to metallic ferromagnets, too. An anomalous in- 
crease in the width of the ferromagnetic resonance 
absorption line? on approaching the Curie point is 
observed in many metallic ferromagnets. On the 
other hand, in the same temperature interval one 
observes in these ferromagnets ‘‘tails’’ of spon- 
taneous magnetization® and, frequently, an increase 
in the coercive force.!° The experimental mate- 
rial, however, is too scanty for analysis. 

I express my indebtedness to V. N. Lazukin 
and A. I. Pil’shchikov for a discussion of the prob- 
lems touched upon in the present article. 


*The influence of structural inhomogeneities in ferrites on 


the broadening of the reasonance line in the region of tempera- 
tures below the Curie point was recently considered by Clogston, 
Suhl, Walker, and Anderson ** 
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“kK. M. Bol’shova and T. A. Elkina, Vestnik, 
Moscow State Univ. No. 2, 95 (1957), and No.4, 85 
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°K. P. Belov and V. F. Belov, Soviet Phys.- 
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® Calhoun, Overmeyer, and Smith, Phys. Rev. 
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(February, 1961) The shifts observed by us can be explained by as- 


suming that the energies of the states between 
which the transition occurs include an interaction 
between the nucleus and those electrons which 
have a nonzero wave function in the region of the 
nucleus. This interaction depends on the charge 
distribution in the nucleus, and can differ by an 
amount AE for two different states of the nucleus. 
Thus the energy of the emitted quantum can be 
written as E = Ej + AE, and the experimentally 
observed shifts must be due to the difference in 
AE for the different crystalline compounds. A 
theoretical computation of such shifts would en- 
able us to obtain additional information concern- 
ing the distribution of charge in the nucleus. 


lis previous notes!,* we have reported an investi- 
gation of resonance absorption of gamma quanta 
in crystals (Méssbauer effect) for the 23.8-kev 
y transition in Sn!%, In particular, it was shown 
that in a crystal of white metallic tin (8-tin) the 
emission and absorption lines are split into two 
components. According to our latest measure- 
ments the separation between these two compo- 
nents is A = (1.10 + 0.15) x 10‘ ev. 

In the present work, using a source of Sn 
(white metallic tin) at liquid nitrogen temperature, 
we have obtained absorption spectra for absorbers 
prepared from different crystalline compounds 
containing tin (in the normal isotopic mixture): 


2 2 ie 2 eee 
Sn, (~ 30 mg/cm"), SnCl, (~ 60 mg/cm") and ‘Delyagin, Shpinel’, Bryukhanov, and Zvenglin- 


2 
SnO, (5.3 mg/em*). For Sn and SnCl,, the skii, JETP 39, 220 (1960), Soviet Phys. JETP 12, 
measurements were done with the absorber cooled 159 (1961). 


by liquid nitrogen; for the SnO, absorber, the 
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*Delyagin, Shpinel’, Bryukhanov, and Zvenglin- 


cooling was not done since it did not give any sig- skii, JETP 39, 894 (1960), Soviet Phys. JETP 12, 
nificant increase of the effect. The dependence of 619 (1961). 

the effective cross section for resonance absorp- 30, C. Kistner and A. W. Sunyar, Phys. Rev. 
tion on the velocity of the source relative to the Letters 4, 412 (1960). 

absorber was measured with the apparatus de- 

scribed briefly in an earlier report.! The absorp- Translated by M. Hamermesh 

tion spectra obtained are shown in the figure 112 


(where N is the total number of pulses). 
The spectra have the doublet structure which 
we also observed earlier for the SnNb; crystal.’ 


This structure is caused by the splitting of the ON THE ENERGY DEPENDENCE OF THE 


emission of the source, which we mentioned above. SCATTERING CROSS SECTION AT SMALL 
In addition to the doublet structure, for SnO, and ENERGIES 


SnCl, we also observed an energy shift of the ab- 


sorption line. For the SnO, crystal, the energy S. M. BILEN’KII 

shift is negative, 6, = —(2.4 + 0.3) x 10‘ ev, 

while for the SnCl, crystal it is positive, 0, Joint Institute for Nuclear Research 

Be eo ov Ci we Choos ae our Submitted to JETP editor December 26, 1960 


reference point the energy of the absorption line 
for Snk, one eet! to zero source ve- J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 714-715 
locity in the notation used on the figure). Rela- (February, 1961) 

tive shifts of lines in a source and absorber which 
are not chemically identical and which are at dif- 
ferent temperatures may be due to various causes. 


F ela. Shapiro! has shown that the first two terms 
3 in the expansion of the total inelastic cross section 
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oy, in powers of k (relative momentum of the par- 
ticles in the initial state) are determined by the 
value of (o,k) at k= 0, and that for small k the 
cross section can be written as 

3, = (6rk)y > (1 SPS eas 
where the subscript 0 indicates that the value at 
k = 0 has to be taken. This equation follows from 
the circumstance that for forces of finite range the 
expansion of k cot 6 (6 is the complex s-wave 
phase shift) in powers of k has the form! 


k ctg 8 = b(k2) = 6 (0) + kb’ (0) +... 


(1) 


(2)* 


We now show that (2), together with unitarity, 
leads also to a similar form of the expansion of 
the elastic cross sections in powers of k. Here 
the first two terms of the series have the form 


6=5,(1— 5h (6rk))+.--), (3) 
which means that up to terms linear in k the elas- 
tic scattering cross section is determined by the 
quantity (oyk)) and by the value of the scattering 
cross section at k = 0. 

Since the lowest power with which the partial 
waves contribute to the power series expansion 
is Kal. only s waves have to be considered. From 
(2) we have 


Am Age 


x: Im 6 (0) 
bP Ee —2kimbo(e) ~ [BOP 


os | QR 


(4) 
It is easy to see, for example from the optical 
theorem, that 


|b (0) |-?-Im 6 (0) = — (3,k) 9/45. (5) 
From this we obtain Eq. (3). 
In the case where only elastic scattering occurs, 
i.e., when b (k*) is real, the cross section has thus 
for small k the form 


6 = 6, -+ k?o,4+.--, (6) 


If, on the other hand, inelastic processes also occur 
at k= 0 then a term linear in k appears in the 
power series expansion, and owing to unitarity its 
coefficient is determined by the total inelastic 
cross section. The expressions (1) and (3) are ap- 
plicable for those cases where one can limit one- 
self to the first term in the expansion (2). We note 
that when (3) holds the cross section decreases 
with increasing k. We also note that (3) is correct 
even if only one of the initial particles has zero 
spin. Formula (3) can be used in the extrapolation 
of mp and Kp scattering to zero energy. 

In conclusion, I express my deep gratefulness to 


ORT :): 


LETTERS TO-THE EDITOR 


Professor Ya. A. Smorodinskii for interesting dis- 
cussions. 


*ctp = cot 


if. L. Shapiro, JETP 34, 1648 (1958), Soviet 
Phys. JETP 7, 1132 (1958). 
2H. A. Bethe, Phys. Rev. 76, 38 (1949). 


Translated by M. Danos 
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BEHAVIOR OF THE CROSS SECTION OF 
ELECTROMAGNETIC PRODUCTION OF 
PARTICLES AT THE THRESHOLD 


V. N. BAIER and S. A. KHEIFETS 
Submitted to JETP editor December 1, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 715-717 
(February, 1961) 


As was shown previously,! the total cross sec- 
tion of high energy inelastic and elastic scattering 
of electrons at large angles in the center-of-mass 
system (c.m.s.), calculated in a doubly logarithmic 
approximation, can be represented in the form 


isa, exp{— ee nist. (1) 


m AE 

Here doy is the scattering cross section computed 
in the low-order perturbation theory, E the elec- 
tron energy, m the electron mass, and AE the 
maximum achievable energy of the quanta radiated 
in the collision process, which defines the thresh- 
old sensitivity of the detector of electrons. 

If AE=E (i.e., the detector records all elec- 
trons, independently of their energy), then the 
total cross section coincides with the cross sec- 
tion computed in the low-order perturbation theory 
approximation (do =do,)). Asis known,” this is 
connected with the fact that in this approximation, 
the decrease of the cross section of the fundamen- 
tal process, without emission of additional quanta, 
due to taking the radiation corrections into account, 
is entirely compensated by the increase of the 
cross section of processes with multiple additional 
radiation of hard photons in the case of an arbitrary 
radiation (AE=E). 

The same formula also holds for the scattering 
of electrons on positrons. 

In principle, another situation arises in the con- 
version of an electron-positron pair into a pair of 
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other charged particles with larger mass (for ex- 


: tex makes a contribution; in this case the cross 
ample, e*+e -—+yu*+y7), inasmuch as in this 


section of the reaction for arbitrary radiation has 


case the maximum energy of the radiated photon the form 

cannot be larger than E—p (y is the mass of the é 

particle). Thus, in addition to the limitation im- do =ds,F* (E*) exp { = Ins = ain - \, (2) 
posed by the sensitivity of the apparatus, there 72 Q 2 . 

arises a physical limitation on the energy of the doy = ra [! a 5 B Gees a]. ) 


photon. In this case, the given compensation can- ; . } 
not take place and, independently of the sensitivity Lbs pgs ie eee eaten 0s Un eee ; 
of the detector, an account of the radiative correc- E/m; q is the momentum of the fermion; 6 is the 


tions seriously changes the character of the de- angle ou flight of fermions ee reue to the direction 

pendence of the cross section on energy. It is of motion of the electrons; F(E*“) is the form fac- 

clear that the effect is greatest close to the UEP OES SaaS, ; 

threshold of particle production. For nonrelativistic fermions (close to threshold ) 
As a qualitative example, we consider the pro- Eq. (2) can also be written in the form 

duction of a pair of fermions with mass p in the do =do)F? (E*) (q/V 2uE)(se/*) In (E/m), (4) 

annihilation of an electron-positron pair with en- 

ergy E in the c.m.s. Calculation can be carried For » mesons, the effect under consideration 

out the same as in reference 1, where it was gives (close to threshold) the change in the char- 

shown that the contributions of diagrams contain- acter of the dependence of the cross section on the 

ing more than one staircase line are mutually momentum of the emerging particles: in place of 

compensated, so that it is sufficient to consider do ~ q, we have do ~ q!*! in the case of an arbi- 

only the enveloping virtual lines. This means trary radiation. The effect will be still greater 

that we have two ‘‘overgrown’’ vertices, connected if we record the energy of the emerging mesons 

by a single virtual photon line. It is evident that in some energy range. 

for E> yp, the difference between fermions with The authors express their deep gratitude to 

mass yu and electrons becomes insignificant, so Academician I. E. Tamm and to A. A. Abrikosov 

that Eq. (1) remains valid, but the maximum AE for discussions. 

< E-yp. With decrease in energy, the contribution 

from the virtual quanta with which the heavy fer- 1v.N. Baier and S. A. Kheifets, JETP 40, 613 

mions are exchanged decreases. As can be shown, (1961), this issue, p.428. 

at the threshold of the reaction for E ~ yp, their 2A. A. Abrikosov, JETP 30, 96, 386, 544 (1956), 


contribution becomes negligible. This is connected Soviet Phys. JETP 3, 71, 474, 379 (1956). 
with the fact that at threshold the momentum of 

the fermions produced is very small; therefore, 

for a description of the interaction between them, 

the lower orders of perturbation theory are suffi- Translated by R. T. Beyer 

cient. Thus, at threshold, only the electron ver- 114 
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